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A New Type of q-Szasz-Mirakjan Operators

Adina Chiril3?

?Department of Mathematics and Computer Science, Transilvania University of Brasov, 29 Eroilor Blvd., 500036, Brasov, Romania

Abstract. In this paper we introduce a new g-Szdsz-Mirakjan operator based on a new g-exponential
function. We derive various formulae for the moments, prove the uniform convergence of the sequence of
operators to the identity operator on compact intervals and show a Voronovskaja type result.

1. Introduction

Throughout this paper we use the notations that Thomas Ernstintroduced in [8]. Assume thatg € R*\{1}.
The g-analogues of a real number 2 and of an integer n are defined by

laly= 70 aeR 1

aq.— 1_q/a 4 ()
_ Xad T =g g i neN

{n}q .—{ 0 if n=0 ’ (2)

Jan Ciesliniski [6] introduced another g-integer, which is motivated by the form of the g-exponential &
defined below
My = +L 22 if neN
= 7 =g 1+ : 3
[l { 0 i n=0 ©)

The corresponding g-factorials are defined by

n = 2y... e g™l *
{n}q!::{1Hk=1{k}q—(1+f/)(1+q+q) (torg ) i neN @

iz (1+4°) . (5)
if n=0

We assume from now on that g € (0, 1). In the standard approach to g-calculus there are two exponential
functions

R 1
Eq:Zf |X|<—1_ (6)

Lt { [Tkl = Ty (K2 ) = gl =t if e N
.
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and

Both g-exponential functions can be represented by infinite products

(o] 1 (o]
=l ———— E=[|a+50-9x. (8)
! g 1-g"Q-gqx" 7 H

A new g-exponential function & is defined by, see [6],

*:ﬁlwk(l—q)é

& = o E? (9)
7~ Y979 _ — )k
r o 1-g"1-q)3
and it can be represented as
= 2
& = —_, x| < ——. 10
: ;‘WH T (10)

It was proved in [6] that &} has better qualitative properties than the standard g-exponential functions.
Therefore, we will use & to introduce a new g-analogue of the Szasz-Mirakjan operators.
We recall that the Szasz-Mirakjan operators have the following form

e8]

k
s = Yo (£) an

n
k=0

forn > 1, x > 0 and all functions f : [0, +00) — R such that the series at the right-hand side is absolutely
convergent, see [3].

Remark 1.1. This function space includes in particular the function subspace of all f : [0,4+00) — R such that
|f(x)] < Me™*, where x > 0, M > 0 and « € R, see [3].

Recently more g-analogues of these operators were introduced, see for example [4], [11] and [10]. We
introduce the following definition of the q-Szdsz-Mirakjan operator.

Definition 1.2. Let f € C[0, o) be a function. Then

1 o [l ({k}q)
Sng(HX) = —— Y ——f|=L], 12
n,q(f)( ) 8([7,1]17;( ; [k]q! f [n]q ( )
. _ A-—)+q"") _ 1+q""
wheren e N*,0<q<1land0<x < (17172)[;1]1, = 12?; S = T

Remark 1.3. The interval fixed for the variable x is chosen such that the g-exponential SLn]”x is convergent.
Remark 1.4. If we calculate
Ky 1-¢" 1-q 149" 1-4" 144"

Iy 1-q 1-¢¢ 2~ 2 1-q"’ (19
then we note that
k 1 n—1
o< M 149" e, (14)
[nly — 1-q"

which means that the interval fixed for the variable x also suits the domain of the function f.
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We set

1 [

Snk(‘]r ) 8[n]q [k]q' 7

which has the following properties

= 1 & (g
nk\q; X) = =1,
Zs x(q; x) 8{[:],,:: kzz(; [K],!

k=0

2
Su(3;x) >0, ¥YnelN,V0<g<1l, VO<x< ———m—.
() 7 =,

From (16) it follows that S, ;(1) = 1, where 1 is the constant function with constant value 1.

Remark 1.5. As their classical analogues, the q-Szasz-Mirakjan operators S, ; are also linear and positive.

2. Moments

In this section we compute the moments S, ;(t")(x), m = 0,1,2....

formulae useful in the sequel.
We consider the following test functions

em (t) = tm/

where m € IN.
For the reader’s convenience we recall formula (13) from [6]

1-(1-9)3
gz _ — A V2 o2
G = T A5

5619

(15)

(16)

(17)

We begin to state some recurrence

(18)

Lemma 2.1. We consider n € N*, m € N and 0 < q < 1. Then the following simple recurrence formulae hold true

_ (1 — o ¥
Sn,q(tm+1)(x) = m [Sn,q(tm)(x) - Hil—)n]q Sn,q(tm)(x‘”l ’
d j 1-(1-qls .
Sug (") (x) = ( " ) T { g (F)(0) + —2 St (x )}
q ; j Z[n]m Aq (1 _ )[n]q q q

[L "
nq(fm+1 )(x) = n Z( ) qn 1xq
=0

+8,5”]q"‘7 o -sn,qaf)(xqm-f“)].

" Sg () (g™ )+

Proof We have
1 S T S My 1
Snq(t )(x)—a‘gn]qx; (Kl (]t _Sgn]qx; K, Tnly Il
BRI 40 S RN
_glq"]q" (1A =g | = [k [nly & (K [nff

1—qk

I-q
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[n]y(1 —q) ag”]q" = [kt [l 5;"14’“ 5,5”14’“7 = [k (n]7
1 ( )[n; g X }
= S () () — 2 - S ("
[n]q(l ) [ ,q( )(x) — 1+ (- q)% q( )(xq)

The second recurrence formula is derived by means of the following formula

_ _ 1-— qk—l _ 1-— qk
klyj=1+q-fk-1};=1+4q- - —1_q. (19)
In fact
- T R e W o ) A S 101
Snq(t" ) (x) = T~ Z 0 Tl il k—11.0-[kl. [n]™ [Kly
&= (Klg!  [n]; & 1D k=1l [kl;  [n] - [n]g
1+477 1 i[ﬂ]'g_l-xk 1+q i( ) qf—
2 Sz[qn]qx pa [k - 1]q' [n] m =
1 m - X 00 [n]lg—l . xk—l {k _ 1}]
= [n]qu( j ) m—j'Z k—1L! P (1L+q7h) =
& " = 2nly " = ” [n;
_ 1 i( m ) xg) [i [l X k-1 5 R 1}51 _
Sl = AP A) U el U A7) A N LS 'L 1
B i ( m ) xqi Z [ (k) 8;”1"” 1 i [l Ceq)* (k)]
= ] 2[71]:;7]4 8[” [k]q [Tl]] agn]qx St[]”]ux‘i par [k]q! [n]é
The proof of the third recurrence formula is based on, see [10],
1-— qk—l ~ 1-— qk
o k-1 _ k=1 _
kg =1tk—-1}; +q -7 +q =g (20)
Hence
RPN 1SS SR ) ) PRP S 11

_— 1 el A . - [kly
Sy q(t )(x) = 851](’ kzz()‘ [k]q! [n]gﬁl 8[qn]qx - [k - Hq! . [k]q [Tl];” . [n]q [ ]ﬂi

k— o0 k-1, ,k k=1 m
_1 + g1 _ 1 Z [n]q X . 1 _ 1+g Z m {k — 1}]' .q(k—l)(m—j) —
2 k-1 [y 2 &\ f

8[,”]’*" k=1

m o0 k=1 k-1 1
-1 Z("?) Yy B gy g
8[;1]")( P Ji z[n];”—] P [k —1],! [n]é

= [ () k-1

3 1 S (m X 9 .

q

> [l () k-1
k-1, ' [nl]
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1 Z(m) x (& ’i[n]’;‘lwxqm-f)"-l =1l
= A T = M L '

j=0 1y [

m—j+1 . .
R i[nlg_l'(xqm"“)k_l.{k—l}fz .
o [k —1]! [n];

Lemma 2.2. Letn € N*, 0 < g < 1 and m € IN*. The following formula holds true

[ﬂ]q Z ’”1(‘7)

[1+q 1-952 | =

Snq(t")(x) =

where

g A +q"

) ’ am,f—l(q)r m>0, j>1and

am+1,]’(q) = {]}q : am,j(q) +

ﬂo,o(ﬂ) = 1/ ﬂm,O(ﬂ) = 0/ m> O/ “m,](q) = 0’ ] > m.
2 E] |

L & ol I x”

m =1 1

mo=2 1 4
gl +q)
2
{
m=23 1 3¢(1 +q) q
2
q(1+q° J
2
{2},
m=4 1 q(2¢° + 3g + 2)
g1+ ff ‘)

m=75a 1

P 2 N ; 3 . :
E{'”f + 10g™ + 10g + 5 %{llr}l +23¢% +32¢° + 23+ 11) Jnr; +5g° + 59+ 3) q

Proof We use the first recurrence formula to facilitate the induction by m.

o) < iy Lm0 ]

S = G S ~ T i S )(xq)l—
= ! il PR LA
NCE )[n]q]z m](q) O T, (1 )(1+q A-9—— -4+

5621

(21)

(22)
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+q/(1-¢q) [n]qx) = Z @) mia O)
- m m,j=1\{ )"
2 [1 +qk(1 ["]q ] " m+1 -j = /
qj—l(l + qm—j+1) x]' } 1 x m ‘
. = - —— a1 (@) + Y (amj@1lg+
2 (] T [1+ g - )] [l Z
j—l(l + m—j+1) xj
+am,j—l(‘7)q Zq ) o T+ Amn(@)q"x m”}
[n]
Lemma 2.3. Let n € N* and 0 < g < 1. The following formulae hold true
Sng(D)(x) =1, (23)
Snq(H)(x) = W "X, (24)

2 1 2 X 2
Sn,q(t )(X) Hk 0[1+11k(1 q) [n]l”] (x 1 * [n]”)’ ( 5)

3\(x) — 1 3.3 L) ) 2%
S)) = (0o + 25 + 7). (26)
Sn,q(t4)(x) - 0[1 qk(1 [W] ( [njq T (7i1 +10g9+7)+ In ]2 g

(247 +3q+2) + > ]3] (27)

Proof We use the previous lemma and the formulae result from the scheme above. m

Remark 2.4. The quantities Q,x = 1 + g*(1 — q)@, where n € IN*, k € N and 0 < g < 1 can be rewritten as

- ke 10"
Qn,k =1+ q T+gT X.

We want to study the convergence of the sequence S, ; to the identity operator. To this end we state the
following preliminary result.

Lemma 2.5. Let (§n)nen- be a sequence such that q, € (0,1), Vn € N*, g, = land g} - aasn — 00,0 <a < 1.
The following formulae hold true for x € [0 +qu 1 )

lim S, (06) = T
i o 00 =

Proof The formulae are derived from the ones in Lemma 2.3 and the fact that lim,,_, 1 ﬁ =0.
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3. Uniform Approximation on Compact Intervals

In order to prove the uniform convergence of the sequence S, ;, on compact intervals to the identity
operator, we will use the following result from [1, Theorem 3.5].

Consider a metric space (X,d). Below the symbol F(X) stands for the linear space of all real-valued
functions defined on X. For any x € X we denote by d, € C(X) the function d,(y) := d(x,y),y € X.

Theorem 3.1. Let (X, d) be a locally compact metric space and consider a lattice subspace E of F(X) containing the
constant function 1 and all the functions d2(x € X). Let (L,)u>1 be a sequence of positive linear operators from E into
F(X) and assume that

o lim, o Ly(1) = 1 uniformly on compact subsets of X;
o lim, 0 Ly(d?)(x) = 0 uniformly on compact subsets of X.

Then for every f € E N Cy(X)

lim L,(f) = f uniformly on compact subsets of X.
Define
C2[0,00) = {f € C[0,00)[AM > 0 : | f(x)| < M(1 + x?), ¥x > 0}
In our case X = [0, o), E = C5[0, ), d(x, y) = |x — y|. Note that d? = e, — 2xe; + x*1.

Our main result is the following theorem.

Theorem 3.2. Let (§n)nen- be a sequence such that g, € (0,1), Yn € N* and g} — 1 as n — oo. Then the sequence
Snq,(f) converges uniformly to f, on any compact interval in [0, o), for any f € C;[0, 00) N Cp([0, 00)).

. 2 . . 2
Proof The calculations hold true for x € [0, m) Since the expression TmT, — ©asn = o, there

exists a rank Ny such that if n > N then [0,a] C [O ), where a € R,. From Lemma 2.5 witha = 1 we

2
’ (1_q11)[n]qn
have

lim S, ;. (1)(x) =1,
n—oo

lim S, ;. (H)(x) = x,
n—o00

lim S,,0, (#)(x) = 2%
n—oo

We prove the uniform convergence of the moment of order 1.

1-q, x
X 1+q!
— —x|= - <|1-gila—0, n— oo
1+ 'f,"lx 1+ 'le
1+q 1+q;

The uniform convergence of the moment of order 2 results in the following way

xzqn + ﬁ _xz
(1 + 1151‘1”19() (1 +qu 1+qZ”1 x)
— AV
—X2 1-g,) - qn L+ 1 X _ ( qn) x
=\l ]q,, =) =g+ D A+ gy
1+ .
< L= gl + L gl TPl — g P—T" gt 50, 1 o

n]qn qn ( + q271)2
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The following convergences hold for x € [0,4]
Sua (M 31, 1 o0,
Sig,(H)(x) 3 x, n — oo,
Sng, (H(x) 3 2%, 1 — oo,
where = means uniform convergence. We further have

lim S,,q, (#* — 2xt + x*1)(x) = lim [Sn,q, (2)(x) = 2xS,, 4, (H(x) + X2Sy0, (1)()] = 0

n—oo

The conditions in the previous theorem are therefore satisfied. m
Finally, we consider the case when g is constant.

Remark 3.3. Let q € (0,1), q fixed. The following formulae hold for x € [O, 1{'qu1)

Sn,q(l)(x) :; ]-r n— OO/

;N — 00,

x
Sn,q(t)(x) = T+x
where = means uniform convergence.

The proof for S,,4(1)(x) is obvious. Since q € (0,1), we have lim,,_,, 4" = 0. From the second formula in Lemma
2.3 it follows that

. X
L Spq((x) = T

Moreover, :
_q"
x x| 2 T Tag <12 " Y1 +q)
1—q" - 1—q" = n-1
1+1+q,,,1x 1+x (1+X)(1+WX) 1+q

B qnfl(l +q)(1 +qn—1)
1-g7?

—0,n — oo,

which implies uniform convergence.

In the following we will consider only the case when g depends on #, i.e. g = g, and it verifies the
conditiong) - aasn - 00, 0<a<1.

4. Voronovskaja Theorem
We will first prove the following result.

Lemma 4.1. Let (gn)nen- be a sequence such that q,, € (0,1), Yn € IN*, g, — 1and qi} — 1as n — co. Then the
following formulae hold true

,}gﬂ, [1]4,Sn,4,(t —x)(x) = 0, (28)
lim [n];, Sy, (= 0)7) (x) = x, (29)
Bim [n]] S, (£ = 1)) (x) = 3%, (30)

Moreover, the convergences are uniform on any compact interval [0,a], a > 0.
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Proof First we compute the following limits

. (1 B ‘73)2 . -1 . 1
lim p =lim(Q-g)A+gu+-+q, )=limQA+qg,+--+q, —q.—
n—oo - n n—oo n—-0o0
- — ... — 2" 1) = O because g, — 1and g — 1,1 — oo. (31)
lim 1-gq) . n n-1 n+l 2n-1y _
il s = Mm@ =g)(L+gn+ @ — G =g =)=
n
= lim[l+g,+-- +q" -
=2+ + 2"+ 2+ + ¢ = O because g, — 1and g — 1,1 — co. (32)

The calculations hold true for x € [O, W) Since the expression — 00 as n — oo, there exists a

2
(1_%1)[”]%
rank Ny such that if n > Ny then [0,a] C [O, m), where a € R;. The first formula can be proved in the

following way

X

Mﬂ%ama—wwn=MM%6wxmw—xamuxmn=h%{;:atzy@;—

| A—aqnl, 2 ti-qufi-qp 2 Y
_x)l = |- 2 . [n]q”x = 2 1 — . 1 n 1 .
1+ (1 - q”)T qn n
R G DO (O S T O DN Sl ARPYERIN
1+ 11;"1 T=gn  Q+q"? 1+ 11;"1 X 1—qn

as n — oo according to (31). The second formula can be proved in the following way

1115, Sg, (£ = 0)2) () = [y, [Sng, (BYE) = 22S,4, () + 228, ()] =

= [}’l]qn [n]x qﬂ ]q o _ 2x X o + x2 —
[T+ - )™ 3] [1+ a1 — g) = 1+ (1 g0

= Qr[zz]gm [ X + W —2x? (1 +gu(1 - qn)[n]zq" ) (1 +(1- q,,)[ ]"“

1= ) %a—%fmiﬁﬂ=gzgn{,ﬂ—%fmm
”m%VH%+fW—D+[1]=gi%if%ﬂ;%yc:ﬁ.“jﬁf+

L e

1 L =g 2 3 2
; . 11— ———
[ =g gy W ey

2
= -1 -g)—— +x|.
Qn,OQn,l g * ( qn)l + qul x}
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As n — oo, by means of the formula (32) we obtain the limit (29).

2 1 4 (]‘ B ‘72)3 3 "2

1S (¢ = 0793) = | = Qn0Qn1 T G A +qhy (=)
2~ Gn n 1—qn (1- )3 n n

(1 + q‘j—l)z - —Xz(l - q”)l + qZ—1:| <2 4 1- I R + 2[13(1 - qn)z + az(l - qn)/

which tends to 0 by (32) as n — oo, which proves the uniform convergence. The third formula can be proven
analogously. m
We will use the following result.

Remark 4.2. If we consider the conditions in the previous lemma, then formula (29) implies that ||Sy 4, ((t—-)*)Il = 0
as n — oo, uniformly on compact intervals.

Recall that if we consider I C R to be an interval, f : I — R a bounded function and 6 > 0, then the
modulus of continuity of first order is defined as [12]

w(f,0) =sup{|f(u) — f()|:u,v el |lu—-1v| <6} (33)

Moreover, the following inequality holds for f bounded: w(f,6) < [1 + (%)2] w(f,n), ¥ 6,n>0.

The main result of this section is the following theorem.

Theorem 4.3. Let (§n)nenN- be a sequence such that g, € (0,1), Vn € N*, g, = 1l and g} = 1 as n — co. Then for
any function f that is continuous and bounded on [0, ) such that f’ and f" are continuous and bounded on [0, c0)
the following uniform convergence holds on any compact interval [0,a], a > 0

lim [y, [Sq,((0) = ()] = —f”(x)-x. (34)

Proof Let the functions f, f* and f” be continuous and bounded on [0, o). Let x € [0, o) be fixed. We use
Taylor’s formula with the remainder in its integral form

t
f() :f(x)+f’(x)(t—x)+f(t—u)f"(u)du.

We use the following notation

t t t
Ra(t0) = [ (= )f" () = f (1= + [ (6= (") - ) =

=f"(x ) f (t—u) (f" (1) = f"(x)) du.
It follows that
£ = F0) + F@E -0+ o) f () (") — () d.

We consider the function r(t; x) = ﬁ fx (t—u) [f”(u) — f”(x)] du. It follows that

(t — x)?
2

fO) = f() + f @t = x) + f7(x) + r(t; x)(t = x)°. (35)

Then we prove that lim;,, (t;x) = 0. We prove that r(f; x) is bounded for all ¢t € [0,a4] and that r(t; x) is
continuous.
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According to (35) it results that r(¢; x) can be rewritten in the following way

£ = 0 = =0 - @) S5E

r(t;x) = (=27

Then

— _ £ _ _ w )

lim r(t;2) = lim f0) = f@) = f@E =0~ /@S g
t—x t—x (t_x)z

—limf/(t) f1) - f”(x)(t_x)lH w

s 2t - x) lira 2

Boundedness results from the following formula

= 0 because f” is continuous.

(£ )| = — ) [f"(u) = f"(x)] du

<o f £l 1" () — (Ol <

_(t

We prove continuity. If ¢ = x, then we consider by convention that r(x;x) = 0. If t # x, then

t
ﬁ f (t = w)lIf ()l + |f* @) < —— - 2/f” f (t = wydu = If" ],

r(t; x)| <

o | =l - o,

By means of the modulus of continuity of first order it results that
[f7 (@) = f7 GOl < w(f”, lu = xI) < w(f”, |t = x1).
It follows that [r(t; x)| < $w(f”, |t — x|) for t # x. By applying S, ,, to (35) we obtain
f”( ") g

Sngn(H)X) = f(X)Snq,(1)(X) + f(X)Snq,(t = )(x) + S (£ = 202)(x)+
+Snq, (2 - 2)7) (2).
Then ]
xX)n
(1], [Su, (D@ = £ = £y, Sug, (= @) + =58, (£ = ) x)+

15, Sng, (1 2)(t = 2)?) ().
By applying the Cauchy-Schwarz inequality we obtain

Sug, (150 = x) (1) < \[Sng, (2(620) (1) - A[Sng, (= 2)) (). (36)

By multiplying (36) by [n],, it results that

(110, Sng, (1500 = 202) (1) < \[Sng, (2(6:0) (1) - 112 S, (¢ = 0)%) (). (37)

According to (30) it results that

Em 112, Sug, (= 2)%) () = V322,

n—o0

Then
1S4, (r(t; ) ()| < Spg, (1t X))(X) < S, [(f7, It = x])] (x) <
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Y
<Su, [(1 . u)w(ﬂ rm] () = @(f, 1) (D) + %sw«t )

2
T n

We consider 1, = || {/Snq, ((t = x)?)(x)|l, which implies that

S ((E = x))(x)

)

504,15 < 20,

We apply Theorem 3.2 and the formulas (28) and (29) to complete the proof. m

The author would like to thank professor Radu Paltdnea for valuable comments.
The author would also like to thank the referee for useful suggestions.
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