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Pointwise Pseudo-Slant Submanifolds of a Kenmotsu Manifold

Vigar Azam Khan?, Mohammad Shuaib?

*Department of Mathematics, Aligarh Muslim University, Aligarh

Abstract. In the present article, we have investigated pointwise pseudo-slant submanifolds of Kenmotsu
manifolds and have sought conditions under which these submanifolds are warped products. To this
end first, it is shown that these submanifolds can not be expressed as non-trivial doubly warped product
submanifolds. However, as there exist non-trivial (single) warped product submanifolds of a Kenmotsu
manifold, we have worked out characterizations in terms of a canonical structure T and the shape operator
under which a pointwise pseudo slant submanifold of a Kenmotsu manifold reduces to a warped product
submanifold.

1. Introducion

Slant immersions in complex geometry were defined by B.Y.Chen [6] as a natural generalization to
both holomorphic and totally real immersions . The notion was further generalized by him in [9] when
he considered pointwise slant submanifolds in almost Hermitian manifolds. In [16], A.Lotta extended the
notion to the settings of almost contact metric manifold and obtained some important properties of such
immersions.

There are two important classes of submanifolds in Kaehlerian as well as in contact settings, the
first one is the class of submanifolds which admit an invariant distribution and the other one consists of
submanifolds which admit an anti-invariant distribution. If the complementary distribution is slant, the
submanifolds of class one are semi-slant submanifolds whereas submanifolds of the other class are pseudo-
slant submanifolds. J.L. Cabrerizo et al [3] defined and studied semi-slant submanifolds in the setting of
almost contact metric manifolds whose study in almost Hermitian manifolds was initiated by N.Papaghiuc
[18]. Recently, K.S.Park [19] studied pointwise slant and pointwise semi-slant submanifolds of almost
contact metric manifolds. He obtained some geometrically important properties of these manifolds. Now,
it is natural seek differential geometric properties of pseudo-slant or more generally pointwise pseudo-
slant submanifolds of almost contact metric manifolds. Since, proper slant distribution is not integrable
on a submanifold of a Sasakian manifold, we aim to investigate pseudo-slant submanifolds of a Kenmotsu
manifold.The paper is organised as follows:

Section 2 deals with basic concepts, formulas and some known result that are relevant for the subsequent
sections. In section 3, point wise pseudo-slant submanifolds of a Kenmotsu manifold are studied. Some
formulas are derived that helped in obtaining integrability conditions for the distributions on a pseudo-slant
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submanifold of Kenmotsu manifold and revealing the geometry of the leaves of the distributions. Section
4 is devoted to study doubly warped product submanifolds of a Kenmotsu manifold. After going through
various properties, we established that non-trivial doubly warped products are non-existent in a Kenmotsu
manifold. This leads us to take up single warped product submanifolds of Kenmotsu manifolds. Along
the years, there has been interests to find analogous of classical deRahm’s Theorem to warped products,
we have considered in section 5 warped product submanifolds of a Kenmotsu manifold M whose one of
the factors is a ¢— anti-invariant submanifold of M. We worked out formulas for VT. Since point wise
pseudo slant submanifolds are a special case of these submanifolds, these formulas are used to obtain
characterizations under which a pointwise pseudo slant submanifold is a warped product submanifold.

2. Preliminaries

All manifolds, vector bundles, functions etc. are assumed to be of class C*. The set of locally defined
sections of a vector bundle E is denoted by I'(E).

An almost contact structure on a (21 + 1)-dimensional manifold M is defined by a (1, 1) tensor field ¢, a
vector field £ and the dual 1-form 7 of £ satisfying the following properties

P*=-I1+1n®& dE=0, nop=0, nE&)=1.

There always exist a Riemannian metric g on M satisfying the following compatibility condition

g(oU, ¢V) = g(U, V) = n(U)n(V) 1)

for any vector fields U, V on M. An almost contact manifold endowed with a compatible Riemannian metric
is called an almost contact metric manifold. It is easy to observe that the Riemannian metric defined in (1)
satisfies

g@U V) + (U, ¢V) =0, g(U, <) = n(U). )
If V is the Levi-Civita connection on (M, g), then the covariant derivative of ¢ is defined as
(Vuo)V = VyuopV — ¢V V. 3)

Let Q be the fundamental 2-form on M, i.e, Q(U, V) = g(U,¢V). If Q = dn, M is said to be a contact
manifold. 1f & is a Killing vector field with respect to g, the contact metric structure is called a K-contact
structure. It is easy to show that a contact metric manifold is K-contact if V& = —¢U for each vector field
U on M. The almost contact structure on M is said to be normal if [¢, p] + 2dn ® & = 0 where [¢p, ¢] is the
Nijenhuis tensor of ¢. A Sasakian manifold is a normal contact metric manifold. It is known that an almost
contact metric manifold is a Sasakian manifold if and only if

(Vup)V = g(U, V)& — n(V)U.

S.Tanno [20] classified connected almost contact metric manifolds whose automorphism groups posses
the maximum dimension. For such a manifold, the sectional curvature of a plane section containing & is a
constant c. One of the classes of this classification consists of warped product R X C" with ¢ < 0. These
manifolds are not Sasakian and are characterized by a tensorial equation :

(Vup)V = g(@U, V)& - n(V)PpUL 4)

Kenmotsu [15] explored some fundamental differential geometric properties of these spaces and therefore
they are named as Kenmotsu manifolds.
It can also be seen that on a Kenmotsu manifold M,

Vué = —¢*U = U - n(U)é (5)



V. A. Khan, M. Shuaib / Filomat 31:18 (2017), 5833-5853 5835

for all vector fields U, V on M.

Throughout, we denote by M a submanifold of an almost contact metric manifold M with TM and T*M
as the tangent and normal bundles on M respectively. If V and V* are the induced Riemannian connections
on TM and T*+M then Gauss and Weingarton formulae are

VuV = VuV + (U, V) (6)

VuN = -AyU + VEN @)

for any U,V € I(TM) and N € I'(T*+M). Ay and h respectively denote the shape operator (corresponding to
the normal vector field N) and the second fundamental form of the immersion of M into M. The two are
related as

g(ANU, V) = g(h(U, V),N), (8)

where g denotes the Riemannian metric on M as well as the induced Riemannian metric on M.
If the structure vector field & is tangential to the submanifold M of a Kenmotsu manifold M, then for
any U € T(TM) and N € I'(T*+M) by formula (5), (6) and (8)

WU, &) =0, Ayé=0 ©)
If £ is normal to the submanifold, then by (5) and (7), it follows that

Ag=-Id and V{& =0. (10)
For any U € I'(TM), we write

TU = tan(¢pU) and FU = nor(¢pU).
where "tan’ and 'nor’ are the natural projections associated with the direct decomposition:

T,M=T,M®& T;M, pEeM

Similarly, for N € I'(T*M), we write
tN = tan(¢N) and fN = nor(¢N)

The tensor fields on M determined by the endomorphism T and the normal valued 1-form F are denoted
by the same letters T and F respectively. Similarly, f and f are tangential and normal valued (1,1)-tensor
fields on the normal bundle of M. The covariant differentiations of the tensor fields T and F are defined
respectively as:

(VyT)V = VTV = TV V (11)

(VuF)V = VLFV = FVy V. (12)

If £ is tangential to a submanifold M of a Kenmotsu manifold, then by virtue of Gauss-Weingarten
formulae and (4), we obtain

(VuT)V = ApyU + th(U, V) = n(V)TU + g(TU, V)& (13)
for any U, V € I'(TM). Taking account of (9) in the above formula, we deduce that
VeDU =0, and (14)

(VuT)E = -TU (15)
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Let D be a differentiable distribution on M. For any p € M and U € D,, if the vectors U and &, are
linearly independent then the angle O(U) € [0, 5] between ¢U and D), is known as slant angle of U. If 6(U)
does not depend on the choice of p € M and U € Dy, then D is said to be a slant distribution on M (with the
slant angle 0). Usually, a slant distribution with slant angle 6 is denoted by D?. Invariant and anti-invariant
distributions are slant distributions with slant angle 6 = 0 and 7 respectively [16]. A submanifold M of an
almost contact metric manifold M is said to be slant submanifold if the tangent bundle TM is slant. A slant
submanifold which is neither invariant nor anti-invariant is called a proper slant submanifold. It is easy to
observe that :

Theorem 2.1. [24] Let M be an almost contact metric manifold with dim(M) = 2n+1and M, an (n+1)-dimensional
anti-invariant submanifold of M then & is tangent to M.

Conversely if the structure vector field & is tangential to a submanifold M of an almost contact metric
manifold M, then TM admits the orthogonal direct decomposition

TM=D& < & >

where D denotes the distribution orthogonal complementary to the one dimensional distribution generated
by &. A submanifold M of an almost contact metric manifold (tangent to &) is slant if and only if D is a
slant distribution on M. In particular, D may be ¢—invariant or ¢—anti invariant distribution accordingly
M is invariant or ant-invariant submanifold of M tangent to &. More generally semi-invariant, semi-slant
and pseudo slant submanifolds of almost contact metric manifolds tangential to £ are studied (cf. [3], [11],
[13],[14], etc.). In the setting of contact metric manifolds, we have

Proposition 2.2. [4] Let M be a submanifold of a contact metric manifold M tangential to the structure vector field
&. Then M is anti-invariant if and only if D is involutive.

Proposition 2.3. A proper slant distribution on a submanifold of contact metric manifold tangent to the structure
vector field & is not involutive.

With regards to the case when & € T*M, A.Lotta proved the following which generalise a well known
result of Yano and Kon [24].

Theorem 2.4. [16] Let M be a submanifold of a contact metric manifold M. If & is orthogonal to M, then M is
anti-invariant.

Corollary 2.5. Proper slant, semi-slant and pseudo-slant submanifolds orthogonal to & are non existent in Sasakian
manifolds.

For the existence of slant submanifolds of almost contact metric manifold, we have the following
characterization :

Theorem 2.6. [4] Let M be a submanifold of an almost contact metric manifold tangent to the structure vector field
&. Then M is slant if and only if there exits a constant A € [0, 1] such that

T? = -AI-1n®&).
Furthermore, in such case if 6 is the slant angle of M, then A = cos®0.

If M is a slant submanifold of an almost contact metric manifold M with slant angle 6, then it follows from
the above Theorem that

g(TX, TY) = cos*0{g(X, Y) = n(X)n(Y)} (16)

g(FX, FY) = sin*6{g(X, Y) = n(X)n(¥V)}. (17)
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B.Y. Chen [9] considered a generalised version of slant submanifolds by defining pointwise slant
submanifolds of almost Hermitian manifolds. K.S. Park [19] extended the notion to the setting of almost
contact metric manifold as follows:

Let M be a submanifold of an almost contact metric manifold and let M, = {U € T,M/g(U,¢&,) = 0}.
Then M is called a pointwise slant submanifold if at each given point p € M, the angle 0 = 6(U) between ¢pU
and the space M, is independent of the choice of U € M,. In this case the angle 0 is called a slant function
on M. If the slant function 6 on a pointwise slant submanifold M is non-constant, then M is called a proper
pointwise slant submanifold.

The advantage of defining the subspace M, is that many of the results on slant distribution have a

simpler version e.g, if we denote by D, the space |J M,ie.D = J{U € T,(M)/g(U, &,) = 0}, then Theorem
peEM peM

2.6 is extended as :

Theorem 2.7. Let M be a submanifold of an almost contact metric manifold M. Then M is a pointwise slant
submanifold of M if and only if T> = —cos*61 on D for some function 6 : M — R

Park obtained some important properties of pointwise slant submanifold of almost contact metric manifold
e.g.

Proposition 2.8. [19] Any two dimensional submanifold of an almost contact metric manifold is a pointwise slant
submanifold.

Proposition 2.9. [19] A submanifold M of an almost contact metric manifold is a pointwise slant submanifold if and
only if

g(TX, TY) =0

whenever g(X,Y) =0for X,Y € D.

3. Pointwise Pseudo-slant submanifolds of a Kenmotsu manifold

Let (M, ¢, &, 17, ) be an almost contact metric manifold. A submanifold M of M is called a pointwise pseudo-
slant submanifold if there is a pointwise slant distribution D; C TM such that its orthogonal complement D,
is ¢-anti invariant. That is

TM = D; & D,,

where ¢pD, C I'(T*M), and at each given point p € M, the angle 6 = 6(X) between ¢X and the space (D1),
is constant for non zero X € (D),

If the structure vector field £ is tangential to the submanifold M, then for any U € I'(TM), we may write
U= BU+CU +n(U)é,
where BU € Dy and CU € D,.

Note 3.1. If the structure vector field & is tangential to the submanifold M, then it can not lie in Dy as 0(&,) is
not defined for any p € M. In fact, no part of & can be tangential to Dy. In this case, ¢p-anti invariant distribution
orthogonal to Dy is infact D,® < & >.

If we denote the dimensions of D; and D, by d; and d; respectively, then we have the following cases :

(i) If d; = 0, then M is a ¢p-anti invariant submanifold of M.
(ii) If d, = 0 and 6 = 0, then M is a ¢-invariant submanifold of M.
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(iii) If d = 0 and O # 0, then M is a proper pointwise slant submanifold with slant angel 6 (In this case
TM =D1® < & >).
(iv) Ifdy,dr # 0 and O € (0, ), then M is a proper pointwise pseudo-slant submanifold of M.

On a pointwise pseudo-slant submanifold, the following relations can be checked easily

T(D1) € Dy, T(D>) =0, tFY = —sin*0Y (18)

foreach Y € D;.
For any U € I'(TM) we write

U=HU+VU (19)
where HU € T(TM) and VU € T(T+M). Then

T> +tf = -1+n@HE, FT+ fF=n®VE (20)

Tt+tf =n@HE, FT+ f>=-1+n®VE. (21)

The normal bundle of a pointwise pseudo-slant submanifold of an almost contact metric manifold
admits the following orthogonal direct decomposition

T*M=FD,&FD, & (22)

where p is the orthogonal complement of ¢(TM) in T+ M.
Now, For any U; € Dy and U € Dy,

g(FUy, FUy) = g(pUy, pUz) = g(Uy, Uz) = 0.
That means FD; and FD, are orthogonal to each other.

Proposition 3.2. Let M be a pointwise pseudo-slant submanifold of an almost contact metric manifold. Then u is a
¢-invariant normal sub bundle if and only if either p C ker(n) or D, C ker(n).

Proof. For any N € I'(u) and U € I'(TM),

g(pN, U) =0 as g(N,FBU) =0 = g(N, pCU).
That shows that

pu c T*M. (23)
Further, for X € I'(Dy),

9N, EX) = g(¢N, $X) = g(N, X) - n(N)n(X) = 0, (24)
That is, ¢ is orthogonal to FD;. Now, for Z € I'(D,),

9(@N, $pZ) =g(N, Z) = n(N)n(Z)
== n(N)n(2).

That is, g(¢N, ¢Z) = 0 if and only if n(N)1(Z) = 0 The assertion follows from (23), (24) and (25). O

(25)

Proposition 3.3. Let M be a pointwise pseudo-slant submanifold of a Kenmotsu manifold, then

(1) A(;)ZW = A¢WZ
(i) g(VxFY, ¢Z) = sin*6 {g(VxY, Z) + n(2)9(X, Y)} = g(h(X, Z), FTY)
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(iii) g(VipW,FX) = sin*0g(Vz W, X) + g(h(Z, W), FTX)
foreach X, Y € I'(D1) and Z, W € I'(D») .

Proof. Consider g(AyzW, U) for any U € I'(TM),

=g9(VuW, ¢Z)
= - g(pVuW, 2).
Now, as g(Vug)W, Z) = 0 by virtue of formula (4) and the fact that g(¢U, Z) = 0, the right hand side of the
above equation on using (3), reduces to -g(Vy¢pW, Z), which oin view of Weingarten formula is same as:
g(A(pr, U) This prves that Aqﬁzw = Aq)wz
By using (2) and (3), we have

g(VxFY,¢Z) =g(VxFY, ¢Z)
=g9((VxP)FY, Z) — g(Vx¢FY, Z)

Writing ¢FY = tFY + fFY and making use of (4) and (17), the right hand side of the above equation reduces
to

n(Z)sin*09(X, Y) — g(VxtFY, Z) — g(Vx fFY, Z)
which on making use of (18),(20),(7) and (8) takes the form
n(2)sin*0g(X, Y) + sin20 X(0)g(Y, Z) + sin*0g(VxY, Z) — g(h(X, Z), FTY).
As g(Y,Z) = 0, we obtain that
g(VEEY, §Z) = sin® 0(g(VxY, Z) + n(2)g(X, Y)) - g(u(X, Z), FTY).
This proves the second part. For the third part, as FD; and FD, are orthogonal, we have

g(VzpW, FX) = —g(¢W, VZFX) = g(W, pVzFX)
= g(W, VzpFX) — g, (Vz)FX)

The second term in the right hand side of the above equation is zero by virtue of (4), whereas the first term
is written as g(W, VztEX) + g(W, V2 fFX). Therefore, the equation takes the from :

g(Vz¢W,FX) = g(W, Vz — sin®0X) — g(W, VZFTX)
—sin20 Z(0)g(W, X) — sinzﬁg(W, VzX) + g(ArrxZ, W)
= sin®0 g(VzW, X) + g(h(Z, W), FTX).

This proves the third part and the proposition completely. [J

Theorem 3.4. Let M be a proper pointwise pseudo-slant submanifold of a Kenmotsu manifold M. Then the distribu-
tion D is involutive on M if and only if

JArzX, TY) = g(ArpzTX,Y) = g(Arrv X, Z) — g(Arrx Y, Z)

for X, Y e I(D1) and Z € T'(Dy).
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Proof. By virtue of (5) and the fact that 7(X) = 0, we have

g(VxY, &) = n(VxY) = — g(Y, Vx&)
=-g9(X,Y).

Therefore,

g(X, Y], €) =0.
Further for any Z € I'(D,),

9(VxY, Z) = g(¢pVxY, ¢Z) + n(VxY)n(Z).

By formula (4), g(Vx)Y, $Z) = 0 and n(VxY) = —g(X, Y). Taking account of these observations while

using (3), the above equation takes the form :

9(VxY, Z) =9(VxoY, ¢Z) - n(Z)g(X, Y)

=g(VxTY,pZ) + g(VxFY, ¢Z) — n(Z2)9(X, Y).

Making use of Gauss formula and Proposition3.3 in the above equation, we obtain

05”0 g(VxY, Z) = g(ApzX, TY) = g(Arry X, Z) — cos*0 n(Z)g(X, Y).
Interchanging X and Y and subtracting the obtained equation from the above, we get
c0s’6 g([X, Y], Z) = g(ApzX, TY) - g(ApzTX, Y)
+ 9(ArrxY, Z) — g(Arry X, Z).
Since M is proper pointwise pseudo-slant, D, is involutive if and only if
g(Apz X, TY) = g(ApzTX,Y) = g(Arry X, Z) — g(Arrx Y, Z).
This proves the Theorem. [J

Proposition 3.5. Let M be a proper pointwise pseudo-slant submanifold of a Kenmotsu M such that & is tangential
to the submanifold M. Then

g(VeTX,Z) =0
forany X € T(D1) and Z € (D).
Proof.

g(VeTX, Z) = g(VeTX, Z) =g(VedX, Z) — g(V<FX, Z)
=9((Ve) X, Z) = g(VeX, ¢Z) + 9(ArxE, Z).

The right hand side is identically zero by virtue of (4),(6),(8) and (9). This proves the proposition. O

Lemma 3.6. Let M be a proper pointwise pseudo-slant submanifold of a Kenmotsu manifold M tangent to the
structure vector field &. Then [Z,&] € T(D,) for any Z € T(Dy).
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Proof. For X € I'(D;), we have
972,81, TX) = g(Vz&, TX) = g(VeZ, TX).

The first term in the right hand side of the above equation is zero by virtue of (5) whereas the second term
on using the fact that Dy and D; are orthogonal complementary, reduces to g(V:TX, Z) which is zero in view
of proposition 3.5. Hence

9([Z,£],TX) =0
This proves the Lemma. [
Lemma 3.7. Let M be a pointwise pseudo-slant submanifold of a Kenmotsu manifold M. Then

g(VzW, X) = seczﬁ{g(h(Z, W), FTX) — g(W(TX, Z), FW) (26)
foreach X € Dy and Z, W € D,.
Proof. .

g(VzW, X) = g(VzW, X) = g(@VzW, §X) + n(VzW)n(X)

= g(pVzW, ¢X)

= g(VzpW, $X) = g(Vzp)W, pX)
= (V20 W, TX) + g(VzpW, FX)

= 9(pZ, W)n(¢pX) + n(W)g(pZ, $X)
= —g(A(PwZ, TX) + g(qubW, FX)

substituting from part (iii) of proposition 3.3, the above equation reduces to

c0s”6 g(VzW, X) = g(h(Z, W), FTX) — g(AywZ, TX)
That proves the lemma. [

As an immediate consequence of the above lemma and proposition 3.3 part (i), we have

9([Z, W], X) =0 (27)
Further it is easy to show that

g(VzW, &) = Zn(W) + n(Z)n(W) = g(Z, W).
Hence,

9([Z, W1, &) = Zn(W) = Wn(2). (28)

If £ isnormal to the submanifold M, then from (27) and (28), we deduce that D; is involutive on M. However,
if £ € TM, then the integrability of the distribution D,® < & > follows from (27) and ( 28). Thus, we have

Theorem 3.8. Let M be a Kenmotsu manifold and M a proper pointwise pseudo-slant submanifold of M. Then D,
as well as D>® < & > are involutive on M.

As a consequence of formula (26),we have

Corollary 3.9. Let M be a pointwise pseudo-slant submanifold of a Kenmotsu manifold M. Then the anti-invariant
distribution defines a totally geodesic foliation on M if and only if

g(h(Z, X), pW) = g(h(Z, W), FX)
forany X e T(D1) and Z, W e T(D,® < & >).
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4. Doubly warped product submanifolds of a Kenmotsu manifold

Our aim in this section is to study submanifolds of a Kenmotsu manifold which are doubly warped
products. That is, doubly warped product manifolds isometrically immersed in a Kenmotsu manifold. On
analysing these submanifolds, we deduce that non-trivial doubly warped products are non-existent in a
Kenmotsu manifold. In fact, it is shown that pseudo-slant submanifolds of Kenmotsu manifolds can be
realized only as single warped product submanifolds.

Let (N1,g1) and (N3, g2) be Riemannian manifolds and let f; : Ny — (0,00) and f, : N, — (0, o) be
smooth functions. The doubly warped product M =7, N1 Xz N is the product manifold N1 X N, endowed
with the metric g = f2g1 + fZg2. More precisely, if 7 : Ny X N = Ny and 7 : Ny X N, — N are natural
projections, the metric g is defined by

g= (o1 g+ (fi o) T g (29)

The functions fi and f, are called warping functions.

If either f; = 1 or f, = 1 but not both, then we obtain a (single) warped product. If both fi =1 = f,,
we have a Riemannian product Ni X Ny, usually we call it a trivial warped product. If neither fi; nor f; is
constant, we have a non-trivial doubly warped product.

If V' and V" are the Levi-Civita connections of the Riemannian metric g; and g, respectively, then the
Levi-Civita connection V of the doubly warped product metric g on M is expressed as :

2
Vu, Vi =V, Vi - %gl(ulr V)V (Inf), (30)
1
., f? ,
VUZ V, = VUZ V, — f—zg(uz, Vz)v (ll’lfl) (31)
2
le UQ = (UQll’lfz)Ul + (Ullﬂfl)UQ. (32)

for all Uy, V1 € T(TN7) and Uy, V;, € T(TNy). Here V' (Inf;) and V' (Inf,) denote the gradient of Inf; and Inf,
with respect to the metrics g; and g, respectively [22]. In terms of the Riemannian metric g on M and the
Levi-Civita connection V on M, formulae (30) and (31) are respectively written as :

Vu, Vi = V/ul Vi —g(Uy, V1)Vinf,, (33)

Vi, Va = Vi, Va — g(Us, Vo)Vinfy. (34)
where Vinf is defined as g(Vinf, U) = Ulnf.
By using the covariant derivative formula for the doubly warped products (c.f. [1]), the following result
is obtained in [23] .
Proposition 4.1. Let M =, N1 Xy, N> be a doubly warped product manifold with metric g = g1 + fi’ga. Then

(i) The leaves N1 X {q} and the fibers {p} X N of the doubly warped products are totally umbilic.
(ii) The leaf N1 x {q} is totaly geodesic if gradn,(f2)l; = 0. Similarly, the fibers {p} X Ny is totally geodesic if
gradn, (fo)l, = 0.

Let M =, N1 X5, N; be a doubly warped product submanifold of a Kenmotsu manifold M. If we denote
by 01 and 0, the second fundamental form of N; and N, respectively in M, then

2
o1(Uy, V1) = _%gl(ulzvl)v”(l”fz) = —g(Uy, V1)Vinf, (35)
1
and
2
o2(Up, V) = —%92(%, Vo)V (Infi) = —g(Us, Vo)Vinfy, (36)
2

for all Uy, Vi € I'(T'Ny) and Uy, V, € I'(TN»). That is, both the factors namely N; and N, of M are totally
umbilical in M with mean curvature vectors Vinf, and Vinf; respectively.
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Proposition 4.2. Let M =4, N1 X5, Ny be a doubly warped product submanifold of a Kenmotsu manifold M. Then

g(h(Uy, Uy), FV1) = g(h(V1, Uz), FUy), (37)
and
g(h(Uy, Uy), FV3) = g(h(Uy, V), FUy) (38)

fOT U, Vi e F(TNl) and u,, vV, e F(TNz)
Proof. By virtue of Gauss formula, we may write
g(h(Uy, W), FV1) = g(Vi, Uy, V1) = g(Vu, Uy, TV)

Making use of (2),(3),(4),(32) and the fact that TU; € I'(TN;) (1 < i < 2) the above equation takes the form

g(h(Uy, Uz), FV1) =(Ualn fo)g(TUy, V1) = g(Vu, Uy, V1)
=(Ualnfr)g(TUy, V1) — g(Vu, TU, Vi)
- g(Vi, FUy, V7).

Further applying (7),(8),(32) and the fact that TU; € I'(TN;), the right hand side reduces to g(h(V1, Us), FU4).
This proves the first part of the Proposition.
For the second part, on writing

g(h(Uy, Uz), FV>) = g(Vy, Uz, pV2) — g(Vu, Uz, TV?)
and working along the same lines as in the proof of (37), we obtain that
g(h(Uy, Uz), FVa) = g(h(U, V2), FUy).
|

Lemma 4.3. Let M =5, N1 X5, N, be a doubly warped product submanifold of a Kenmotsu manifold M with only one
of the factors a ¢-anti invariant submanifold of M. Then UsInfy = n(Uy) (resp. Ualnfa = n(Uy)) if Ny (resp. N») is
¢-anti invariant.

PVOOf. For Ul, V1 € F(TNl) and UQ, V2 S F(TN2),

g(h(Uy, Uz), FV2) =g(Vu,Us, §V2) = g(Vu, Uy, TV2)
== g(¢Vu, Uy, Vo) + (UhInfr)g(TUs, V)

The first term in the right hand side of the above equation on making use of (4),(6), (7),(8) and (32) is written
as

—(U1)g(TUy, V2) = (TUrIn fr)g(Usz, V2) + g(h(Uz, V), FUL).
That makes the equation to take the form:

g(h(Uy, Up), FV3) =(UiInf; — n(Uy))g(TU,, V2)

— (TUqInfr)g(Ua, Vo) + g(h(Uy, Vo), FUy). 9)

Similarly, on writing

g(h(Uy, Uz), FV7) = g(Vu, Uz, ¢V1) = g(Vu, Uz, TVY),
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and making use of (2),(3),(4) and (32), the above equation takes the form

g(h(Uy, Uy), FV7) =(UzIn fo)g(TUy, V1) — n(U2)g(TUy, V1)
= g(Vu,pUy, V7).

On applying (6),(7),(8) and (32), the last term in the right hand side of the above equation reduces to
—(TUalnfo)g(Uq, V1) + g(h(Uy, V1), FUy),

and thus we obtain

g(h(Ul, Uz), FVl) =g(h(U1, Vl),FUQ) - (TUQli’lfz)g(ul, V1)

+ (WUaln fo = n(Ua))g(TUy, V1). 0
If N; is ¢-anti invariant, then (39) can be written as
g(h(Uy, Uz), FV2) = (Unnfy — n(U1))g(TUy, V2) + g(h(Uy, V2), FUh),
or
g(h(Uq, Up), FVy) — g(h(Ua, Vo), FU1) = (Uslnfi — n(Uy))g(TUy, Va). (41)

The left hand side of (41) is symmetric in U, V, whereas the right hand side is skew-symmetric in Uy, V5.
This fact together with the assumption that N, is not anti-invariant, gives

Ullnfl = T](Ul) (42)
If N, is ¢-anti-invariant, then equation (40) takes the form :
g(h(Uq, Up), FV1) — g(h(Uy, V1), FU) = (Uzlnf, — n(Uz))g(TUy, V7). (43)

Since, the left hand side of (43) is symmetric in Uj, V1, the right hand side is skew-symmetric in U, V7 and
Nj is not anti-invariant, we deduce that

Uzlﬂfz = T](Uz) (44)
This proves the Lemma. []

Theorem 4.4. There does not exist a non-trivial doubly warped product submanifold of a Kenmotsu manifold normal
to the structure vector field &.

Proof. Let M =5, N1 X5 N, be a doubly warped product submanifold of a Kenmotsu manifold M with
& e T(T*+M). Then by (40), we have

g(h(l,ll, UQ), FVl) :g(h(ul, Vl),FUQ) - (TUanfg)g(ul, Vl)
+ (UaInfo)g(TUy, V1)

for any U;, V1 € I'(TN1) and U, € I'(TN,). Interchanging U;, V1 and subtracting the obtained equation from
the above while using (37) and the symmetry of g and & we obtain

(lelnfz)g(Tlll, V]) =0

It follows from the above that either N; is ¢-anti invariant or f, is constant on N». If Nj is ¢p-anti invariant
then by Lemma 4.3 and the assumption that & € T*M, Ulnf; = n(U;) = 0. That is f; is constant on N7,
which means either f; is constant or f; is constant.This proves that M is infact a single warped product.
Similarly, by considering equation (39), one can argue on the same lines that either f; is constant on N; or
f2 is constant on N, proving that there does not exist a non trivial doubly warped product submanifold M
of a Kenmotsu manifold such that £ isnormal to M. O
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This leads us to consider doubly warped product submanifolds of Kenmotsu manifolds with structure
vector field tangential to the submanifold.

Let M =, N1 X, N7 be a doubly warped product submanifold of a Kenmotsu manifold M such that
EelTM.

If & and &, are components of £ along N; and N, respectively then by virtue of formulae (5),(6) and (9),

Vu, & = Uy — n(th)<. (45)
On writing & = &; + &, and making use of (32) and (33), the above equation reduces to

Vi &1 = n(U)Vinfo + (Urinfi)é + (&alnfo) = Uy — n(Uh)& — n(Uh)&

On comparing components along N1 and N in the above equation, we obtain

Vi, &1+ n(h)é = (1 - &inf)Uy (46)
and
nUyVinf, = (n(th) + Uilnfr)&s. (47)
Similarly writing Vy;,& = U, — n(Uz)E and proceeding along the same lines, we obtain
Vi & + ()& = (1 - &lnfi)ly, (48)
and
NUVinfi = (1(Uz) + Ualn )& (49)

From (47) and (49), we observe that

(50)

If &1 and &, are both non zero, then V(Inf;) is along
&1 and V(Inf,) is along &,.

Now, taking U; = &; in (46), we get
& =1 -&Inf)é
which implies that
&nf, =0
That is,
g(Vinf,, &) = 0. (51)

From observation (50) and equation (51), we find that Vinf, = 0. That is f, is constant.
Similarly, taking U, = &, in equation (48), we find that

éllnfl =0
ie.,

g(Vlnfl, 51) =0.

Again, the above equation together with observation (50) yields that f; is constant on N;. Hence, in this
case M is simply a Riemannian product of Ny and N».

In particular, if £ lies completely along one of the factors of M, then we have

Case (i) when &, = 0, then by equation (47), VInf, = 0. That is, f, is constant along N».

Case (ii) when &; = 0, then by equation (49), VInf; = 0, which means f; is constant along Nj.

The above findings can be summarized as :
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Theorem 4.5. Let M =f, N1 x5, N be a doubly warped product submanifold of a Kenmotsu manifold M such that the
structure vector field & is tangent to M. If & has a non-trivial components along N1 and N, then M is a Riemannian
product of N1 and N, (i.e. a trivial warped product). However, if & is tangent to the first factor of M, then f, is
constant whereas if & is tangent to Ny, then f1 is constant.

Corollary 4.6. There does not exist a non-trivial doubly warped product submanifold of a Kenmotsu manifold tangent
to the structure vector field &.

5. Warped product submanifolds of a Kenmotsu manifold with one of the factors a ¢-anti invariant
submanifold

In view of Theorem 4.5 doubly warped product submanifolds Ny Xz N> of Kenmotsu manifolds are
triviali.e. in this case, either f; or f,is constant. Therefore, the only warped products in a Kenmotsu manifold
are single warped products with structure vector field £ tangent to the submanifold (c.f. Theorem4.4).

Warped product manifolds were introduced by R.L.Bishop and B.O’Neill [2] as a generalized version
of product manifolds by homothetically warping the product metric on to the fibers. The study of warped
products with extrinsic geometric point of view was initiated by B.Y.Chen [7, 8] when he considered CR-
submanifolds of a Kaehler manifold as warped products.Our aim in this section is consider pseudo-slant
submanifolds of a Kenmotsu manifold as warped products.

We begin the proceedings by stating an immediate consequence of Theorem 4.5

Proposition 5.1. There does not exist a (single) non-trivial warped product submanifold of a Kenmotsu manifold
such that the structure vector field & is tangential to the second factor of the submanifold.

Hence, the possible non-trivial warped product submanifold M of a Kenmotsu manifold has the form
N Xy Np with structure vector field ¢ tangent to the first factor N; of the warped product. In this case, as
an immediate consequence of formula (32), we have

Vul UZ = Vuz U1 = (Ullnf)uz (52)

for each U; € T(TNy) and U, € T'(TNy). Further, it follows from formula (35) that o1(Uy, V1) = 0 for all
Uy, V1 € I(TN;) i.e., N is totally geodesic in M and by formula (36), we have

02(Uy, Vo) = —g(Uy, V2)Vinf, (53)
which shows that N is totaly umbilical in M with mean curvature vector Vinf.

Proposition 5.2. Let N1 X Ny be a warped product submanifold of a Kenmotsu manifold M. If the structure vector
field & = 2., then the warping function f satisfies: f(t) = ¢'.

Proof. From formula (5), (52) and the fact that & is tangential to N1, we have
(Enflty = Uy,

which implies that f(t) = ¢'.
O

From now on, we assume that M is a warped product submanifold of a Kenmotsu manifold M with only
one of the factors a ¢-anti invariant submanifold of M.
First, we prove few preparatory results.

Theorem 5.3. If M is a warped product submanifold of a Kenmotsu manifold M, with only one of the factors a ¢-anti
invariant submanifold of M, then for each vector field Z tangential to the anti-invariant factor of Mand U, V € T(TM),
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g, V), $Z) = g(W(U, Z), FV) = g(h(V, Z), FU), (54)
when N is ¢-anti invariant and

g, V), ¢Z) = g(h(U, Z), FV) = (TVInf)g(U, Z), (55)
when N, is ¢-anti invariant.
Proof. Writing U = U, + U, with U; € I(TN;) and U, € I'(TN,), we have

gVuTV,Z2) = gV, TV, Z) + g(Vu, TV, Z).

If Ny is ¢p-anti invariant, then the first term in the right hand side of the above equation vanishes by virtue
of formula (52) and the fact that in this case either TV = 0 or it lies in I'(TN;), whereas the second term on
using (52) takes the form: (ZInf)g(TU, V). Thus, we have

g(VuTV, Z) = (ZInf)g(TU, V). (56)

Similarly, when N, is ¢-anti invariant, then making use of formula (52) and the fact that N is totally
geodesic in M, we obtain

g(VuTV,Z) = (TVInf)g(U, 2). (57)
Now, by formula (2) and (6), we may write

g, V), ¢Z) = g(VuV, $pZ) = —g(¢pVuV, Z)
= 9(Vup)V, Z) - g(VudV, Z).

Making use of (4),(6),(7) and (8) on the right hand side of the above equation gives

g, V), ¢Z) = g(TU, V)n(Z) = g(VuTV, Z) + g(h(U, Z), FV) (58)
If N; is ¢-anti invariant, then on substituting from (56), the above equation yields

gh(U, V), ¢Z) = (Zinf — n(2))9(U, TV) + g(h(U, Z), FV).

The first term in the right hand side of the above equation vanishes by virtue of Lemma 4.3. That is, in this
case, we have

g, V), $Z) = g(h(U, 2), FV)

Similarly, when N, is ¢-anti invariant, then n(Z) = 0 as & is tangential to N;. Taking account of this fact and
substituting from (57) into (58), we obtain that in this case,

g(h(U, V), dZ) = g(W(U, Z),FV) - TVInfg(U, Z)
O

Corollary 5.4. Let M = Ny X N, be a warped product submanifold of a Kenmotsu manifold M with only one of the
factors a p-anti invariant submanifold of M. Then for Uy € T(TNy) and U, € T(TNy),

Aru,Up = Apy, Uy
when N is ¢-anti invariant and

AFU1 UQ - Apuz U1 = (Tullnf) UQ

when N, is ¢-anti invariant.
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Proof. If Nj is ¢-anti invariant, then on taking V = U, and Z = U; in (54) gives

g(h(U, Uy), FUy) = g(h(U, Uy), FUy)
for each U € I'(TM), which in view of (8) yields

Apu, Uz = Apy, Us
Similarly, if N, is ¢-anti invariant, then on taking V = U; and Z = U, in (55) and using (8), we obtain

Arg, Uz = Apg,Un = (TUaInf)U,
This proves the Corollary. [

Now, we prove some formulas for later use.

Lemma 5.5. Let M be a warped product submanifold of a Kenmotsu manifold M with first factor a ¢p-anti invariant
submanifold of M. Then

(i) (VuT)Z = —(ZInf)TU
(i) (V,T)U =0
(iii) C(VxT)Y = g(TX, Y)Vinf

forany U e I(TM), Z e I(TN1) and X, Y € I(TN).
Proof. By (5.3), we have
g(ArzU, V) = —g(th(U, Z), V)
ie.,
g(ArzU + th(U, Z), V) = 0
for any U, V € I'(TM). That means,
ArpzU +th(U,Z) = 0. (59)
Making use of this identity and the fact that g(TU, Z) = 0 in formula (13), we get
(VuT)Z = —n(2)TU.

Using now that 1(Z) = ZInf, we obtain the statement (7).
Now,by formula(2.11), we have

(V,T)U =V,TU-TV,U (60)
Writing U = Uy + Up with Uy € I'(T'N;) and U, € I'(TN,) and using (52),we get
VZTU = VzTU1 + VzTUQ

The first term in the right hand side of the above equation is zero as TU; = 0, whereas by formula (52),
VzTU, = (ZInf)TU,. It then follows that

V,TU = (ZInf)TU,

On the other hand, since VzU; € I'(TN;) and N is ¢— anti invariant, TVzU; = 0. Further, by (52) TVzU, =
(ZInf)TU,. That gives

TV U = (ZInf)TU,
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Taking accounts of these observations in equation (60), we get (VzT)U = 0, proving the statement (ii) of the
Lemma.
Now, for any X, Y € I'(TN;), by formula (11), we may write

(VxT)Y = VxTY — TVyY.

If V* denotes the Levi-Civita connection on TN, and o, the second fundamental form of the immersion
of N, into M, then the above equation , on using the Gauss formula, is expressed as

(VxT)Y = Vi TY + 02(X, TY) = TVy Y — Toa(X, Y).
As g, € I(TN7), To2(X, Y) = 0 and by formula (53),02(X, TY) = —g(X, TY)Vinf, the above equation yields,
(VxT)Y = (VxT)Y — g(X, TY)Vinf, (61)
where V. TY — TV, Y is denoted by (VxT)Y. It follows from (61) that
C(VxT)Y = g(TX, Y)VInf.
This proves part (ii) and the Lemma completely. [

Pseudo-slant submanifolds of Kenmotsu manifolds are a special case of submanifolds admitting a ¢-
anti invariant distribution. Our aim in the remainder of this section, is to study these submanifolds in a
Kenmotsu manifold.

If N, and Ny denote respectively ¢-anti invariant and pointwise slant submanifold (with slant function
0) of a Kenmotsu manifold M such that M; = N, x ¢ No admits an isometric immersion into M, then M is
a point wise pseudo-slant warped product submanifold of M. By virtue of Proposition (5.1), the structure
vector field in this case, is tangential to the submanifold N,. More precisely, if D* and DY denote ¢-anti
invariant and point wise slant distributions on M; such that both are involutive, then

TN, =D'*® < &> and TNy = D?

In this section, we investigate characterizations under which a pseudo-slant submanifold of a Kenmotsu
manifold is a warped product submanifold. The following Theorem was proved by S.Hiepko [10] that we
will be using to obtain the characterizations.

Theorem 5.6. Let F be a vector sub bundle in the tangent bundle of a Riemannian manifold M and let F*+ be its
normal bundle. Assume that the two distributions are both involutive and the integral manifold of F (resp.F*) are
extrinsic spheres (resp. totally geodesic). Then M is locally isometric to a warped product My X ¢ My. Moreover, if M
is simply connected and complete there exists a global isometry of M with a warped product.

Now, we prove

Theorem 5.7. A proper pointwise pseudo-slant submanifold My of a Kenmotsu manifold is a warped product
submanifold of the type N X s Ng if and only if there is a function y on My with Xu = 0 for all X € T(D) such that

g(VuT)TV, 2) = cos*(6)(Zu) g(BU, BV) (62)
forall U,V e I(TM;) and Z e T(D*® < & >).
Proof. 1f My = N, X¢ Ng be a warped product submanifold of a Kenmotsu manifold M, then we write
(VuT)V = (VuT)BV + (VuT)CV + n(V)(VuT)E (63)

By Lemma 5.5 and formula (15), the last two terms in the right hand side of the above equation are given
by

(VuT)CV = —(CVInf)TU, and (VyT)E = -TU. (64)
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Therefore, (63)can be re-written as:
(VuT)V = (VuT)BV = ((CVInf) + n(V))TU (65)
Now,
(VuT)BV = (VsuT)BV + (VeuT)BV + n(U)(V:T)BV
By virtue of Lemma 5.5 and formula (14) (VcyT)BV = 0 = (V<T)BV. Thus, the above equation reduces to
(VuT)BV = (VpuT)BV = B[(VsuT)BV] + C[(VsuT)BV]
Also,as C[(VguT)BV] = g(TBU, BV)VInf, we may express (VyT)BV as:
(VuT)BV = B[(VsuT)BV] + ¢(TU, V)Vinf (66)
Substituting from (64)and(66) into (65) and taking product with Z € I'(TN;) , we obtain that

g(VuT)V,Z) = ZInf ¢(TBU,BV). (67)

Replacing V by TV in the above equation and using (1) and (16), we obtain (62)

Conversely, suppose that M; is a point wise pseudo-slant submanifold of a Kenmotsu manifold with
¢-anti invariant distribution D* and pointwise slant distribution DY such that for a smooth function i on
M; (with Xu = 0), the condition (62) holds. Then for any Z, W € D@ < & >, we have

9(VzDW,Z') =0,

as well as g(VZT)W, X) = —g(W, (VzT)X) = 0, for any X € DY and Z' € D*® < & >. This means, (VzT)W =0
ie.,

TV;W=VzTW =0

which means Vz;W € D*@ < & >. That is, the distribution D*& < & > is parallel. In other words D& < & >
is an involutive distribution whose leaves are totally geodesic in M;. Further, by virtue of(62)

9(VxT)Z, W) =0, (68)
and for any Y € D?,

9(VxT)Z,Y) = —=g9(Z,(VxT)Y) = =(ZInf)g(TX,Y) (69)
It follows from (68) and (69) that

(VxT)Z = —29(Vyi, Z)TX
which implies that

VxZ = 29(Vy, 2)X.
Taking product with Y € DY, gives

9(VxY, Z) = =29(X, V)g(Vu, Z).

As Xu = 0 for all X € DY, the above equation implies that g([X, Y], Z) = 0. That means D? is involutive. If
05 is the second fundamental form of the immersion of the leaves of D? into M, then

02(X,Y) = =29(X, Y)Vpu.

That means each leaf Ny of DY is totally umbilical in M with mean curvature Vu and as Xy = 0, Ny is an
extrinsic sphere. Hence, by Theorem 5.6, M is a warped product N, Xy Ng, where f = e*. [J
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Example 5.8. [21] Consider the complex space C° with the usual Kaehler structure and real global coor-
dinates (x!, y!, 2%, y%, 2%, 1%, x*, y*, x°,°). Let M = R Xy C° be the warped product between the real line R
and C°, where the warping function is f = ¢/, t being the global coordinates on R. Then M is a Kenmotsu
manifold. Now, consider a 7-dimensional submanifold M of M with an orthonormal frame of tangent
vectors ey, e, €3,64,65,6¢,€7 as !

0 J J
e1 = COSG&x + sm@a 3/ sm@ax + cos@ay
0 0 J
e3 = cos@ax szn98y4, ey szn@ax + cos@ay
0 0 d

€5=ﬁ, e6=ﬁ/ €7=E,

for any 6 € (0,%). Then the distribution Dg = spanfey, e, e3,e4} and D+ = spanies,es, e;} are obviously
integrable. Let us denote by Ny and N, their, integral submanifolds, respectively The metrics on Ny and
N, are respectively given by gy, = Y=, ((dx")? + (dy')?) and gn, = dt* +e* Yos(dx®)?. Then M = N, X Ng is
a warped product submanifold, isometrically immersed in M. The warping function is given by f(t) = e'.

With regard to pseudo-slant warped product submanifold of the type No X N, in a Kenmotsu manifold
M, we observed that the structure vector field & can not lie in the slant distribution on M (c.f. Note 3.1),
whereas by Proposition 5.1, £ can not be tangential to the second factor of a warped product submanifold
of M . This rules out the existence of a non-trivial warped product submanifolds of the type Ny Xy N, in a
Kenmotsu manifold.

However, if M is a pseudo-slant submanifold of a Kenmotsu manifold M tangent to the structure
vector field & such that the distribution D@ < & > is involutive then one may think of a warped product
submanifold of the type Ng Xs N, of M, where Ny is a leaf of D@ < & > (which infact is not a slant
distribution in view of the formal definition) and N, is a leaf of ¢-anti invariant distribution on M (which
is involutive by Theorem 3.8). Such warped product submanifolds will be denoted by the symbol M.

First, we prove the following;:

Proposition 5.9. Let M be a proper pointwise pseudo-slant submanifold of a Kenmotsu manifold M tangent to the
structure vector field &. Then [X,&] € D%® < & > for any X € D°.

Proof. By using (2.5), and the fact that in this case 17(Z) = 0, it can be seen that

9(Vx&,2) =0 (70)
for any X € DY and Z € D*. On the other hand

9(VeX, Z) = g(VeX, Z) = g(9VeX, §Z) + n(VeX)n(2).
Making use of formulae (3),(4) and the fact that 1(Z) = 0 the right hand side reduces to

g(VeTX, Z) + g(VeFX, §Z)

The first term is zero by (6) and (9), whereas the second term in view of the fact that FD? and ¢D* are
orthogonal, is written as —g(FX, Vch)Z), which by virtue of (4) reduces to —g(FX, qngZ). Thus, we have

g(VeX, Z) = —g(FX,FVZ) = —sin® 0g(X,VZ)

That gives

cos®> 0g(VeX,Z) = 0 (71)



V. A. Khan, M. Shuaib / Filomat 31:18 (2017), 5833-5853 5852
As M is a proper pointwise pseudo-slant submanifold, we obtain from (70) and (71) that
9(X,€1,2) = 0
for each X € D% < & > and Z € D*, proving the assertion. []

Thus, if the pointwise slant distribution D? is involutive on M, then the above Proposition guarantees
the foliation of M by the leaves of DY@ < & >. In this case, we will be denoting the leaves of D% < & >
by Np itself. Further, if the orthogonal complement of D@ < & > is a ¢-anti invariant distribution , then
Ng X¢ N is a pseudo-slant submanifold of M (with N, a leaf of ¢-anti invariant distribution D*).

Theorem 5.10. A proper pointwise pseudo-slant submanifold M of a Kenmotsu manifold tangent to the structure
vector field & is a pseudo-slant warped product of the type Ng X¢ N if and only if there is a function u on M with
Zu = 0 for each Z € D* such that

ApzTX — AprxZ = —cos*(0)(Xp)Z (72)
for each X € D& < & >.

Proof. If M, = Ny Xy N, is a warped product submanifold of a Kenmotsu manifold M tangent to the
structure vector field &, then formula (72) holds on M by virtue of corollary 5.4.

Conversely, suppose formula (72) holds on a pointwise pseudo-slant submanifold M of a Kenmotsu
manifold M, then forany X, Y € D% < & >and Z € D4,

J(ArzX —ApxZ,Y) =0
That is,
g(W(X,Y),FZ) = g(h(Y, Z), FX) (73)

On the other hand, by (13),(8) and the facts that 7(Z) = 0, and g(TX, Z) = 0, we have

g(VxT)Y, Z) = g((X, Z),FY) — g(h(X, Y),FZ) (74)
From (73) and (74)

9(VxT)Y,Z) =0,
which in view of formula (11) and the fact that

9(TVxY,Z) = —g(VxY, TZ) = 0,
implies that

g(VxTY,Z) =0

As DY is proper, the above equation shows that D%® < & > is involutive on M and its leaves are totally
geodesic in M.
Now, by (13) and (72), we have

(vxT)Z — (va)X = A[:Zx - A[:Xz = —(TX(LI)Z
That gives

9(VxT)Z) = (V2T)X, W) = ~(TXp)g(Z, W)
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for each W € D*. Taking account of (11) and the fact that TW = 0 for each W € D+ in the above equation ,
we get

g(VzW, TX) = —g(Z, W)g(Vu, TX)

which shows that D+ is totally umbilical in M with mean curvature vector V. Further as Zy = 0 and D* is
involutive, the leaves M, of D+ are extrinsic spheres in M. Hence, by virtue of Theorem 5.6, M is a warped
product manifold Ng X; N, where Ng and N denote the leaves of D% < &> and Dt respectively. [

Example 5.11. Let M be as in example 5.8. Then the distributions D? = spaniey, e, e3,e4,€7} and D+ =
spanfes, eq} are integrable on a 7-dimensional submanifold M of M. The Riemannian metric g on the leaves
of DY and D+ are respectively given by

2 4

gn, = AP+ e Y (@7 + [y} and gy, = Y (dv)?

i=1 =3

Then M is a pseudo-slant warped product submanifold of the type Ng Xy N, where Ng and N, denote the
leaves of DY and D* respectively and warping function f(f) = e'.
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