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Abstract. We extend the Malliavin calculus from the classical finite variance setting to generalized pro-
cesses with infinite variance and their test processes. The domain and the range of the basic Malliavin
operators is characterized in terms of test processes and generalized processes. Various properties are
proved such as the duality of the integral and the derivative in strong and in weak sense, the product rule
with respect to ordinary and Wick multiplication and the chain rule in classical and in Wick sense.

1. Introduction

Stochastic processes with infinite variance (e.g. the white noise process) appear in many cases as
solutions to stochastic differential equations. The Hida spaces and the Kondratiev spaces (see e.g. [3, 4])
have been introduced as the stochastic analogues of the Schwartz spaces of tempered distributions in
order to provide a strict theoretical meaning for these kind of processes. The spaces of the test processes
contain highly regular processes which are needed as windows through which one can detect the action of
generalized processes.

The Malliavin derivative, the Skorokhod integral and the Ornstein-Uhlenbeck operator are fundamental
for the stochastic calculus of variations. Each of them has a meaning also in quantum theory: they represent
the annihilation, the creation and the number operator respectively. In stochastic analysis, the Malliavin
derivative charachterizes densities of distributions, the Skorokhod integral is an extension of the It6 integral
to non-adapted processes, and the Ornstein-Uhlenbeck operator plays the role of the stochastic Laplacian.

In the classical setting followed by [2, 13, 15], the domain of these operators is a strict subset of the
set of processes with finite second moments (L)?, leading to Sobolev type normed spaces. A more general
characterization of the domain of these operators in Kondratiev generalized function spaces has been
derived in [5, 6, 9, 10]. The range of the operators for generalized processes for p = 1 has been studied
in [8]. As a conclusion to this series of papers, in the current paper we provide a setting for the domains
of these operators for p € [0,1] and a similar setting for test processes: first we construct a subset of the
Kondratiev space which will be the domain of the operators, then we prove that the operators are linear,
bounded, non-injective within the corresponding spaces and develop a representation of their range. In
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the second part of the paper we fully develop the calculus including the integration by parts, Leibnitz rule
and chain rule etc. using the interplay of generalized processes with their test processes and different types
of dual pairings.

The Malliavin derivative of generalized stochastic processes has first been considered in [1] using the
S-transform of stochastic exponentials and chaos expansions with n-fold It6 integrals with some vague
notion of the Itd integral of a generalized function. Our approach is different, it relies on chaos expansions
via Hermite polynomials and it provides more precise results: a fine gradation of generalized and test
functions is followed where each level has a Hilbert structure and consequently each level of singularity
has its own domain, range, set of multipliers etc.

The organisation of the paper is the following: After a short preview of the basic setting and notions of
chaos expansions (Subsection 2.1), spaces of generalized stochastic processes and test stochastic processes
(Subsection 2.2-2.3), we turn to the question of their multiplication in Subsection 2.4. In Section 3 we provide
the characterisation of the domains of the basic operators of Malliavin calculus and prove their linearity
and boundedness. In Section 4 we provide explicit solutions to the equations Ru = g, Du = h, ou = f.
In Section 5 we prove some rules of the Malliavin calculus for generalized and test processes, such as the
duality between the derivative ID and the integral operator 6 (integration by parts formula), the product
rule for ID and R both for ordinary multiplication and Wick multiplication, and eventually we prove the
chain rule. Some accompanying examples, applications and supplementary material to our results are
provided in [11].

2. Preliminaries

Consider the Gaussian white noise probability space (5'(R), B, u), where S’(R) denotes the space of
tempered distributions, 8 the Borel c—algebra generated by the weak topology on S’(IR) and p the Gaussian

. _Lial?
white noise measure corresponding to the characteristic function f Pdu(w) = e 2”¢“L2(R), ¢ € S(R),
§'(R)
given by the Bochner-Minlos theorem.

Denote by h,(x) = (—1)”8% ;l(e’% ), 1 € Ny, Nog = INU{0}, the family of Hermite polynomials and &, (x) =

XVI
ﬁ\/m[%hn_l( \/Ex), n € N, the family of Hermite functions. The family of Hermite functions forms a
complete orthonormal system in L%(R). We follow the characterization of the Schwartz spaces in terms of
the Hermite basis: The space of rapidly decreasing functions as a projective limit space S(IR) = (;en;, Si(R)
and the space of tempered distributions as an inductive limit space S’(R) = U, S-1(R) where

[ o)

SR =1{f =Y a&: IfIE=Y @@k <ool, [€Z, Z=-NUN,.

k=1 k=1

Note that S;(R) is a Hilbert space endowed with the scalar product -, -); given by

0, k#i
(Ck &N = { “&(”lZ — (2k)1, k=1 ' leZ.

2.1. The Wiener chaos spaces

Let 7 = (N{¥). denote the set of sequences of nonnegative integers which have only finitely many
nonzero components @ = (a1, a,...,a,,0,0...), @i € Ny, i = 1,2,...,m, m € IN. The kth unit vector
e® =(,---,0,1,0,---), k € N is the sequence of zeros with the only entry 1 as its kth component. The
multi-index0 = (0,0,0,0,...) hasall zero entries. The length of amulti-index a € I isdefined as |a| = Y ;2 ax.

Operations with multi-indices are carried out componentwise e.g. a +f = (a1 + p1,a2 + B2,...),
al = [I72; ax! and (g) = ;3'(+l[s’)' Note that & > 0 (equivalently |@| > 0) if there is at least one compo-
nent ay > 0. We adopt the convention that a — § exists only if @ — § > 0 and otherwise it is not defined.

Let 2IN)* = [];2,(2k)*. Note that ) .7 (2N)7* < oo for p > 1 (see e.g. [4]).
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Lemma 2.1. The following estimates hold:
1° () < 2l < (2IN)?, ael,

2° (0+p) < OBIRN)*,  0,8€T.

Proof. 1° Since (}) < 2", for all n € Np and 0 < k < n, it follows that

(2‘) = H (2‘) < H 20 = plal < H (2i)% = 2IN)*,

i€N i€N ieEN

foralla e Fand 0 < B < a.
2° From (g) = l#'—ﬁ)' and (i) it follows that a! < B! (a — f)! (2IN)*. By substituting 6 = @ — 8, we obtain
(6 + ) < 01 (2N)9*4, for all 6, p € T. O

Let (L)* = L*(S'(R), B, 1) be the Hilbert space of random variables with finite second moments. Then

Ho@) = [ [ @, &), a €1, (1)
k=1

2
Ly
kth unit vector H.»(w) = {(w, &), k € IN. The prominent Wiener-Itd chaos expansion theorem states that each

element F € (L)% has a unique representation of the form

forms the Fourier-Hermite orthogonal basis of (L)% such that ||[H,|[? , = a!. In particular, Hy = 1 and for the

F(w) = Z caHo(w), weS(R), c,€R, ael,

ael

such that ||F||(2L)2 = Z cﬁ al < oo,

ael

2.2. Kondratiev spaces and Hida spaces

The stochastic analogue of Schwartz spaces as generalized function spaces are the Kondratiev spaces of
generalized random variables. Let p € [0, 1].

Definition 2.2. The space of the Kondratiev test random variables (S), consists of elements f = Y. ,er caHa € (L)?,
¢y €R, a € T, such that

IAIZ, = ) 2(@) PNy < oo,  forall p € N,
ael

The space of the Kondratiev generalized random variables (S)-, consists of formal expansions of the form
F=Y ,7bosHy by € R, a € I, such that

||F||%p,_p = Z b2 ()P (2IN) P* < oo, for some p € Np.

ael

This provides a sequence of spaces (S),, = {f € @2 : NI pp < o}, p € [0,1], such that
(S)1p € (S)pp € (S)op S (L) € (S)o,p € (S)-p,—p S (S)-1,-ps

(9o € (S)pq € (L)* S (S)=p,-g S (S)=p—p/
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for all p > g > 0, the inclusions denote continuous embeddings and (S)oo = (L)*. Thus, (S)p = ﬂ (S)pp, can
pENo
be equipped with the projective topology, while (S)-, = U (5)-p,-p asits dual with the inductive topology.
pENU
Note that (S), is nuclear and the following Gel’'fand triple

(S)p € (LY € ()

is obtained. Especially, the case p = 0 corresponds to the Hida spaces.

We will denote by < -,- >, the dual pairing between (S)-, and (S),. Its action is given by
< A,B »,=< Y eraHu, Yoper baHa >p= Y cr alayb,. In case of random variables with finite variance
it reduces to the scalar product < A, B > .= E(AB). Especially, the Hida case will be of importance, thus
note that for any fixed p € Z, (S)o,, p € Z, is a Hilbert space (we identify the case p = 0 with (L)?) endowed
with the scalar product

0, a#+p,

(X!(ZN)pa, a= ﬁ’ ’ for pe Z,

< Hy, Hg >0p= {

extended by linearity and continuity to

< A,B>q,= Z alaab,2NY*, peZ.

ael

In the framework of white noise analysis, the problem of pointwise multiplication of generalized
functions is overcome by introducing the Wick product. It is well defined in the Kondratiev spaces of test
and generalized stochastic functions (S), and (S)-,; see for example [3, 4].

Definition 2.3. LetF, G € (S)_, begiven by their chaos expansions F(w) = ¥ e1 foHa(w)and G(w) = ¥ ger 9pHp(@),
for unique f,, gp € R. The Wick product of F and G is the element denoted by FOG and defined by

FoG@) =), Y, fo 95 Haspla) = Z[ Y. fagﬁ]Hy<w>.

ael pel yel \a+p=y

The same definition is provided for the Wick product of test random variables belonging to (S5),.

For the Fourier-Hermite polynomials (1), for all , f € I it holds H,0Hg = Hy4p.

The nth Wick power is defined by F" = F*""DoF, F® = 1. Note that H,.» = H % forn € Ny, k € N.

Note that the Kondratiev spaces (S), and (S)-, are closed under the Wick muitiplication [4], while the
space (L)? is not closed under it. The most important property of the Wick multiplication is its relation to the
Itd-Skorokhod integration [3, 4], since it reproduces the fundamental theorem of calculus. It also represents
a renormalization of the ordinary product and the highest order stochastic approximation of the ordinary
product [14].

In the sequel we will need the notion of Wick-versions of analytic functions.

Definition 2.4. If ¢ : R — R is a real analytic function at the origin represented by the power series

ox) = Zan X", xeR,
n=0

then its Wick version ¢° : (S)_, — (S)—p, for p € [0, 1], is given by

(e8]

@°(F) = Z a, ", Fe(S),.

n=0
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2.3. Generalized stochastic processes

Let X be a Banach space endowed with the norm || - [|g and let X’ denote its dual space. In this section
we describe X—valued random variables. Most notably, if X is a space of functions on IR, e.g. X = C¥([a, b)),
—00 <a < b < ooorX =L%(R), we obtain the notion of a stochastic process. We will also define processes
where X is not a normed space, but a nuclear space topologized by a family of seminorms, e.g. X = S(R)
(see e.g. [16]).

Definition 2.5. Let f have the formal expansion

f=Zfa®Ha, where f,€X, a€ 1. @)

ael

Let p € [0,1]. Define the following spaces:

X®©)y = f: i, = Y, a IflEEN)™ < o),
ael
X® (S)_P/_P = {f : “f”%(@(s)_p,_p = 2 a!l—p ”ﬁx”%{(ZN)_pa < OO},
ael

where X denotes an arbitrary Banach space (allowing both possibilities X = X, X = X’). Especially, for p = 0 and
p =0, X®(S)oo will be denoted by

X® WP ={f : gy = Y allfally < oo,

ael

We will denote by E(F) = fo the generalized expectation of the process F.

Definition 2.6. Generalized stochastic processes and test stochastic processes in Kondratiev sense are elements
of the spaces

X&(©S) =) X©) pyp X&©)=[)X0E)y peclol]
peNy peNo

respectively.

Remark 2.7. The symbol ® denotes the projective tensor product of two spaces, i.e. X' ® (S)—, is the completion of
the tensor product with respect to the m-topology.

The Kondratiev space (S), is nuclear and thus Xe (8)p) = X ® (8)-p. Note that X ® (8)-p is isomorphic to
the space of linear bounded mappings X — (S)-,, and it is also isomporphic to the space of linear bounded mappings
(8)p — X"

In [19] and [20] a general setting of S’-valued generalized stochastic process is provided: S’(IR)-valued
generalized stochastic processes are elements of X ® S'(IR) ® (S)-, and they are given by chaos expansions
of the form

=YY a@&@H =) be®Hy = ) c®&, 3)

ael keN ael keN

where by = Y ienak ® &k € X®S'(R), ¢k = Yper Aaf ® Ho € X ® (S)-p and a,x € X. Thus,

ael keN ael keN

X ® S—I(IR) ® (S)—p,—p = {f = Z Z a(x,k ® ék ®H0( : ”f”%(@S-l(]R)@(S)fp,fp = Z Z a!l_p”aa,kui (2k)—l(2N)—pa < OO}
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and
X®S5'(R)®(S)_, = U X®S_(R) ® (S)_p, -
pleNy
The generalized expectation of an S’-valued stochastic process f is given by E(f) = ). a(0,.)x ® &k = bo.
In an analogue way, we define S-valued test processes as elements of X ® S(IR) g ﬂ(\TS)p, which are given

by chaos expansions of the form (3), where by = } e A0k ® &k € X®S(R), ¢k = X per Aak ® Ha € X®(S), and
ayx € X. Thus,

X® Sl(lR) ® (S)P,P = {f = Z Z Aok ®<&®H, - Hf“?(@S/(]R)(X)(S)p,P = Z Z a!ler ”ﬂa,kl& (Zk)l(2]N)”“ < OO}

ael keN ael keN
and

X8SR)@(S), = (| X8S(R) @ (S)y,.
p,leNy

The Hida spaces are obtained for p = 0. Especially, for p = [ = 0, one obtains the space of processes with
finite second moments and square integrable trajectories X ® L*(IR) ® (L)2. It is isomporphic to X ® L?(R x ()
and if X is a separable Hilbert space, then it is also isomorphic to L?(R X Q; X).

2.4. Multiplication of stochastic processes

We generalize the definition of the Wick product of random variables to the set of generalized stochastic
processes in the way as it is done in [7, 17] and [18]. For this purpose we will assume that X is closed under
multiplication, i.e. thatx-y € X, forall x, y € X.

Definition 2.8. Let FG € X ® (S)xp, p € [0,1], be generalized (resp. test) stochastic processes given in chaos
expansions of the form (2). Then the Wick product FOG is defined by

FoG = Z[ Y fagﬁ]@)H),. 4)

yel \a+p=y

Theorem 2.9. Let p € [0,1] and let the stochastic processes F and G be given in their chaos expansion forms
F=3% fa®Hy,and G =}, g, ® H,.

ael ael

1°If F € X®(S)-pp, and G € X ® (S)-p,—p, for some p1,p> € Ny, then FOG is a well defined element in
X®(S)—p,—q, for g = p1+p2+4

2° IfF € X®(S)y,p, and G € X ® (S)p,p, for p1,p2 € No, then FOG is a well defined element in X ® (S),, 4, for
g < min{py, po} — 4.

Proof. 1° By the Cauchy-Schwartz inequality, the following holds
IFOGIRegsy.,, = D11 Y, fugsli ' P@NY™ < Y11 Y fugplfy ()P @N) v

yel a+p=y yel a+p=y
1- +1 +1
=YY fugsla+ ) @NYTTTRNYTE RN
yel a+p=y
1- +1 +1
<Y Y fugs@p@N) )3 @N) T @N) T AR 2IN)
yel a+p=y
<YLY fugsat = pre @N) O @N) AR 2N) 2
yel a+p=y

<Y e Y fugat FpE N N E R

vel a+p=y
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sZ(zNﬂ)’[ Y ||fa||§<<a!)1-P(2N>-W]( Y ||gﬁ||§<(ﬁ!>1-f’<2N>-mﬁ]

vel a+p=y a+p=y
<) @Ny? [Z I fani(a!)l-%zm-m] Y lgglB ()P 2Ny +F
yel ael pel
- 2 2
=M- ”F”X®(S),p,,m . ”G”X®(S),p,,p2 < 0o,
since M =} ¢ 7(2N)™ < co. We also applied Lemma 2.1 part 1°, inequalities (ZN)‘MZHV < (ZN)‘%"‘ and

pPite

(ZN)‘%V < (ZN)‘%ﬁ sincey > a,y > f,aswellas 2IN)™ 7 ¢ < (2]N)‘¥ because p € [0, 1].
2° Letnow F € X®(S),p, and G € X ® (S),p, for all p1, p2 € No. Then the chaos expansion form of FOG
is given by (4) and

2
IFOGIE ).,

Zy!Hp” Z Fagpll2IN)? :Z(Z]N)_zyll Z V!%fagﬁ(ZN)%y“i

yel a+p=y yel a+p=y

Y Ny Y ¥ pE N e £ g,N) TR
yel a+p=y

M[ Y ar+) fa||§(2N)Pla][ Y, ﬁ!“PIIgﬁII§((2N)”Zﬁ]

a+p=y a+p=y

IA

IA

IA

M [Z aw||fa||§(2N)<q+4>>‘*] (Z ﬁ!1+PIIgﬁII§(2N)W+4)ﬁ]

ael pel

- 2 2

= M- “F”X@)(S)Pm : ||G”X®(5)W2 < o,
if g <p1—4and g < p, —4. We used the Cauchy-Schwartz inequality along with the estimate (a + )! <
a! B! (2N)**F, from Lemma 2.1. O

Remark 2.10. A test stochastic process u € X ® (S),,p, p = 0 can be considered as a generalized stochastic process
from X ®(S)-p,—4, g = 0 since ||u||§(®(s)7w < ||””§€®(S),,,p' Therefore, if F € X ® (S)y,p, and G € X ® (S)-p,—p, for some
p1,p2 € No, then FOG is a well defined element in X ® (S)—p,—y, for q 2 p2 + 4. This follows from Theorem 2.9 part

1° by letting p1 = 0.
Applying the well-known formula for the Fourier-Hermite polynomials (see [4])
a)(p
H,-Hg= )/!( )( )Ha+ﬁ—2 )
ysr;n{a,ﬁ} AN ’

one can define the ordinary product F - G of two stochastic processes F and G. Thus, by applying formally
(5) we obtain

(04
F-G = Y Y fagg®Ha Hy=Y ) fagg® Y y!( )(ﬁ)HMﬁ—ZV
ael pel ael pel 0<y<min{a,$} VIXY
a
= FOG+ Z Z fa gp ® Z‘ ]/'( )(‘B) Ha_ﬂg_zy.
ael pel 0<y<min{a,p} VIV

a!p!
After a change of variables 6 = a —y, 6 = f — , we obtain H, - Hg = Z )T@,Héw-

y+0=B,y+6=a
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3 alp! B alp!
Ha - Hy = Z y!é!(f—é)!HT_ Z y!é!(T—é)!HT' wpel

0<T<6+p 0<7<6+p
YH+T=0+p,y+0=a a+T=p+26

After another change of variables 7 = § + 0 we finally obtain the chaos expansion of H, - Hg in (L)*:

18! 181
Ha'Hﬁ:Z Z |5|(ZTIB_ o)! He H“+/5+Z Z lé'(zrﬁ— 0)! He.

el yel o<t el y>0,0<t
Yy+1-0=B,y+0=a y+1-0=B,y+6=a

Similarly, we can rearrange the sums for F - G to obtain

F'G=FOG+ZZZfagﬁ Z '6'0(5Tﬁl o) ZZZ fagﬁ aaﬁ? T (6)

1€l ael Bel y>0,6s1 el ael Bel

y+1=0=,y+0=a
where

alp!
s L e ?

yel o<r,
y+T=6=p,y+0=a

Note the following facts: for each «a, 8,7 € I fixed there exists a unique pair of multi-indices y,6 € T
such thatd < 7and y+t—-06 =,y + 06 = a. Moreover, both a +  and |a — | are odd (resp. even) if and only
if 7 is odd (resp. even). Also, @ + f > © > |a — f|. Thus,

alp!
a = .
apt (a+[2§—’[)!(a—§+’[)!(ﬁ—;+r)!

For example, if 7 = (2,0,0,0,...), then the coefficient next to H; in (6) is f(0,0,0,.)92,00,.) + f1,00,.)91,0,0,.) +
£2,00,.99000,.) + 3f1,00,.993,00,.) +4f20,0,.39200,.) + 3f3,0,0,.391,00,.) + 18f3,00,.39600,.) +

Lemma 2.11. Let a,f,7 € 1 and a,p, be defined as in (7). Then
aa,ﬁ,T < (2N)a+‘8.

Proof. From the estimate a! = % = %,

a'ﬁ' < alﬁl
(‘”5 )i ‘ﬁ”) (&= STy T (@t B - B+ DB —a+DI2N) (@+p-1)"

which follows from Lemma 2.1 part 1°, we obtain

aa,ﬁ,’r =

Without loss of generality we may assume that a < §. The case 8 < a can be considered similarly.

First case, if &« < g < 7. Then, § < T implies that W <1, while a < 7 implies that % < 1. Thus
(2]N)a+ﬁ—’1’
wpr S ————— < (2N)**P.
ak:ﬁ/[—(a_i_ﬁ ),—( )
Second case, if & < 7 < f. Then, a < 7 implies again == S oo < 1, while 7 < g now implies that —2—; +ﬁ o <L

Thus,

(ZN)a+ﬁ T

Qapr = m < 2N)“P,
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Third case, if t <a < f. Thenf—a + 7 < fand a — f + 7 < 1. Thus, we obtain

a;! Bi
aaﬁT_H(al+ﬁz_Tz ( i_,3i+Ti)! (ﬁz 0(1+T1) (21) (@i+fi=i)

ieN
_ (a,-—ﬁi+71- .'(ai—‘31‘+’[,‘+1)...(0(1'—1)'0{,’ (‘Bi—(X,‘+T,‘)!'(ﬁi—ai+’ti+1)...(ﬁi—l)'ﬁi
- H = Bi + ) (Bi — ai + T)! (@ + Bi — i) (20)~(@*himT)

ieN
<1-Q2N)*FT < (2N)**F

Theorem 2.12. The following holds:

1° IfF € X®(S)pr, and G € X ® (S)p,,, for some 11,12 € Ny, then the ordinary product F - G is a well defined
element in X ® (S),,4 for g < min{ry, rp} — 8.

2° IfFe X®(S)pr, and G € X ® (S)—p,—r,, for r1 — 12 > 8, then their ordinary product F - G is well defined and
belongs to X ® (S)—p,—q for ra < q <r; — 8.

Proof. 1° Let ¢ = p — 8, where p < min{p;,p,} — 8. By Lemma 2.11, Lemma 2.1 and the Cauchy-Schwartz
inequality we have

IF- Gl = 2 I Y fagpep ol N

tel a,pel
< Y TP Y Y faggNY IR N6
tel ﬂfff;
1+p —6
=Y @Y fags T @N)F @N) TR
el e
1+ 1+ 1+, —6
<Y @NYE Y fagpat 2B (2N) T @N)E (2N) TR
tel apel

T<a+p

<Y EN) Y alF LN @N) PR gp 2N)F 2N) IR

el a,pel
=Y @NZ( ) AR ENYT @N) Y gl (2N (2N) )
el a,pel a,pel
<Y N Y N a A IRENY)() N B gl (2NYF)
el pel ael ael pel
SMGG Y. allful N ) allgyl NP
ael pel

= MCiGollFIfgqs), IGIReys),, < o

where M = ¥ c7(2IN) " < 00, C1 = X 5e72IN) ™ < 00 and Cp = ¥ e 7(2IN) ¥ < 0.

2°Letg € (S)p,and F € X®(S),,,- Thenby Theorem 2.12 part 1°, F-¢ € (S),s fors < min{r{, g} -8 = r; 8.
Also, G € (S)-p,, implies that G € (S)—, - for ¢ > r,. Thus for any c such that r, < ¢ <s < r; — 8 we have
F-p€e(S))cand G € (S)-p,—. Now,

IF-GI?, ;= sup | <F-G, ¢>,|=sup | <G, F-¢>,|
llplly=1 llplly<1

< sup ”G”—p,—c “|IF - (P”p,c < sup ||G”—p,—c : ”F”p,ﬁ : ”(P”pq
llpllg<1 llpllg<1
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This implies
IIF-Gllfp,_q <M - IGll-p~r, - IFllp,,
for some M > 0. O

Remark 2.13. Note, for F,G € X ® (L) the ordinary product F - G will not necessarily belong to X ® (L)* (for a
counterexample see [11]), but due to the Holder inequality it will belong to X ® (L)!.

3. Operators of the Malliavin Calculus

In the classical literature [2, 12, 13, 15] the Malliavin derivative and the Skorokhod integral are defined
on a subspace of (L)? so that the resulting process after application of these operators necessarily remains
in (L)>. We will recall of these classical results and denote the corresponding domains with a “zero” in
order to retain a nice symmetry between test and generalized processes. In [6, 7, 9, 10] we allowed values
in the Kondratiev space (S)-; and thus obtained larger domains for all operators. These domains will be
denoted by a “minus” sign to reflect the fact that they correspond to generalized processes. In this paper
we introduce also domains for test processes. These domains will be denoted by a “plus” sign.

Definition 3.1. Let a generalized stochastic process u € X ® (S)-,, be of the form u = ), o ® Hy. If there exists
p € Ny such that

Yl @' g | 2N) P < oo, ®)

ael

then the Malliavin derivative of u is defined by

Du = Z‘ Z Aty ® & ®Hy_ o = Z Z‘ (ak+ 1D ugyen ® &k @ Hy, ©)

ael keN ael keN

0, OlkZO

where by convention a — ¢® does not exist if ax = 0, i.e. Hy_,0 = { 1 Jor

a = (all Q2 ey A1, ks Aft1y -oor Xy O/ 0I ) € f
For two processes u = Y e7 Ua ® Hy, v = Y47 Vo ® H, and constants 4, b the linearity property holds,
i.e. ID(au + bv) = alD(u) + bID(v). The set of generalized stochastic processes u € X ® (S)-, which satisfy (8)

constitutes the domain of the Malliavin derivative, denoted by Dom” (D). Thus the domain of the Malliavin
derivative is given by

Domf(]D) = U Domfp(ID) = U {u EX®(S)p: Z | +P =P IIualli(Z]N)_p“ < Oo}_

pelNy peNy ael
A process u € Dom” (ID) is called a Malliavin differentiable process.
Theorem 3.2. The Malliavin derivative of a process u € X ® (S)-, is a linear and continuous mapping
D:  Dom”,(D) = X®S(R) ®(S)-p,p,

forl>p+1andp e Ny.
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Proof. Letu = Y. u, ® H, € Dom" (D). Then,
ael

DR s sy, = 2, () @+ D litgrenl (20)7) at!=F (2IN)

ael keN
B\’
= Z (Z Bi llugll, (2k)™ (—) (2k)) 2N)
IBI>1 keN Pr
= 2 (0 B @R ) gl (B 2Ny
IBI=1 keN
<Y () (@0 Il 602Ny 7P
pel k=1 k=1
=c Y IBPE) Pllusll; @NYPP = el ) <
pel

where ¢ = Y n(2k) ") < oo for [ — p > 1 and where we used (@ — ¢®)! = g—i, ax > 0 and the estimate

1+
Yien @ " < (Lgenw @) = laf'*r. O

For all a € 7 we have |a| < a!. Thus, the smallest domain of the spaces Dom" (D) is obtained for p=0
and the largest is obtained for p = 1. In particular we have Dom® (D) ¢ Dom! (D). Moreover if p < g then
Dom"” ,(D) € Dom" (D).

For square integrable stochastic process u € X ® (L)? the domain is given by

Domy(D) = {u eX®(L): Z ol ! llual% < oo}.
ael
Theorem 3.3. The Malliavin derivative of a process u € Dom(ID) is a linear and continuous mapping

D : Domy(D) — X ® L*(R) ® (L)%

Proof. Let u € Domy(D) ,i.e. ), |a|a!||ua||§( < 00, Then,

ael
2 2 k 2 2 2
DU ey = D, D, @@= e gl = Y Y aratliuald =Y lalat fugll} < .
ael keN ael keN ael

In general, for p € [0,1] the domain of D in X ® (S), is
Dom’, = ﬂ Domf)(D) = ﬂ {u €X®(S),: Z lal' P (@) flua |3 RINY < oo}.
pelNp pelNp ael

Theorem 3.4. Let p € [0,1]. The Malliavin derivative of a test stochastic process v € X ® (S), is a linear and
continuous mapping

D: Domg(]D) - X®S5(R)®(S)p,p,

orl<p—1andp € Ny.
P p
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Proof. Letv =Y, v, ® H, € Dom}(ID). Then, from (9) and

ael

D0 e sy, = D1 2 @+ 1) ety a7 2N
ael  keN

= Y () @+ 12 llogen i 20)) al P @N)™

ael keN

1+p
= Y (X B llogli; 20 (ﬁ—') (2K)7) @NY*

B>l keN P

=Y () B @) ol B (2NYP

B>l keN

<Y BIP(B) P lloglly (2NYF < oo,
perl

the assertion follows, where we used

Yo <(La) (L) < pive,

kelN keN keN

1—

4242

and ¢ = Yo (2K) 0 < Y (26)7F < o0, forp > I+1. We also used S (B—e®)! = B, 8 € I and 2N = (2K),

k € IN.

O

Note that Do, (D) € Domg(ID) € Dom?,,(D) forall p € N. Therefore, Dom!,(ID) < Domo(ID) < Dom? (D).

Moreover, using the estimate |a| < (2IN)* it follows that
X®(S)-p-p-2 S Domfp(]D) CX®(S)-p-p, pP>3, and
X ® (S)pp1 € Domy(D) € X®(S),,,  p>0.

Remark 3.5. For u € Dom", (D) and u € Domy(ID) it is usual to write

Dyu = Z Z agtly ® E(t) ® Hy_pio,

ael keN

in order to emphasise that the Malliavin derivative takes a random variable into a process, i.e. that Du is a function

of t. Moreover, the formula

1 ,
DiF(@) = lim 3 (Fl@ +h-xpte0)) = F@)), @ € S'(R),

justifies the name stochastic derivative for the Malliavin operator. Since generalized functions do not have point
values, this notation would be somewhat misleading for u € Dom" (D). Therefore, for notational uniformity, we omit

the index t in 1Dy that usually appears in the literature and write ID.

The Skorokhod integral, as an extension of the It6 integral for non-adapted processes, can be regarded
as the adjoint operator of the Malliavin derivative in (L)?>-sense. In [6] we have extended the definition of
the Skorokhod integral from Hilbert space valued processes to the class of S’-valued generalized processes.

Definition 3.6. Let F =} .7 fa ® Hy, € X®S5'(R) ® (S)-,, be a generalized S’ (IR)-valued stochastic process and let

fo € X® S'(R) be given by the expansion fo = Y xen fak ® Eks fax € X. If there exist p > 0,1 > 0 such that

YUY (ot + 1) furl R @N) T < oo,

ael keN
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then the Skorokhod integral of F is given by

5(F)= Y ) fuk®Horetr = ), Y foetn® Ha. (10)

ael keN a>0 keN

A linear combination of two Skorokhod integrable processes F, G is again Skorokhod integrable process
aF + bG, a,b € R such that 6(aF + bG) = ad(F) + bd(G).
In general, the domain Dom” (5) of the Skorokhod integral is

Don’ ) = | ) Do, (6) = U {F eX®S(R)®(S).,: Z Z (at (o + 1))1—p furll? 2K @IN) 7 < oo}.

(Lp)eN2 (Lp)eN2 ael keN
p>1+1 p>l+1

Theorem 3.7. Let p € [0, 1]. The Skorokhod integral 6 of a S_j(IR)-valued stochastic process is a linear and continuous
mapping

: p
O: Dom(_l/_p)(é) = X®(S)-—p-p, p>1+1

Proof. This statement follows from

1-p
BPesy = D aPY famnglh @NYP = Y 1Y @l ol (2N) 7

la]>1 keN la]>1 keN
= YUY B+ O @R @N) 7
pel keN
= Y Y 5+ O f @)t @R F IR @N)
pel kelN
< Y (B + OB @Y (@0 0) 2N) 7
pel keN kelN
<c LBr + D) Pl faxll% (26)™ 2IN)E = ¢ ||| L < oo,
,;esz;fﬁ (Be + D) Pllfalx 20) 2IN) 1Py
wherec = Y, (2k)" ") < oo forp >1+1. O

keN

Note that for p = 1 it holds that Dom! (6) = X ® S'(R) ® (S)-1.

Now we characterize the domains Dom’, (5) and Dont(5) of the Skorokhod integral for test processes
from X ® S(R) ® (), and square integrable processes from X ® L*(IR) ® (L)%. The form of the derivative is in
all cases given by the expression (10).

For square integrable stochastic processes T € X ® L>(R) ® (L)? of the form T = Y, Y xen tax ® &k ® Ha,
tox € X, we define

1 1 2
Doy (8) = {T e X®LA(R)® (L)* : Z (Z(ak + Dialltaillx) < oo}.
ael  keN
Theorem 3.8. The Skorokhod integral & of an L*(IR)-valued stochastic process is a linear and continuous mapping

5: Domy(d) — X (L)
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Proof. LetT =}, Y, tor ® & ® Hy € Domg(0). Then,

ael keN
1
(DI gy = Y1) ool = Y 1Y, @l bl
lal>1  keN |21 keN
1 1 2
=YY B+ et < Y () B+ @) litpulx)
pel keN pel keN
1 1 2 2
=Y ()7 BB+ D litgilx) =TI, 0 < -
pel keN

In general, for any p € [0, 1], the domain Dom’, (8) of the Skorokhod integral in X ® S(R) ® (S) pis

ael keN

Do (5) = ﬂ Donty (5) = ﬂ {FeX®sl(1R)®(5)p,,,: ZZ(O(k+1)1+pa!1+p”falk”i(zk)l(zN)Pa <OO}.

(1,p)eN2 (,p)eN?
I>p+1 I>p+1

Theorem 3.9. The Skorokhod integral 6 of an S;(IR)-valued stochastic test process is a linear and continuous mapping
o Dom;’,,p)(é) = X®(S)pp I>p+1.

Proof. Let U = Y 7t ® Hy € Domzp)(é), Uy = Y poq Ugi ® &k € X® Si(R), gy € X, for I > p + 1. Then we
obtain

IR sy, = Y IY (B + N ugy 2FIE (2NYP

pp

pel kelN
< (X BB+ D) gl 20 Y @07CP) @NYF < e U, () < oo,
pel keN keN (p)
where ¢ = Y, (2k) ") < oo for I > p + 1. O

Using the estimates ay + 1 < 2|a|, which holds for all @ € I except for a = 0, and |a| < 2IN)*, a € T we
obtain

D) AR @N < Y)Y (e )P £l (2K) 2N
ael keN ael keN
< Y foxl3@0 +4 )Y laPat™ Pl £l (2K) 2Ny
kelN a>0 kelN
< MfolBasm +4 ), Y @Il ol (2K 2N) P+
a>0 kelN
<

2
4lF] |X®Sz (R)&(S)pp+2”
Thus,
X ®Si(R)® (S)pps2 C DomZ 2)©) CX®S(R)®(S)pp, for I>p+1 and
X®S(R)®(S)-p,~p-1) S Dom(p_l/_p)(é) CX®S(R)®(S)-p-p, for p>1+1.
The third main operator of the Malliavin calculus is the Ornstein-Uhlenbeck operator.

Definition 3.10. The composition of the Malliavin derivative and the Skorokhod integral is denoted by R = 6 o ID
and called the Ornstein-Uhlenbeck operator.
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Therefore, for u € X ® (S)_, given in the chaos expansion form u = } u, ® H,, the Ornstein-Uhlenbeck
ael
operator is given by

R(u) = Z lafuy ® Hy. 11)

ael

The Orstein-Uhlenbeck operator is linear, i.e. by (11) R(au + bv) = aR(u) + bR(v), a,b € R holds.
Let

Dom" (R) = U Dom’ (R) = U {u €EX®(S),: Z la? llital ()P (2N) 72 < oo}.
peNo peNo ael
Theorem 3.11. The operator R is a linear and continuous mapping
R : Dom’(R) = X®(S)-p~p, p€No.
Moreover, Dom” (R) € Dom"” (ID).

Proof. Letv =Y ,e7va ®H, € Dom" p(R), for some p € INg. Then, from (11) it follows that
RolBes) , , = 3, o lloally () 2N)#* < o.
ael

For v € Dom" (ID) we obtain

Y lal P lloal (@) @N)# < Yl floal (@) (2N) 7,

ael ael

and the last assertion follows. Note that for p =1, Doml_p(R) = Doml_p (D). O
For square integrable processes we define
Domo(R) = {w exeDP: ) allallkwl < oo}.
ael

Theorem 3.12. The operator R is a linear and continuous operator

R: Domy(R) — X® (L)
Moreover, Domy(R) C Domg(ID).
Proof. Letw = }, w, ® Hy € Domy(R). Then R(w) = Y, |o|w, ® Hy and

ael ael

2 2 2 2
IRE@) R = Y, 1P loally = N0l 0y < -
ael

Now from |a| < |af? for a € T it follows that Donig(R) € Domg(ID). O
For test processes, we define

Dom" (R) = ﬂ Domf/(R) = ﬂ {v €X®(S),: Z @) laf? [[oal NP < oo}.

pelNy prelNy ael
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Theorem 3.13. The operator R is a linear and continuous mapping
R:  Domh(R) = X &(S),,p, p€N.

Moreover, Domy(R) € Domly(ID).

Proof. Letv= Y, v, ®H, € Domf,’ (R). Then,

ael
2 2 1 2 2
”RUHX®(S)p,V = Z ”Ua”X |6¥| Pal (ZN)pa = “v“Domﬁ(R) < .
ael

From

Y Il at Pl 2NY < )l a7l 2Ny

ael ael

follows that Domg (R) Domg (D). O

Note also that

X®(S)ppr2 C Domg(R) CX®(S)pp, PEN, and

X ®(S)-p-(-2) € Dom” (R) € X & (S)-p,--

In [8] we have proven that the mappings ¢ : Dom” (6) = X ® (8)-p, R: Dom”(R) - X ® (8)-p, forp=1,
are surjective on the subspace of centered random variables (random variables with zero expectation). In
the next section we prove the same type of surjectivity of the mappings for p € [0,1) as well, i.e. that the
mappings 6 : Dom!, (5) — X ® (8o, R: Dom{(R) —» X® (8)p, 6 : Domg(0) = X ® (L)?, R : Domy(R) — X ® (L)?
have the corresponding range of centered generalized random variables. The mappings ID : Dom” (D) —
X®S'(R)® (S)-p, D : Dom!,(D) - X & S(R) ® (S)p, D : Domo(D) — X ® L*(R) ® (L)* are surjective on
the subspace of generalized stochastic processes satisfying a certain symmetry condition which will be
discussed in detail.

4. Range of the Malliavin Operators

Theorem 4.1. (The Ornstein-Uhlenbeck operator) Let g have zero generalized expectation. The equation
Ru:g, Eu =1iiy € X,
has a unique solution u represented in the form

u:ﬁ0+ Z g—a®Ha

|ev]

a€el |a|>0
Moreover, the following holds:

1° Ifge X®(S)-pp,p €N, thenu € Domﬁp(R).
2° Ifge X®(S)pp, p €N, thenu € DomZ(R).
3° Ifg € X® (L)%, then u € Domy(R).
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Proof. Let us seek for a solution in form of # = ), u, ® H,. From Ru = g it follows that

ael
Z |, ® Hy = Z Joa ® Hp,

ael ael

ie., Uy = I%al forall @ € 7, |a| > 0. From the initial condition we obtain u(0,0,.) = Eu = iio.
1° Let g € X ® (S)-p,p- Then u € Dom’(R) since

l19a!1%

106, gy = Mol + 3, T (@) il 2N) 7 = ol + ), o ()~ = 2Ny 7
” jal>0 lal>0
= uolfy + Y @) llgally N = ol + l91Brggsy < 0.
|a]>0
2° Assume that g € X®(S),,. Thenu € Dom’; (R) since
1012y = 0l + Y 1 (@) Nl 2N = ol + ) (@) gl 2N

la|>0 la|>0
= lluoll% + llgll3 < o0
ollx T I7lxg(s),, :

3° If g is square integrable, then u € Domiy(R) since

2 2 2 2 2 2 2
el 5 ) = llutolly + lal” alflually = lluolly + allgally = gll5g e < oo
0(R) X®(L)
la|>0 la|>0

O

Corollary 4.2. Let p € [0,1]. Each process g € X ® (S)+p, resp. g € X ® (L)? can be represented as g = Eg + R(u),
for some u € Dom".(R), resp. u € Domy(R).

In [10] we provided one way for solving equation IDu = h: Using the chaos expansion method we
transformed equation (15) into a system of infinitely many equations of the form

% hor, forall ael, ke, (12)
from which we calculated u,, by induction on the length of a.

Denote by r = r(a) = min{k € N : ay # 0}, for a nonzero multi-index @ € 7, i.e. let r be the position
of the first nonzero component of a. Then the first nonzero component of « is the rth component «,, i.e.
a=(0,..0,a,..,a,0,..). Denote by a.» the multi-index with all components equal to the corresponding
components of a, except the rth, which is @, — 1. With the given notation we call a.« the representative of a
and write a = a,» + . For a € T, |a| > 0 the set

Uprel) =

Ko={pel:a=p+ eW, for those j € N, such that a; > 0}

is a nonempty set, because it contains at least the representative of «, i.e. a.» € K,. Note that, if a = ne®,
n € IN then Card(%,) = 1 and in all other cases Card(%,) > 1. Further, for |a| > 0, K, is a finite set because «
has finitely many nonzero components and Card(%,) is equal to the number of nonzero components of . For
example, the first nonzero componentof a = (0,3,1,0,5,0,0, ...) is the second one. It follows thatr =2, a, =3
and the representative of vis .y = a—e? =(0,2,1,0,5,0,0, ...). The multi-index a has three nonzero compo-
nents, thus the set K, consists of three elements: K, = {(0,2,1,0,5,0,...),(0,3,0,0,5,0,...),(0,3,1,0,4,0, ...)}.

In [10] we obtained the coefficients u, of the solution of (12) as functions of the representative a,» of a
nonzero multi-index a € 7 in the form

1
Uy = a_haé(r),rl for |a| # 0/ a=am+ 8(7‘).
r
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Theorem 4.3. ([10]) Leth= Y ¥ hyp ® E®Hy € X®S_,5(R) ® (S)-1,-, p € No, with hyy € X such that
ael keN

1 1
a_r haém,r = a_] h[)’,] 7 (13)

for the representative a.» of & € I, la| > 0 and all B € K,, such that a = B + &, for j > r, r € N. Then, equation
(15) has a unique solution in X ®(S)-1,-2p. The chaos expansion of the generalized stochastic process, which represents
the unique solution of equation (15) is given by
~ 1
U=+ Z — hoyr ® Ho. (14)

r
a=a ;) +eMel

Here we provide another way of solving equation Du = h using the Skorokod integral operator.

Theorem 4.4. (The Malliavin derivative) Let h have the chaos expansion h = Y, Y, hyi ® & ® H, and assume that
ael keN
condition (13) holds. Then the equation

Du = h, Eu = Eo, Eg € X, (15)
has a unique solution u represented in the form
u= 1/{0 + ae]%ﬂ) ial Ig\] l’la W @ H,. (16)

Moreover, the following holds:
1° Ifh € X®S_p(R) ®(S)-p,q, 4 > p + 1, then u € Dom" (D).
2° Ifhe X®S,(R)®(S)pq, p>q+1,thenu € Domf;(]D),
3° If h € Dom(0), then u € Domy(ID).
Proof. 1° The proof is similar as for case 2°, so we present the proof of 2°.
2°Leth € X®S5,(R)®(S),4- Thenh € Dom(pp,q_z)(é). Now, applying the Skorokhod integral on both sides
of (15) one obtains

Ru = o(h).
From the initial condition it follows that the solution u is given in the formu =1+ Y, u, ® H, and its
coefficients are obtained from the system e

g = Y Baeoge 2l >0, (17)

keN

where by convention a— ¢® does not exist if ax = 0. Condition (13) ensures that ¢ is injective i.e. 5(Du) = 5(h)
implies Du = h.
It remains to prove that the solution u € Domq’J (D). Clearly,

~ _ _ a. .
o= 20 gy = ZmﬂP(a!)”Pnuau%((ZN)ﬂ“: Y et (|)|2 1Y il @N

ael a€el |a|>0 keIN
7{)
=) ||Zhﬁk o QR NP < DY e 1 @0 20T I (2N
pel  keN pel  keN
< Y Znhﬁ,kux ﬁ!“P(Zk)P 2(2k)q-*’) NP <) N gl B (2K (NP
pel  keN keN pel keN

< 00,

2
= C ||h||X®Sp(]R)®(S)/.W
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(B + e®)!

since ¢ = ) ;n(2k)77P < oo, for p > g + 1. In the fourth step of the estimation we used that |ﬁ+—(k)| < Bl
€

Thus,

2 ~ 112 2
1y < 2 (W01 + € Wil oy, ) < 0

3° In this case we have that u given in (16) satisfies

1
2 2 a- 2 2 2
Do,y = z lafa!l[ually = Z al I E Bo—ew il < z alll Z Hacew kllx = 11ll5g00) < ©°-

ael a€el |a|>0 kelN ael kelN
|

Corollary 4.5. If D(u) = 0, then u = Eu, i.e. u is constant almost surely.

Remark 4.6. The form of the solution (16) can be transformed to the form (14) obtained in [10]. First we express all
hgx in condition (13) in terms of haz(r),,, ie.

@j

hﬁ,k = a_r had,),rr

where B € K, correspond to the nonzero components of a in the following way: = a —e®, k € N, and r € N
is the first nonzero component of a. Note that the set K, has as many elements as the multi-index o has nonzero
components. Therefore, from the form of the coefficients (17) obtained in Theorem 4.4 we have

| L 9
1 Z hep = 1 Z Y LrEeN 1,
|| p la] a, " a7 0T

ek, jEN, a;#0

Theorem 4.7. (The Skorokhod integral) Let f be a process with zero expectation and chaos expansion representation
of theform f = ), fo ® Hy, fo € X. Then the integral equation

a€el |al>1
o(u) = f, (18)
has a unique solution u in the class of processes satisfying condition (13) given by
_ fa-%—s“"
M—ZZ(ak+1)m®ék®Ha. (19)
ael keN

Moreover, the following holds:

1° If f € X ® (S)-p,p, then u € Dom;_, )©), forl>p+1.

2° If fe X®(S)pp, p €N, thenu € Domﬁp)(é),forl <p-1
3° If f € X® (L)?, then u € Domy(5).
Proof. 1° Since the proof of 1° and 2° are analogous, we will conduct only the proof of one of them.

2° We seek for the solution in Rangef (D). It is clear that u € Rangef, (D) is equivalent to u = D(u), for
some u. Thus, equation (18) is equivalent to the system of equations

w= D@ R@ = f
The solution to R(i) = f is given by

u= ~0 + E f_a ® H,,
|
ael,|al>1
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where ii,,.) = 1o can be chosen arbitrarily. Now, the solution of the initial equation (18) is obtained after
applying the operator D, i.e.

_ _ f _ fa+e(k)
u=D®wu = Z Z akﬁ ®& ® Hy f(k)_zz(ak+l) o+ 0] ® & ® H,.
a€el,|a|>1 kelN ael keN

fase®

Ja+e®)]

One can directly check that this u satisfies (13): Indeed with u,x = (ax + 1)
all k € IN.
It remains to prove the convergence of the solution (19) in in the space Dom’

@p)
ue Domp(]D) and then u € Dom’

1 _ fa
we have arta—e® k = 1] for

(6). First we prove that

(@ )((5) for appropriate I € IN. We obtain

[ALE
2 _ 1-p ( 1\ 1+p 2 pa _ 1-p 1+p X pa
00y = Dl ™ (@0 ol @NY = ol + ), ol (ot N
ael ael |a>0
<lliolf+ Y, @)™ Iflfl NP = ol +1IfIBgs),, < o0
ael |a|>0

and thus u € Dom’, (D). Now,

foreol . Ifull
I = 2 2 @' (ot 170 D b NP = 3 ) (@) g (2 N

ael kelN ael |a|>0 keIN

< ), @ PIfIE Ny [

a€l |a|>0

o2
k l
Z al 2 (2k)" (2k) p] <c ||f||x®(s) .

keN

since ¢ = Y ;en(2k)' P < oo for p > [ + 1. In the second step we used that (@ — é®)! a; = a!, and in the fourth
step we used ay < |a].
3° In this case we have

Al
112 2 X ~ 12 2
oy = 3, ol el = aolf + ) ladat 0% <lolfe+ ) allfelfe = Ml + 111y < o0

ael a€l |a|>0 a€l |a|>0

and thus u € Domgy(ID). Also,

121y i5) = Za'llz (e +1)% (o + 1)| o~ (k>|“2 Z ”Z ﬁk (B~ IﬁlIIX Z‘ ”Z‘ prp |ﬁ|IIX

ael keN IB=1 keN B>l keN
-y £ W W (Y 8 = Y B IAsIE = 1R < oo
IBI>1 keN iBI>1

O

Corollary 4.8. Each process f € X ® (S)sp, resp. f € X ® (L)? can be represented as f = Ef + 6(u) for some
u € X®S(R) ® (S)sp, resp. u € X® L*(R) ® (L)*.

The latter result reduces to the celebrated It6 representation theorem (see e.g. [4]) in case when f is a
square integrable adapted process.
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5. Properties of the Malliavin Operators

In the classical (L)* setting it is known that the Skorokhod integral is the adjoint of the Malliavin
derivative. We extend this result in the next theorem and prove their duality by pairing a generalized
process with a test process. The classical result is revisited in part 3° of the theorem.

Theorem 5.1. (Duality) Assume that either of the following holds:

1° F € Dom” (D) and u € Dom? (5)

2° F € Dom!,(ID) and u € Dom" (5)

3° F € Domy(ID) and u € Domg(0)
Then the following duality relationship between the operators ID and 6 holds:

E(F-6(u)) = E(IDE uy), (20)

where (20) denotes the equality of the generalized expectations of two objects in X ® (S)-, and (-, -) denotes the dual
pairing of S’(R) and S(R).

Proof. First we show that the duality relationship (20) between ID and 6 holds formally. Let u € Dom(6) be
given in its chaos expansion formu = }, ¥, ug;®&;® Hg. Theno(u) = ). Y. ug;®Hg, .. Let F € Dom(D)
el jeN pel jeN
begivenasF = ), f,® H,. ThenID(F) = ), } (ax + 1) forew ® & ® Hy. Therefore we obtain
ael ael keN

F- (S(M) = Z Z Z fau,g,]- ®H0( . H!;Jrg(fl

ael pel jeN
a\ (B + e
=22 ) fawi® ( )(ﬁ )Ha+ﬁ+e<f>—zy-
ael peI jeN y<min{a,p+¢e0)} Y 4

The generalized expectation of F - 6(u) is the zeroth coefficient in the previous sum, which is obtained
when a + g + ) = 2y and y < min{a, f + £}, i.e. only for the choice p = @ — ¢ and y = @, j € N. Thus,

E(F-o(u)) = Z Z faua_s(/),]‘ cal = Z Z faﬂg)ua,j (a+ E(j))!.
ael >0 jeIN ael jeN
On the other hand,

(DE),uy =Y Y YN @+ 1) fuwew g ¢E E)Ha - Hy

ael el keN jeN

= Z Z Z (@ +1) fareo g, Z yt (jﬁ)(ﬁ) *Hasp-2y

ael pel jeN y<min{e,f}

and its generalized expectation is obtained for a = § = y. Thus

E((D(F),u)) = Z Z (@j +1) fyyeitha,j -al = Z Z fareoUa,j - (@ + 6(1))! =E(F-o(u)).

ael jeN ael jeN

1° Let p € [0,1] be fixed. Let F € Dom” (ID) and u € Dom(prls)(é), forsomep € Nandallr,s € N, 7 > s+ 1.
Then IDF € X ® S_(R) ® (S)-p,—p for [ > p + 1. Since r is arbitrary, we may assume that » = [ and denote by
(-,*) the dual pairing between S_;(R) and S;(R). Moreover, (IDF, u) is well defined in X ® (S)-,—,. On the
other hand, 6(u) € X ® (S),,s and thus by Theorem 2.12, F - 5(u) is also defined as an element in X ® (S)—, —,
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fork € [p,s —8],s > p + 8. Since s was arbitrary, one can take any k > p. This means that both objects, F - 6(u)
and (IDF, u) exist in X®(S)—,,, for k > p. Taking generalized expectations of (IDF, ) and F - (1) we showed
that the zeroth coefficients of the formal expansions are equal. Therefore the duality formula is valid for
this case.

2° Let F € Domg(]D) and u € Dom(P_r,_s)(é), for some r,s € N, s > v+ 1, and all p € N. Then DF €
X®S(R)®(S)pp, I < p—1,butsince p is arbitrary, so is I. Now, (IDF, u) is a well defined object in X ® (S)—, .
On the other hand, 6(u) € X ® (S)-,—s and thus by Theorem 2.12, F - 6(u) is also well defined and belongs to
X ® (S)-p,k, for k € [s,p — 8], p > s + 8. Thus, both processes F - 6(u) and (IDF, u) belong to X ® (S)_,, for
k> s.

3° For F € Domg(ID) and u € Domiy(6) the dual pairing (IDF, u) represents the inner product in L*(R) and
the product F5(u) is an element in X ® (L) (see Remark 2.13). The classical duality formula is clearly valid
for this case. O

The next theorem states a higher order duality formula, which connects the kth order iterated Skorokhod
integral and the Malliavin derivative operator of kth order, k € IN. For the definition of higher order iterated
operators we refer to [8].

Theorem 5.2. Let f € Dom’,(ID®) and u € Dom"” (5®)), or let f € Dom” (ID®) and u € Dom", (6®), k € N. Then
the duality formula

E(f - 6%w) = E(D® (), u))
holds, where (-, - denotes the duality pairing of S'(R)®* and S(IR)*.
Proof. The assertion follows by induction and applying Theorem 5.1 successively k times. d

Remark 5.3. The previous theorems are special cases of a more general identity. It can be proven, under suitable
assumptions that make all the products well defined, that the following formulae hold:

F6(u) = 6(Fu) + (D(F), u), (21)

k
k . .
® @) = =0 ((D®
F6® () ; (i)a (DYEuy), keN.

Taking the expectation in (21) and using the fact that 6(Fu) = O, the duality formula (20) follows.
Example 5.4. Let ¢ € L*(R). In [6] we have shown that the stochastic exponentials exp®{6(y)} are eigenvalues of
the Malliavin derivative, i.e. D(exp®{6(y)}) = ¢ - exp®{d(y)}. We will prove that they are also eigenvalues of the
Ornstein-Uhlenbeck operator. Indeed, using (21) we obtain

Rexp®{o@)h) = o1 - exp®{o()}) = 6(¥) exp®{6(y)} — (D(exp®{6(Y)}), )

5() exp®{o()} — (¢ - exp®{6(Y)}, )
(6(%) ~ 11 ) exp° 6.

In the next theorem we prove a weaker type of duality instead of (20) which holds if F € Dom? (D) and
u € Dom® () are both generalized processes. Recall that <, -, >, denotes the scalar product in (S)g,-.

Lemma 5.5. Let u € Dom? (D) and ¢ € S_y(R), n <q—1. Thenu-¢ € Dom?fﬂ/iq)(é).

Proof. Letu =3 jeruaHyand @ = Y pon @ &k Then, - @ = Y per Yiken Ya Pk Ex Hy and
I @l )= YUY at (e + Dllunall 0F RN =Y at el () (e + 1K) 92)@N)

ael keN ael keN
< (wolfy +2 ) atladlhealB@N) ) - 3 @K™ = (lolfy + 20l ) - HPIE., < oo

|a>0 keN

We used the estimate a; + 1 < 2|a|, for |a] > 0, k € IN. O
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Theorem 5.6. (Weak duality) Let p = 0 and consider the Hida spaces. Let F € Dom(lp(]D) and u € Dom(lq(lD) for
p,q € N. Forany ¢ € S_,(R), n < g —1, it holds that

< (DF, @), u >, = < F,6(pu) >¢,
forr > max{q,p + 1}.

Proof. Let F =Y 7 faHa € Domgp(]D), U= perUaHa € Domgq(]D) and @ = Y ren @ik € S-n(R). Then, for
k>p+1,IDF € X® S ((R)® (S)o,p € X®S_,(R)®(S)o,— if r > p + 1. Also, by Lemma 5.5 it follows that
Qu e Dom?_n,_w(é) and since g > n + 1, this implies that 6(¢pu) € X ® (§)o,—; € X ® (S)o,-, for r > q. Therefore
we let r > max{p + 1, 4q}. Thus,

(DE @) = ()Y @+ DfpriHo ® &k, Y Prid—r

keN ael keIN

Y 0k Y@+ DforenHa (207,

keIN ael

and consequently

< (DE@)_pu>, = < Z Z Qe + 1) frpenr (26" H,, Z UaHy >0

ael keN ael
= D alua ) prlar+ Dfren @7 @N)T
ael keN
On the other hand, pu = Y. Y, u,@rér ® Hy and O(pu) = Y, Y, t,_w@iH,. Thus,
ael keN a>0 kelN
< F, 6((1)“) >0 = <K Z faHou Z Z ua—g(k)(PkHD( >>0,-r
ael a>0 kelN
= Z alfy Z Uy 0 @(2IN)T*
a>0 keN
= Z Z(‘B + g(k))!fﬁ+£(k) uﬁ(Pk(zN)—V(ﬁ+g(k))
pel keN
= Y Y BB+ D fsecnttppr(2) T (2N,
pel keN
which completes the proof. O

The following theorem states the product rule for the Ornstein-Uhlenbeck operator. Its special case for
E,G € Domy(R) and F - G € Domy(R) states that (22) holds (see e.g. [2]). We extend the classical (L)* case
to multiplying a generalized process with a test process. The product rule also holds if we multiply two
generalized processes, but in this case the ordinary product has to be replaced by the Wick product.
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Theorem 5.7. (Product rule for R)
1° Let F € Domf (R) and G € Dom" (R), or vice versa. Then F - G € Dom” (R) and

R(E-G)=F-R(G) +G - R(F) — 2 - (DE, DG), (22)

holds, where -, -) is the dual pairing between S’'(R) and S(R).
2° Let F,G € Dom” (R). Then F - G € Dom” (R) and

R(FOG) = FOR(G) + R(F)OG. (23)

Proof. 1° LetF = ¥, f, ® Hy € Dom,(R) and G = ¥, g3 ® Hg € Dom” (R). Then, R(F) = ¥, |al f» ® H, and
perl ael

ael

R(G) = ﬁzj |8l g5 ® Hpg.
€
The left hand side of (22) can be written in the form

O R

acl pel y<min{a,B}

=2 ) S ), (3) (ﬁ) la+ B~ 2y Husgzy

ael el y<min{a,B}

Y Y s X ()] ot =200 Huug

acl el y<min{a,f}

R(E-G) =R

On the other hand, the first two terms on the right hand side of (22) are

RE-G=Y Y fogp® Y, V! (j) (ﬁ) ol o2y (24)

acl el y<min{e,B}

and

FRG =Y, ) fagp® ), (‘y‘) (ﬁ) Bl Haspa- (25)
2

acl Bel y<min{a,

Since F € Domf (R) € Dom" (D) and G € Dom” (R) € Dom” (D) we have D(F) = Y 7 Yk % fa ® & ®
H, .w and ID(G) = Yper X jen Bj 9 ® &j ® Hp_ctv. Thus, the third term on the right hand side of (22) is

(DE),DEGY=( Y, Y afa®E®Huwn, ), ) Bigs®E ®Hy o)

a€el |a|>0 keIN BeI |BI>0 jeN

= Z Z ZZ ax B fa9p (€, &) ® Haetr - Hp_op

|a|>0 |B]>0 keN jeIN

=Y Y Y aptse Y y!((x _ygac))(ﬁ _;(k))HM_zsm_zy,

la|>0 |ﬁ|>0 kelN 7/§min{a—g(k),ﬁ—g(k)]

where we used the fact that (&, &) = 0 for k # jand (&, &) = 1 for k = j. Now we put 6 = y + ¢® and use
the identities

a—e® a—e® @
o) e o) o o) e
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and Oy - (6 — ¢®)! = 1. Thus we obtain

B0 =YY Y s Y, 0 n(5) () g

ael Bel keN O<min{a,p}
o
Y'Y Y fg Y ekel(e) (g) Hosp 0
ael Bel keN O<min{a,B}
a
= Z Zfa gp Z [Z Qk] 9!(9) (g) Haip-20
ael pel O<min{a,f} \keIN
a
=YY fegs Y, ol 9!(9) (g)Haﬂs—ze-
ael Bel O<min{a,B}

Combining all previously obtained results we now have

RE-G) =YY fagp ), y!(;‘) (ﬁ) (Il + 181 = 21y1) Haspy

acl el y<min{a,f}
o o
= Z Z fa gﬁ Z 7/'( )(‘B) |6¥| Ha+ﬁ—2y + Z Z fa gﬁ Z )/'( )(’B) |ﬁ| Ha+ﬁ—2y
ael pel y<min{a,S} A ael pel y<min{a,B} VIV
o
-2 Z Z fa gﬁ Z b/l 7/' ( ) (ﬁ)HzHﬁ—Zy
ael el y<min{a,f} VIV

=R(F)- G +F-R(G) - 2 - (D(F), D(G))

and thus (22) holds.

Assume that F € DomEP(R) and G € Domq’j (R). Then R(F) € X ® (S)-p,— and R(G) € X ® (5),,4. From
Theorem 2.12 it follows that F - R(G) and G - R(F) are both well defined and belong to X ® (S)-,s, for
s € [p,q — 8], g — p > 8. Similarly, (ID(F), ID(G)) belongs to X ® (S)-,-p, since ID(F) € X® S_j,(R) ® (S)-p,p,
where I; > p +1and ID(G) € X ® S51,(R) ® (S),,5, where [ < g — 1 and the dual pairing is obtained for any
I € [I1,»]. Thus, the right hand side of (22) is in X ® (S)-y,—s, s > p. Hence, F- G € Dom" (R).

2° From

GoRE) =Y Y lalfugs H, and FoRG)=Y. Y fulplgs Hy,

yel a+p=y yel at+p=y
it follows that

GOR(F) + FOR(G) = Y | Y., fagp Hy = R(FOG).

yel a+p=y

IfFe Domfp(R) and G € Doqu(R), then R(F) € X ® (S)-p,-p and R(G) € X ® (5)—p,~4- From Theorem 2.9
it follows that R(F)0G € X ® (S)-p,—(p+g+4) and R(G)OF € X ® (S)—p,—p+q+4)- Thus, the right hand side of (23) is
in X ® (S)-p,~(p+g+4), i-e. FOG € Dom” (R) forr =p + g + 4. O

Corollary 5.8. Let F € Dom'(R) and G € Dom” (R), or vice versa (including also the possibility F,G € Domy(R)).
Then the following property holds:

E(F-R(G)) = E ((DE,DG)).
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Proof. From the chaos expansion form of R(F - G) it follows that ER(F - G) = 0. Moreover, taking the
expectations on both sides of (24) and (25) we obtain

E(R(F)-G) = E(F-R(G)).
Now, from Theorem 5.7 it follows that
0 = 2E(F - R(G)) — 2E({IDF, IDG)),
and the assertion follows. O

In the classical literature ([2, 15]) it is proven that the Malliavin derivative satisfies the product rule with
respect to ordinary multiplication, i.e. if F,G € Domyg(ID) such that F - G € Domy(ID) then (26) holds. The
following theorem recapitulates this result and extends it for multiplication of a generalized process with
a test processes, and extends it also for Wick multiplication.

Theorem 5.9. (Product rule for D)
1° Let F € Dom” (D) and G € Dom!, (ID) or vice versa. Then F - G € Dom" (D) and the product rule

D(F-G)=F-DG + DF-G (26)

holds.
2° Let F, G € Dom” (D). Then FOG € Dom" (D) and

D(FOG) = FoDG + DFG.

Proof. 1°

D(F-G) =Y fiHa - Y, 95H;)

ael pel

Sz pee 1

acl el y<min{a,f}

- Z Z Z fagﬁ Z v (;()(i) (i + B = 2y%) kaHaﬂ;_z),_g(k)

ael Bel keN y<min{a,f}

) Ha+[)’—2y

=

On the other side we have

F-D©) =) fHa- Y, ) BrgpéeHy o

ael pel keN

DI N IED VEETIN ( EV A

acl Bel keN y<min{a,f—e®}

and

G-D(F) = Z Z Zfa!?ﬁ Z y! (“ —ye(k))(ﬁ) Ak EcH g2y e

ael Bel keN y<minfa—e® B}

Summing up the chaos expansions for F - ID(G) and G - ID(F) and applying the identities

(a - e(k)) (a— Py a!
(09 =

! o
Y Ma—eb -y~ Pla-p! (@ =71) = (7,) (@ = 1)
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and

i
ﬁk( y y Bx = vo),

foralla,f € 1,k € Nand y € I such that y < min{a, 8} and the expression (ax — i) + (Bx — Vi) = ax + fr — 2y
we obtain (26).

Assume that F € Dom” (D), G € Domjj(D). Then D(F) € X ® S_i(R) ® (S)-p, | > p+ 1, and D(G) €
X®Sk(R)®(S)p,4, k < g—1. From Theorem 2.12 it follows that all products on the right hand side of (26) are
well defined, moreover F-ID(G) € X®Sx(R)®(S)-,—r, D(F)-G € X®S_|(R)®(S)-p,—, forr € [p,q—8],q > p+8.
Thus the right hand sifde of (26) can be embedded into X ® S_(R) ® (S)-p,—r, ¥ > p. Thus, F- G € Dom" (D).

2° By definition of the Malliavin derivative and the Wick product it can be easily verified that

Zi Z akfagﬁHﬁZi Z BrfagpH,

yel k=1 a+p-c®=y yel k=1 a+p-c®=y

Z i Z VifagpH,—ew = D(FOG).

yel k=1 a+p=y

D(F)0G + FoD(G)

If F € Dom” (D) and G € Dom’ (ID), then ID(F) € X®S_(R) ®(S)-p,p, [ > p+1,and D(G) € X® S (R)®
(8)-p-q, k > q + 1. From Theorem 2.9 it follows that ID(F)0G and F¢ID(G) both belong to X ® S_,(R) ®
(8)-p,~(p+q+4), m = max{l,k}. Thus, FOG € Domfr(]D) forr=p+q+4 O

A generalization of Theorem 5.9 for higher order derivatives, i.e. the Leibnitz formula is given in the
next theorem.

Theorem 5.10. Let F,G € Dom” (D®), k € N, then FOG € Dom" (ID®) and the Leibnitz rule holds:
£ ‘
D® (F()G) = Z ( )ID(’)(F)O]D(}H)(G),

, i
=0

where DO(F) = F and DO(G) = G.
Moreover, if G € Dom",(IDW) , then F - G € Dom” (ID®) and

L i
i=0

D® (F.G) = i (k) DY(F) - D*)(G). (27)
Proof. The Leibnitz rule (27) follows by induction and applying Theorem 5.9. Clearly, (27) holds also if
FE,G € Domo(D®) and F - G € Dony(DW). O
Theorem 5.11. Assume that either of the following hold:
1° F € Dom” (D), G € Dom!(ID) and u € Dom?, (5),
2° F,G € Dom" (D) and u € Dom” (5),
3° F,G € Domy(ID) and u € Domgy(d).

Then the second integration by parts formula holds:

E(F(DG, 1)) + E(G(IDF, u)) = E(F G 5(1)).
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Proof. The assertion follows directly from the duality formula (20) and the product rule (26). Assume the
first case holds when F € Dom” (D), G € Dom" (D) and u € Dom"(5). Then F - G € Dom" (D), too, and we
have
E(F G o(u)) = EKID(F - G),u)) = ECF - ID(G) + G - ID(F), u))
= E(F(ID(G), u)) + E(G (ID(F), u)).

The second and third case can be proven in an analogous way. O

The next theorem states the chain rule for the Malliavin derivative. The classical (L)?-case has been
known throughout the literature as a direct consequence of the definition of Malliavin derivatives as
Fréchet derivatives. Here we provide an alternative proof suited to the setting of chaos expansions.

Theorem 5.12. (Chain rule) Let ¢ be a twice continuously differentiable function with bounded derivatives.
1° IfF € Dom"(ID), resp. F € Domy(ID), then o(F) € Domf (D), resp. ¢(F) € Domy(ID), and the chain rule holds:

D (¢(F)) = ¢'(F) - ID(F). (28)
2° IfF € Dom" (D) and ¢ is analytic, then ¢°(F) € Dom" (D) and
D (¢°(F)) = ¢"*(F)oD(F). (29)

Proof. 1° First we prove that (28) holds true when ¢ is a polynomial of degree n, n € IN. Then we use the
Stone-Weierstrass theorem and approximate a continuously differentiable function ¢ by a polynomial p,, of
degree n, and since we assumed that ¢ is regular enough, p), will also approximate ¢’.

By Theorem 5.9 we obtain by induction on k € IN that

D(F*) = D(F - F¥)
= D(F) - F* + F- D(F*) = D(F) - F* + F - kF*"' . ID(F)
= (k + 1)F* - D(F).

Since DD is a linear operator, we have for any polynomial p,(x) = Yj_, axx* with real coefficients a;, k € IN:

n n

D(p(F)) = ), aD(F) = Y a kF* - D(F) = p(F) - D(F). (30)

k=0 k=1
Let ¢ € CA(R) and F € Domg(]D), p € IN. Then, by the Stone-Weierstrass theorem, there exists a
polynomial p,, such that

n

l$(F) = pu(F)lixecs),, = llp(F) - Z @ lxs(s),, = 0

k=0
and
n
16 (F) = P’ (F)lxets),, = 9" (F) = ) akFllxacs),, — 0
k=1
as n — o0.

From (30) and the fact that D is a bounded operator, Theorem 3.2, we obtain (for < p — 1)

ID(¢(F)) — ¢’ (F) - D(F)lIxes,®)e(s),, = ID(P(F)) = D(pn(F)) + D(pa(F)) = ¢’ (F) - D(F)lIxes,®e(s),,
< ID($(F)) = D@u(F)lIxes®ye(s),, + D@a(F)) = ¢’ (F) - D(F)llxes®e(s),,
= |[ID(P(F) = pu(F)llxes,®s(s),, + 1Pn"(F) - DF) = ¢’ (F) - D(F)llxes,®e(s),,
< DI - [(PF) = pa(E)lIxas),, + IPn (F) = @' (Ol - IDE)lxss),, = O,
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as n — oo. From this follows (28) as well as the estimate
ID(p(F)lIxes,®yes),, < 1P’ (Fllxes),, * IIDF)|Ixes®yes),, < o,
and thus ¢(F) € Domz (D).
2° The proof of (29) for the Wick version can be conducted in a similar manner. According to Theorem
5.9 we have

ID(F) = k FP®DoD(F).

If ¢ is an analytic function given by ¢(x) = Y12 axt, then ¢’ (x) = Y12, axkx*™!, and consequently

OOF) = ) aF%, () = ) ko,
k=0 k=1
Thus,
D(°(F) = Y aD(F™) = Y aikFEDOD(F) = ¢ (F)oD(F).
k=0 k=0
and the identity (29) follows. O
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