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Abstract. In this article, we study an existence and uniqueness results for a sequential nonlinear Caputo
fractional h-sum-difference equation with three-point fractional #-sum boundary conditions, by using the
Banach contraction principle and the Schauder’s fixed point theorem. Our problem contains different
orders in three fractional difference operators and three fractional sums. Finally, we provide an example to
displays the importance of these results.

1. Introduction

Fractional difference equations can be used for describing many problems in the real-world phenomena
such as physics, mechanics, chemistry, control systems, electrical networks, and flow in porous media.
In particular, fractional calculus appears in the studied in biology, ecology and other areas (see [1]-[2]).
Mathematicians have used this fractional calculus to model and solve various related problems. Boundary
value problems for fractional difference equations, which have helped to build up some of the basic theory
of this field can be seen in the textbooks [3] and the papers [4]-[36] and references cited therein.

There is a development of boundary value problems for sequential fractional difference equations which
shows an operation of the examinative function. The study may also have another function which is related
to our interested one. These creations are incorporating with nonlocal conditions which are both extensive
and more complex. For example, Goodrich [15] considered a discrete fractional boundary value problem
for a sequential fractional difference equations of the forms

—AMARABY() = f(E+p +po+us — 1Lyt + pg + po + pz — 1)),

¥(0) = 0= y(b+2), @

where t € Ny, i,y b2 —po—psr 0 < f1, 2, i3 <1, 1 <po+u3 <2, 1<y +up+uz <2and f: No X R —
[0, +00) is a continuous function.
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Weidong [22] examined the sequential Caputo fractional boundary value problem with a p-Laplacian

Alpp(A2x)I(H) = ft+a+p—Lx(t+a+F-1), te€Nop
Ax(B-1)+Alx(B+b) =0, 2)
xa+p-2)+x(a+p+b)=0,

where 0 < a, < 1,1 <a+f <2, f: Nog1atps7-1 X R = R is a continuous function and ¢, is the
p-Laplacian operator.

Recently, Sitthiwirattham [29] investigated three-point fractional sum boundary value problems for
sequential Caputo fractional difference equations of the forms

a+p-1

xa+p-2)=0, x(@a+B+T)= pA;zﬁ_lx(n +7),

{Ag(Aﬁ + AEpx(t) = f(t+a+B-1Lx(t+a+B—1)), o

where t € Ny, 0 < afp<ll<atfp<2,0<y<lne Na+ﬁ_1,a+ﬁ+T_1,piSaCOnStal’lt,f : Na+ﬁ_2,a+ﬁ+TX]R —
R is a continuous function, Egx(t) = x(t +  — 1).

Presently, we focus on the difference operator with step 1. Our knowledge, there is a gap in the literature
about the details of this operation. To make it more general and flexible in the sense that it has the freedom
to choose the different step . However, not much research has involved the development of s-sum and
h-difference operators (see [37]-[43]).

We find that the boundary value problem for h-difference equations has not been studied. The results
mentioned above are the motivation for this research. In this paper, we study a sequential Caputo fractional
h-sum-difference equation with three point fractional i-sum boundary value conditions of the form

[

CA;[CAﬁ(Afg+(eA—1)Ag—1E)]u(t) - F t+(0z+ﬁ—1+ h)h,u(t+(a+‘8—1+%)h),

[

(‘I’Zu)(t+(a+ﬁ+y— 1+ h)h)], t € ("N)o,r

u([a+[3—2+ %]h) = u(n) = 0,

A,jgg([T+a+ﬁ+6+%]h)u([T+a+ﬁ+6+%]h) =0, (4)
where a,,w,7,0 € (0,1],2<a+p+w <3, (MN)yp, :=1{0,h,2h,...,Th}, n € (hN)[aﬁLﬁflJr%]h,[TﬂHﬁfH%]h’
Eu(t) = u(t+1), F € C( (hN)[a+ﬁ—2+%]h,[T+a+ﬁ+%]h X R?, ]R)/ UAS C( (h]N)[a+ﬁ—2+%]h,[T+a+ﬁ+%]h /]R+)/ and for
pe C( (h]N)[a+,8—2+%]h,[T+a+ﬁ+%]h x (hN)[a+ﬁ—2+%]h,[T+a+ﬁ+%]h /[0, OO))/

=i~

Wu)(t) = (A pul(t+y) = %V) Z (t - a(hs))z;l ot +yh,s)u(hs).
! s=a+f-2+%

Noting from our problem, there are three sequential of two Caputo fractional h-difference operators of
order a, f and a w-order Caputo fractional difference operator, moreover, there exist two fractional #-sum
of order y, 0 and a (1 — w)-order fractional sum. So, this problem is complicated more than the previous
works.

The rest of paper is organized as follows. In Section 2 we provide some definitions and basic lemmas.
Next, we convert the problem to an equivalent summation equation in order to derive a representation for
the solution of (4). In Section 3, we prove existence and uniqueness results of the problem (4) by employing
the Banach contraction principle and the Schauder’s theorem. Furthermore, we also show the existence of
a positive solution to (4). Finally an illustrative example is given in Section 4.
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2. Preliminaries

In the following, there are basic notations, definitions, and lemmas which are used to get the main
results.
Definition 2.1. Forany t,a € Rand h > 0, the h-falling function is defined by
t
oo T (£+1)
ne ; ’
T(t+1-a)

a

where | +1 ¢ Z~ U {0}, and we use the convention that division at a pole yields zero. If h =1, then t, = .

Definition 2.2. For a,h > 0 and f define on (hN), := {a,a + h,a + 2h, ...}, the a-order fractional h-sum of f is
defined by

A0 = s 1 (0= o) ),

where t € Nyyan :={a+ah,a+ (a+ Dha+ (a+2)h,..}and o(hs) = (s + Dh. If h =1, then A @ f(t) = A7 f(t)
Definition 2.3. For @ > 0 and f define on (hIN),, the a-order Caputo fractional h-difference of f is defined by

—(N-a)
N-a-1

ALl = 8N =t 2 (t = o(hs)); =" AN f(sh),

where t € Ny (N—ayn and N € IN is chosen so that 0 < N -1 < a < N.
Ifa =N then cAjf(t) = Ai\’f(t), and if h =1 then cAj f(t) = AZf(?).

To present the solution of the boundary value problem (4), we need the following lemma that deals with
a linear variant of the boundary value problem (4).

Lemma 24. Let o, ,w,0 € (0,1],2 < a+f+w < 3,1 € (hN)[a+ﬁ—1+%]h,[T+a+ﬁ—1+%]h/ ge C( (hN)[a+ﬁ—2+%]h,[T+a+ﬁ+%’]h ,]R+)
and f € C( (hN)[a+ﬁ Lo ln[Trasp1+e ] ) be given. Then for t € (hIN), 1,, the problem

CAZ[CAi(A‘g (et - 1)Afg-115)]u(t) - f([t fatpo1+ %] h), (5)
u([a+p-2+¢]n) = um =
{ g([T+a+ﬁ+9 %]h)u([T+a+ﬁ+6+ ]h) =0, (©)
has the unique solution
t—1 z—w+1
eMu(t) = —Arz[)hl 5 ) o

z=[a+p-2+¢ |hs=a+p-2

-1 z—w+l B

hQ[h) ) o 1
vy EED DD VD MR CIs SO

z=[a+p-2+¢ |hs=a+p-2v=a-1

t—1 z—w+1 %*ﬁ %*0‘

2 oM Ww— p-1 a-1
+WW z=[a+ ﬁzﬂ 2| s= azﬂ: 20;1;(20 (&= o)=e - o(ho))y—(v = a(hx)), =X

f([x+a+ﬁ—1+ﬁ]h) (7)
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where the functionals P[ f] and Q[ f] are defined as

and

n-1 z—w+l ;B he/\(z—q)(z _ o(s))ﬂ(s _ G(hv))i_l]
X

& ]:[ Lo ) AT(@ - 1T ()

Qlfl=

|

z=[a+p-2+¢|hs=atp-2v=a-1
Tratp+i r-1 zowtl iTB i pBeden) ([T +a+p+0+ ‘;1—’] h— a(hr)):;1

¥ )N IDIDY O - DI ET@) .

r=[a+p-2+% |hz=[a+p-2+ ¢ |ns=a+p-2v=a-1 x=0

5730

(2 = o) — o(he)) (0 = o) g( [T+ s+ 0+ 5 [n)f([x+avp-1+ 3| ’1)]

6-1

T+a+p+4 r—1 —w+l ;P ([T +a+B+0+ %r] h— U(hr))T€A<Z_r)h2(Z — o(s))=2

X

(Y F Yy O

r=a+p-2+% z=[a+[€—2+%]h s=a+p-2 v=a-1

(s — o(hv)), @ X N D) =
—g([T+Oz+ﬁ+9+—]h>]-[ ——X
r(ﬁ) h z:[a+;:2+‘,‘l’]h s=§—2 v;l x=0 F(w - 1)

hze)\(z—n)(s _ g(hv))i;l(v - O(hx))z;l

f([x+a+ﬁ—1+%]h)],

LI ()
77_1 z—w+1 /\(Z—I]) =2 T+“+Ig+?7’ r—1 z—w+1 ]i,_ﬁ %_a
| e = D YD YR WD W WA
£ |
Nw-1
z=[a+p-2+¢ |hs=a+p-2 (@ ) r=a+p=2+5 z=[a+p-2+¢ |ns=a+p-2v=a-1 x=0

([T+a+p+2]n- a(hr)):;l (z - ()22 — o(h0))— (0 — o(h))2
[(O)(w — DI (a)

T+a+p+¢ r—1 z—w+1 ([T +a+ ,8 + 0+ %] h— G(h?’))

6-1
h

f([““ﬁ_“%]h)]_[ ) )IEEDY TOTPw-1)

r=a+p=2+5 z=[a+p-2+¢ [ns=a+p-2

n-1 z—w+l 5P

1M (z - o(s))22 g [T +a+p+0+ %] h)] : [ ’Z‘ Z Z hz_(jhzem‘”)x

z=[a+p-2+2 [ s=a+f-2v=a~1 x=0

(z = ()22 — o(h0))— (0 — ()2
['w - DB (@)

f([x+a+ﬁ—1+%]h)],

6-1

T+a+f+4 r—1 z—wtl 5B R2erE1) ([T +a+p+ 0+ %] h— U(I’”’))T (z—- O—(S))@
r:a"'ﬁz—2+(f; Z=[a+ﬁz—;+“h S—é—Z v;l F(Q)r(w B 1)F(ﬁ)
ot © n-1 z—w+1 e_AZ(Z _ G(S))L_z
(s — o(hv)), g([T+a+ﬁ+9+ﬁ]h)]-[ Z Z T T-1) ]

1

z=[a+p-2+2|hs=a+p-2

n-1 z—w+l 3B he—/\z(z _ G(S))M(S _ U(l’lU))il]

I AT(@ — DI(B)

2=[atp2+% Jns=a+p-2 v=a-1

X

(8)

g([T+a+ﬁ+9+%]h)><

©)
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[ Tzt A ([Tha+ 0+ 20— o(hr)) (z - a(s))2=2
X

r=a+p-2+4 z=[a+p-2+% |ns=a+p-2

g([T+a+ﬁ+6+%]h)}.

T(O)L(B) (w —

Proof. We use the fractional i-sum of order «a for (5) to obtain

cAP[AL + (¢!

— DAL E]u(t) = C0+hZ

- a(hs))h

1)

Tf([s+a+ﬁ—l+%]h),

for t € N(a—1yn(T+ayr- In addition using the fractional -sum of order f for (11), we get

ALu(t) + (¢" = AL Eu(t)

Ft-o hs))h
T

ii o) i-h(ﬁ r(a)a(hv)):lf([v +a+p-1+ %]h)

for t € N(a+p-2),T+a+pn- Taking the fractional sum of order w for (12), we get

u(t) + @ = DA ut + 1)

t—-w w-1
=G+ Z —(t — U(S)) +

+

S=,

I'w)

s=a+p-2

SRR S O
Y Ly

—(s — a(vh))i;1

t—w PP (t - O‘(S))u(
Coh Y. Y, T(w)

s=a+p-2v=a-1

a+p-2v=a-1 x=0

T(@)T(B)T ()

I'(p)

L(s— o(vh))i;l(v - a(xh))ZHf([x ta+f-1+ Q]h)
w1

for t € Ny,ip 240 [Traspse]n- Next, taking the forward difference A for (13), we have

Au(t)

+

multiply the equation (14) by e

+ @ = Du(t+1)

t—w+1

w=2
B S

s=a+p-2 F(Cz} - 1)

R (= 06 s — ool @ o))

t—w+l 3P ht - a(s))“’_z (s

- a(vh))i;1

2 L

s=a+p-2v=a-1

T(w — DI

p)

s=a+p-2v=a-1 x=0

A[e}“u(t)]
= MAu(t) + (¢ = DeMu(t + 1)

+

t—w+1 _ =2
eM{Cl Y, (tr(:)(i‘)z) "

s=a+p-2

t-o+1 3B p-@ K2 (t - a(s))

I - DI (@)

, We obtain

t—w+l 7P Lt —o(s
c (t—o(s)=

f([x+a+,8—1+%]h),

2 (s - o(oh)—

s=a+p-2v=a-1

©=2 (5 — a(vh))i;1 (v- a(xh))z;1

I'(w - DI(B)

s=a+p-2v=a-1 x=0

I'w - DA (a)

f([x+a+ﬁ—1+%]h)},

5731

(10)

(11)

(12)

(13)

(14)

(15)
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for t € N[y g2+ 0] [T+aspes o USING the sum A~ for (15),

eMu(t)
t—1 z—w+1 6/\2 (Z _ G(S))M
=G+ —_—— (16)
z=[a+‘BZ—;+‘;l’]h 5—;_2 r(w - 1)
c i zetl 1B pedz (7 — 6(s))22 (s — a(vh))i;1
+Co
2=[a+p-2+% |hs=a+p-2 v=a-1 Hw=1r®)
R e - 0() R 6 - o)), (0 - o) o
* 2. ) T(@ - DIPL(@) f([““ﬁ_“ﬁ]h)’

z:[a+ﬁ—2+%]h s=a+p-2v=a-1 x=0
for t e Npasp-2+ 2] [T+aspse]ne BY substituting t = [a +p-2+ %] h and t = n into (16), and employing the
first and second conditions of (6), we find that C, = 0 and

n-1 z—w+1 AMz=1) (5 _ w—2
e Z Z e (z—0(s)) 17)

Nw-1
z=[a+p-2+¢ |hs=a+p-2 @=1)

s

n-1 z—w+l =P he)\(z—q)(z _ G(S))L_Z(S _ O(hv))i;l

G ) AT(@ - 1T ()

z=[a+p-2+¢ |hs=a+p-2v=a-1

n-1 z—w+l F7P i@ hze}\(z—n)(z — O'(S))ﬂ

=_ Z Z ['(w — 1)[(B)(a)

z=[a+ﬁ—2+%]h s=a+p-2v=a-1 x=0

(5 = 0(10))—(0 - o()E=t f([x fatp-1+ %] h).

Using the fractional /-sum of order 6 for (16), and substituting t = [T +a+p+0+ %’] h, and employing
the third condition of (6), this implies

@ 6_1
Trchei 2 zen A ([Tra+ 0+ ¢ h—o(n) ~ (z— ()22

- ;2 [;;]hzéz FOTEN@ -1 x
g([T+a+5+6+%)]h) (18)

@ S 9_1
Tk zan 2l ([Tra+ pr 0+ ¢]h—o(in) ~ (z— ()22
X

SIP YD) TO)T@ - DI ()

r=a+p-2+% z=[a+ﬁ—2+ @ ]h s=a+p-2v=a-1

(s—a(hv))i;lg([T+a+ﬁ+6+ ‘i’]h)

h
Trasheit i zen O ([THa+p+ 0+ 20— a(hr))@ (z — a(s))2=2
SR D YD S) o x

(O (@ - DI BT (@)

r=a+f-2+ z=[a+p-2+% hs=a+p-2v=a-1 x=0
(s — o) — o(hx))z;lg([T+ atprO+ %]h) f([x+ atp-1+ %)]h)
Solving the system of equations (17) and (18), we obtain
Ci = Plf] and G = -Q[f]

where P[f], Q[f] are defined by (8), (9), respectively. Substituting the constants Cy, C; and C; into (15), we
obtain the solution (7). O
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3. Main Results

In this section, we wish to prove the existence solution to the problem (4). To accomplish this, let C =
C( (h]l\I)[Mﬁ_er%]h,[nMﬁJr% Jns ]R) be a Banach space of all continuous functions u from (h]N)[tHﬁ_er,Q Ju[T+atpse]n

to IR, with the norm defined by

llulle = max |u(®)]-

te(hN) [a+[572+ % ]71/[T+Ut+ﬁ+ ‘7"—’ ]Ix

We consider the operator A : C — C by
eMp F, -1 z—w+1 B
@) = o Y, Y, o

z=[a+p-2+2 |hs=a+p-2

MQ[F] t-1 z—w+l B N N -
Ar(w—l)rﬁ) ot ﬁz Z (z - 0(5))=2(s — o (hv));

hs a+p-2v=a-1
h2 At t—1 -+l 3B -

T -Dr@@ Y, Y, Y, Y G- o) - ol x

[+52+ ]hsa+ﬁ2va1x0

(v—o(hx)):‘lp(x+(a+ﬁ—1 + %)h,u(x+(a+ﬁ— 1+ %)h)
(\I’Zu)(x+(a+‘6+y—1+%)h)), (19)

where the functionals P[F,] and Q[F,] are defined by

n-1 z—w+l 7B he)\(z_’l)(z — O‘(S))L_Z(S - o(hv))i;l
P[Fu] = [ [ Z AF((‘) - 1)r(ﬁ) ]

z=[a+p-2+¢ |hs=a+p-2v=a-1

[ T+a+p+§ r—1 z—w+l ™ [T +a+ ﬁ +0+ m] h— O(hl’))

Z Z Z Z Z T(O)(w — 1)I(B)[(cx)

r=a+ﬁ—2+%z:[a+ﬁ—2+%]h$:a+ﬁ 2 v=a—1 x=0

hSe/\(z—r)(Z — 0(3))22(s — (hv)) (v O(hx))a 19([T +a+p+0+ %] h) X

P(x+(a+ﬁ 1+ )hu(x+(a+ﬁ 1+h)),(\Pﬁu)(H(Mﬁw—“%)h))]

[ T+a+p+§ r—1 z—w+l 7B ([T +a+ ‘B +6+ g]h _ O_(hr))@e/\(zfr)

LX) S B—

r=a+p-2+% z=[a+ﬁ—2+%]h s=a+p-2v=a-1
I2(z = 0())2=2(s - o(ho))e— o
@ =1)np) g([T+a+ﬁ+9+z]h)]x

[ et e (2 — ()02 — (o)) (o — o(hn)it
X

Z Z Z Z T(w — DI (a)

7= [0“"13—2*' @ ]h s=a+p-2v=a-1 x=0

F(x+(a+ﬁ—1+%)h,u(x+(a+ﬁ—l+%)h),(\llz’u)(x+(a+ﬁ+y—1+%)h))], (20)
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n-1 z—w+1

Q[Fu] = [ Z Z eA(Z_n)(Z — O-(S))w_z]x
[

INw-1
z=[a+p-2+¢ |hs=a+p-2 (@ )

Tratpes o ment (B ([THa+pro+g]h- o(hr))i;1
| Z‘ Z‘ Z‘ Z‘ Z‘ I(O)I(w - DIP)I(a)

r=a+p-2+% z—[a+ﬁ—2+9]h s=a+p-2v=a-1 x=0

h3eﬂ(zf}’)(z O'(S))w 2(5 - (j(h{))) (U G(hx))z 1 ([T +a+ ﬁ +0+ %:l h) X

F(x+(a+ﬁ—l+%)h,u(x+(a+/3—l+%)h),(‘l’;;u)(x+(a+ﬁ+y—l+%)h))}

| T+t§+i[ rz—i z—w+l J;2 ([T +a+ ‘B 10+ (;l_,]h _ O'(hr)):;le/\(z_r)
- X
r=a+p-2+% z= [a B2 ]hs:a+ﬁ—2 F(G)r(ﬁ)

(Z _ G(S))“’ -2

Tw-1 ([T+a+ﬁ+9+h]h)]x

| ”Z il Zﬁ Z_. 12N (z — 0(s))22(s — (o)) (0 — o()
X
a+p=2

& hs=a+p-2v=a-1 x=0 r(w - 1)T(ﬁ)T(a)

F(x+(a+/3 1+ )hu(x+(a+ﬁ 1+h) ),(\PZu)(x+(oz+,B+y—1+%)h))], (21)
and A is defined by (10).

We find that the problem (4) has solutions if and only if the operator A has fixed points. Next, we
present the existence and uniqueness of a solution to the problem (4), by using the Banach contraction
principle.

Theorem 3.1. Assume that F : (hN)[a+ﬁ_2+%]h,[TJrMﬁJr%]hXRXR — Rarecontinuous, ¢ : (hN)[a+ﬁ—2+%]h,[T+a+ﬁ+%]hX
(hN)[a+ﬁ—2+%]h,[T+a+ﬁ+%]h — [0, o0) is continuous with gy = max {(p(t+yh,s) 1 (t,s) € (hN)[t¥+ﬁ—2+%]h,[T+a+ﬁ+%]hX
(hN)[a+ﬁ—2+%]h,[T+a+ﬁ+%]h } In addition, suppose that:

(H1) There exist constants Li, Ly > 0 such that for each t € (hN)[Mﬁ_er%]h,[Tm%%]h and u,v € R

F(t, u, Wu) — F(t,0,%W)v)| < Lilu — o] + Lo|(¥7u) — (¥7)|.

(H2) 0<g(t) <Gforeacht e (hN)[a+ﬁ—2+%[]h,[T+a+ﬁ+%]h‘

14
Po (T+2)h B
(H3) [Ll +L2%] X < 1.

Then the problem (4) has a unique solution on (h]N)[[Hﬁ 200 [Trarpre]ns
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where
[ e — o+ (- e GT 40+ D) (T #) (T +peh+ (1= (§+a) -
&= T(@)T (B + 1) ’ T(0 + D@ (B + 1) ]X
(Hrrara-n(g+p)l), (5 -8),
AT (@ +1) T Ta+) ] (22)
0 - 'e—A(n_a{_ﬁ)@.e (h(T+9+2)) <T+“’) = )
2 T(@) IO + DI (w) (
(T+p+n+1-h)(2 +a))§ ) n-w+(1- a)h)h(u B
TB+1) T+ Dl(a+1)
o, - eMNTh+w+ (=) +p) ((T +B+ 1)h) (T + a)h o
T(w)[(B + 1)I(a + 1)
and
eNTh+w+h-D@+p) (T+p+ 1);1);j
X = |A|F(a)) [ 1+ 2w] + Qg. (25)

Proof. We show that A is a contraction. For any u,v € C, we have
[PIF.] - PIF.]

n-1 z—w+l ;P he/\(z_ﬂ)(z - O(S))ﬂ(s - O(hv))l:;l
[ Z AT (w — DI(B) ]X

Z:[Dﬁﬁ,y @ ]h s=a+p-2v=a-1

w s v 671
[ Tratp+y 1 zarl B pBerE ) ([T +a+p+ %] h— a(hr))r (z - 0(s))2=2

Z Z Z T(O) (@ - DT ()

r=a+p=2+4 z=[a+p+0-2+ ¢ [ns=a+p-2v=a-1 x=0

(s = o) 0 — o)L ([T fa+B+O+ ] ) [F(x (%)) - F(x,o, (\Wv))‘]

[ Traspes i zen B e ([THa+ B+ 0+ 2] h- o(hr)) (z — a(s))2=2

Z Z Z Z IO (w-1I(p) 8

r=a+p=2+4 z=[a+p-2+¢ Jns=a+p-2v=a-1

- —w+l jB i@ - .
(s — o(ho))— ([T+a+/3+@+ h]h)][ ”le Zl 3 theu ;X:T)(S))ZX

z=[a+p-2+4 Jns=a+p-2v=a-1 x=0
(s — o (o) (0 - o)==t
LB (a)
f—w-— —-2)h)- Al v 2\O=1(4 _ . B
< [L1 . LZ(PO( w-(a+p-2) )h]”u i vnc[e m-a-p=ln-w+(1 a)h)h]x

[F(x, w, (%)) - F(x,, (‘I’Zv))”‘

I'(y+1) IAIC(@)I'(B +1)

a

)) [<T+ ) (T+/3+h+(1 h)(w+a))( [T+a+(1 h)(% 5)])h]

eG(MT +0+2 T+ DI@TI@E+ D@ +1)
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ot —w = (a+p - 2)h);
I'y+1)

+ L1+L2

]Ilu = lleX

w=1

e G((T + 0+ 2))f(T + ) T (T+p+h+A-n)(2+ a))}ﬁ]
X

(0 + 1)I(w)[(B + 1)

e - o= pEn - -+ (1 - by (52 - )Z]

Ia)I'B+ DI (ax+1)

goo(t —w—-(a+p- Z)h)%
Iry+1)

Li+Lp

= |lu = ollc

and

|Q[Fu] — Q[F,]

-1 Z—w+1 e/\(Z*TI)(Z — O'(S))M
Z INw-1) §

z=[a+ﬁ—2+ & ]h s=a+p-2

@ s o 9_1
[ T+a+p+§ -1 z—wtl  FB B=a 1BpAE) ([T +a+p+0+ %] h— g(hr))fh (z — a(s))2=2
X

YoooX ) ) TOREEYIEE

r=a+p-2+% z:[a+ﬁ—2+%]h s=a+p-2v=a-1 x=0
(s— a(hv))i;l(v - G(hx))z;lg ([T +a+p+0+ %] h) 'F(x, u, (\I’Zu)) - F(x, v, (\PZU))”

_[ y

r=a+p-2+% z:[a+ﬁ—2+ @ ];, s=a+p-2

g([T+a+ﬁ+6+%]h)]-[ ni

z:[a+ﬁ—2+‘ﬁ]h s=a+p-2v=a-1 x=0

z—w+l R ([T +a+p+0+ %’] h— o(hr))i;l (z — o(s))2=2
X

IO PEH(w-1)

@
T+a+p+%

et S ROz — 0(6))22s - o)
F@- DI

(v—- (f(hx))z;1 |F(x, u, (\I’Zu)) - F(x, v, (\I/Zv))|”

(po(t—a)—(a+ﬁ—2)h);f
I'y+1)

< [Ll + Ly ]”M—UH(;X

[eA(n —a- ﬁ)wl][e-ﬂg(h(T +0+ 2))f(T + %)@ (T+p+n+(1-h)(2+ a))ﬁ]

T(w) T+ DI (@) +1)

ot —w —(a+p-2)); erG(h(T + 0 + 2))Q(T + %)‘H
I - U||c[ I ]x

* {Ll L TG +1) (0 + (@)

a0k
[ T(@)T(B + 1 (a + 1) ]

ot — @ —(a+p- 2)h)ZJ

= |lu-2ollcQ | L1 + Lo
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For each t € (MN)[,4p 21 a1 1, [T+asps 2] WE have

|(Au)t) - (o)t

e—/\t|¢)[[_’u] —PIF,] -1 w1

Al(@-1) Y. ), e

z:[a+ﬁ—2+ % ]h s=a+p-2

he_M|Q[F1¢]_Q[FU] 1 z—w+1l P 51
Al -DI@) ﬁz Y, ) e o) s o))~

z=[a+p-2+¢ |hs=a+p-2v=a-1

_ t—1 -+l 3B F-a
hze At L

e " (z — 0(s))2=2(s — o(hv))ﬁ(v - a(hx))ﬂx
I = DIE@ Z:[M;mh Zgz Zl Z;‘ ' '

F(x+(a+ﬁ—1+%)h,u(x+(a+ﬁ—l+%)h),(\IJZu)(x+(a+ﬁ+y—1+%)h))‘
(po(t—w—(a+ﬁ—2)h):]

< Al = ol

|AIT ()

e—A(t —a- ﬁ)a)—l
I'y+1)

Mt — = Byl — w + (1 - )h) ot —w—(@+p-2)0);
e el AT+ 1) T
golt - — @+~ 2)h); et —a - Bl - 0+ (1 - ) (52 — )
+ [L1 + Ly TG +1) [l — z7||C[ T(@)T(B + Dl (a +1) ]

@o(T + 2)h)Z] {M(Th ro+@-Da+p) T [ (T +p+ D),
1+ 2T /5 . AN

sHu—MbF4+Lz T+ 1) |AIT(w) I'g+1)

= |lu—vllc x.

+ 03}
From (H,), we have
[(Aw)®) - (AR)B)|, < Il = ol

Consequently, A is a contraction. By the Banach contraction principle, we hence get that A has a fixed
point which is a unique solution of the problem (4) on t € (th)[ arp-2e et | [Trarpra]ns O

The second result, we deduce the existence of at least of solution to (4) by using the following the
Schauder’s fixed point theorem.

Lemma 3.2. [44] (Arzeld-Ascoli theorem) A set of functions in Cla, b] with the sup norm, is relatively compact if
and only it is uniformly bounded and equicontinuous on [a, b].

Lemma 3.3. [44] If a set is closed and relatively compact then it is compact.

Lemma 3.4. [45] (Schauder fixed point theorem) Let (D, d) be a complete metric space, U be a closed convex subset
of D,and T : D — D be the map such that the set Tu : u € U is relatively compact in D. Then the operator T has at
least one fixed point u* € U: Tu* = u*.

Theorem 3.5. Suppose that (H,) — (H3) hold. Hence, problem (4) has at least one solution on Ny—y, 74q-
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Proof. We divide the proof into three steps.
Step I. Verify A map bounded sets into bounded sets in Bg = {u € C : ||ullc < R}. We consider
Br = {u € C(MN) [y 52y i froasprs]s ) : Il < R}
Set max |F(t,0,0)] = M and choose a constant
te(hIN) [a+ﬁ72+ % ]h, [T+a+ﬁ+ % ]h
R> M (26)
@0((T+2)h);
1—-x|L1+ LQW

where y satisfies (H3). Denote that

[Stt,u,0)] = |F(f+(“+ﬁ—1+ %)hru(t+(o¢+ﬁ—1 + %)h),(\I/Zu)(t+(a+ﬁ—1+ %)h))

—P(t+(a+[3—1+ %)h,0,0)

+

4

P(t+(a+[3—1+ %)h,o,o)

for each u € Bg. We obtain

s - [ ”Z‘E‘ Z—ﬂil ez — o(s)e2(s — a(hv))i_l]
z=[a+p-2+¢ |hs=a+p-2v=a-1 Alw = D)
Tratpes; -1 zrl B8 pBel) ([T ta+p+ ‘,‘1—’] h- a(hr))i;l
[r=a+ﬁz—‘2+‘ﬁ z:[a+ﬁ§2+;¢]h s=§9‘—2 0;1 x=0 T(OI (@ - DI(B)I ()

(z = 0(5))2=2(s — o(0))— (v — ()L g ([T FatrprO+ %] h) S, 1, 0)|]

T+a+f+ r-1 z—w+l  §B ([T +a+p+0+ u] h— G(hr))e;le/\(zfr)
1Y L Y ¥ e
r=a+p-2+% z:[a+/3—2+%]h s=a+p-2v=a-1

12 (z - 0(s))22(s — a(hv))— "
M@ =Dp) g([T+a+‘B+9+E]h)]><

[ ’YZ‘}‘ -Z“ f f‘“ 126N (z — 0(5))22(s — (o)) (0 — a(h)*

z=[a+ﬁ—2+ ﬂ]h s=a+p-2v=a-1 x=0 r(w - 1)r(ﬁ)r(a) |S(x’ " O)‘]l

o((T +2h)
< [ Li+ sz [lullc + M] Q.

Similarly, we have

air.)

oo((T +2)h)-
< [[Ll + Lz%]””“c + M] Q,
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and ( )y
ool (T +2)h)-
H%%S[F+b—m:3lﬁm+mk

Using (26), we get that ||[Aullc < R. This implies that A is uniformly bounded.

Step IL. Show that A is continuous on Br. From the continuity of F and g, imply that the operator A is
continuous on Bg.

Step IIL. Examine A is equicontinuous with Bg. For any € > 0, there exist a positive constant 6* =
max{01, 02, 63} such that for t;,t, € (h]N)[Mﬁ_ZJr%]h/[ﬂaﬂ%%]h,

o - e|AIC(w)
(tz—a—ﬁ)—l—(tl—a—ﬁ) 1 < Qle‘—AllFll' whenever |t, — t| < 01,

. g . gl elAT()(B+1)
(tr —a =)t —w+ (1 - a)h), — (b —a =)=t — @ + (1 - a)h),| < e A

whenever |t — 1| < 0, and

a

(tz_a_ﬁ)ﬂ(tz_w_'_(l_a)h)g(tzz(u _ ﬁ)i—(tl—a—ﬁ)@(tl—wﬂl—a)h)’hj(% ~ ﬂ)ﬁ el(w)I(B + 1)I(a + 1)

h e M| ’
whenever [t, — t1| < 63.
Then we obtain
(Au)(t2) - (Au)(t)
P[P ] th—1 z—w+1 t1—1 z—w+1
< N u . Z Z M) (7 (s))22 — Z Z M (z — g(s))2=2
Al (w = 1) 2=[a+p-2+4 |ns=a+p-2 z=[a+p-2+¢ | s=a+p-2

hQ[F,] o zmwtl P - N -
Sy D VD YD M GO Sty

z=[a+p-2+¢ |hs=atp-2v=a-1

-1 z—w+l B

- Y Y Y e o9)2 s - o)),

z=[a+p-2+¢ |hs=atp-2v=a-1

s v
-1 z—w+l ;P @

Z Z Z Z M)z — g(s))22(s — g(hv))i;l(v - O(hx))z;1
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Qe ||F|
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Therefore, A(Br) is an equicontinuous set. As a consequence of Steps I to III together with the Arzeld-Ascoli
theorem, we get that A : C — C is completely continuous. Using the Schauder’s fixed point theorem, we
can conclude that problem (4) has at least one solution. Our proof is ended. [

4. An example

In this section, an example to illustrate our result is provided as follow. Consider the following
fractional h-difference boundary value problem

e cos? (2nt+ 1

u(t+ %—g)|+‘\1€u(t+%)|

@+%fp+p¢+gm

7

2 4 5 5 -1
cD; |cD; (D + (e —1)DC6E) u(t) =

17 77 -3 203 293
kil ki D¢ sm(Zn— (_) — 27
”(30) ”(30) 0 DemRu({1y) =0 @7)
1
22 (t=0(2)F 5+h
where te€ (%]N) and (\Iffu)(t) = ( <2)) ¢’ 42 (E)
06 : = or(l) ¢+2? \2
s=15 2
. 1+ 2 5 1 5 _ 3 _ B 77 _sin@nh) s
Lettingh = X a = 3/ b= ¢ Y= X w = ¢’ 0= 7 T=6,A=2,n= 30,g(t) =¢ , e(t+yh,s) = s
GGG
— 2
and F = 3 1+l 7
we can show that
Al =0.0601, Qp =15.0543, Q, =1.9134, Q3 =0.8616 and x = 130.312.
(H1) = (H2) hold, for each t € (%IN) » 3, DECAUSE We obtain
304120
'P[t, u,\I’%u] - F[t,v,‘l’%v]| < s5lu—ol + ;%I\Iéu - \P%vl,
2 2 2 2
l<yg(t)<e and @y < ¢.
Finally, we can show that
}/
—(PO((T ’ Z)h); 0.859 <1
1+ Lo T +1) x = 0. < 1.
Hence, by Theorem 3.1, the problem 27 has a unique solution on (%]N)H 203 - O

307120
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