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Abstract. In this paper, using Bregman functions, we introduce a new Halpern-type iterative algorithm
for finding common zeros of finitely many maximal monotone operators and obtain a strongly convergent
iterative sequence to the common zeros of these operators in a reflexive Banach space. Furthermore,
we study Halpern-type iterative schemes for finding common solutions of a finite system of equilibrium
problems and null spaces of a y-inverse strongly monotone mapping in a 2-uniformly convex Banach
space. Some applications of our results to the solution of equations of Hammerstein-type are presented.
Our scheme has an advantage that we do not use any projection of a point on the intersection of closed and
convex sets which creates some difficulties in a practical calculation of the iterative sequence. So the simple
construction of Halpern iteration provides more flexibility in defining the algorithm parameters which is
important from the numerical implementation perspective. Presented results improve and generalize many
known results in the current literature.

1. Introduction

In this paper, we investigate the problem of finding zeros of mappings A : E — 2F'; that is, find x € domA
such that
0" € Ax. (1.1)

The domain of a mapping A is defined by the set {x € E : Ax # &}, where E is a Banach space.

Constructing iterative algorithms to approximate zeros of maximal monotone operators is a very active
topic in pure and applied mathematics. The proximal point method (see [54]) is among the main tools
for finding zeros of maximal monotone operators in Hilbert spaces. However, it was shown in [54]
that the iterative sequence converges weakly but not strongly (see also [27]). To get the result of strong
convergence, Kamimura and Takahashi [32] proposed a modified proximal point algorithm and obtained
a strongly convergent iterative sequence to the zeros of a maximal monotone operator in a Hilbert space
(see also [9, 21, 59]). On the other hand, the equilibrium problem, introduced by Blum and Oettli [10] in
1994, has been attracting a growing attention of researchers; see, e.g., [43, 44] and the references therein.
Numerous problems in physics, optimization, and economics reduce to find a solution of the equilibrium
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problem. In order to approximate the solution to this problem, various types of iterative schemes have been
proposed (see [8, 30, 31, 52, 58, 62]). Throughout this paper, we denote the set of real numbers and the set
of positive integers by IR and IN, respectively. Let E be a Banach space with the norm ||.|| and the dual space
E*. For any x € E, we denote the value of x* € E* at x by (x,x"). Let {x,}.en be a sequence in E, we denote
the strong convergence of {x,},en to x € E as 1 — oo by x, — x and the weak convergence by x, — x. The
modulus 0 of convexity of E is denoted by

llx + yll
2

o(e) = inf{l - <Lyl €1, 01x =yl > e}

for every € with 0 < € < 2. A Banach space E is said to be uniformly convex if o6(€) > 0 for every € > 0. Let
St = {x € E : ||x]| = 1}. The norm of E is said to be Gateaux differentiable if for each x, y € Sg, the limit

x + ty|| — ||x
lim|| yll =[xl

lim ; (1.2)

exists. In this case, E is called smooth. If the limit (1.2) is attained uniformly for all x, y € Sg, then E is called
uniformly smooth. The Banach space E is said to be strictly convex if IIHTyll < 1 whenever x,y € Sg and x # y.
It is well known that E is uniformly convex if and only if E* is uniformly smooth. It is also known that if E
is reflexive, then E is strictly convex if and only if E* is smooth; for more details, see [60, 61].
Let C be a nonempty subset of a Banach space E. Let T : C — E be a mapping. We denote the set of
fixed points of T by F(T), i.e., F(T) = {x € C : Tx = x}. A mapping T : C — E is said to be nonexpansive if
ITx — Tyll < |lx — yll for all x, y € C. A mapping T : C — E is said to be quasi-nonexpansive if F(T) # @ and
ITx — yll < |lx — yll forall x € C and y € F(T). A point p € C is said to be an asymptotic fixed point [48] of T if
there exists a sequence {x,},en in C which converges weakly to p and lim,, .« ||x, — Tx,|| = 0. We denote the
set of all asymptotic fixed points of T by F(T).

Inrecent years, several types of iterative schemes have been constructed and proved in order to get strong
convergence results for nonexpansive mappings in various settings. The concept of nonexpansivity plays
an important role in the study of Halpern-type iteration for finding fixed points of a mapping T : C — C.

Recall that the Halpern iteration is given by

u€C, x; € C chosen arbitrarily,

Yn = (1 - ﬁn)xn + ﬁnTxn/
Xp+1 = QU + (1 - an)ynl

where the sequences {8,},en and {a,}qen satisfy some appropriate conditions. The construction of fixed
points of nonexpansive mappings via Halpern’s algorithm [28] has been extensively investigated recently
in the current literature (see, for example, [47] and the references therein). Numerous results have been
proved on Halpern’s iterations for nonexpansive mappings in Hilbert and Banach spaces. Because of a
simple construction, Halpern’s iterations are widely used to approximate a solution of fixed points for
nonexpansive mappings and other classes of nonlinear mappings by many authors in different styles (see,
e.g. [1, 35, 40, 63, 64]).

1.1. Some facts about gradients
For any convex function g : E — (—o0, +o0] we denote the domain of g by dom g = {x € E : g(x) < oo}.
For any x € int dom g and any y € E, we denote by ¢°(x, y) the right-hand derivative of g at x in the direction
y, that is,
gl +ty) — g(x)

. L
7'y = lt%‘ EEra— (1.3)

The function g is said to be Gateaux differentiable at x if lim;_,o w exists for any y. In this case g°(x, v)

coincides with Vg(x), the value of the gradient Vg of g at x. The function g is said to be Gateaux differentiable
if it is Gateaux differentiable everywhere. The function g is said to be Fréchet differentiable at x if this limit is
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attained uniformly in ||y|| = 1. The function g is said to be Fréchet differentiable if it is Fréchet differentiable
everywhere. It is well known that if a continuous convex function g : E — R is Gateaux differentiable, then
Vg is norm-to-weak” continuous (see, for example, [16](Proposition 1.1.10)). Also, it is known that if g is
Fréchet differentiable, then Vg is norm-to-norm continuous (see, [34](p. 508)). The function g is said to be
strongly coercive if

g(xn) _

_— o0

alloeo [l

It is also said to be bounded on bounded subsets of E if g(U) is bounded for each bounded subset U of E. Finally,
g is said to be uniformly Fréchet differentiable on a subset X of E if the limit (1.3) is attained uniformly for all
x € Xand [yl = 1.

Let A : E — 2F be a set-valued mapping. We define the domain and range of Aby dom A = {x € E :
Ax # @} and ran A = U,epAx, respectively. The graph of A is denoted by G(A) = {(x,x*) € EX E* : x* € Ax}.
The mapping A C E X E* is said to be monotone [54] if (x — y, x* — y*) > 0 whenever (x, x*), (y, y*) € A. Itis also
said to be maximal monotone [55] if its graph is not contained in the graph of any other monotone operator
on E. If A c E x E* is maximal monotone, then we can show that the set A710 = {z € E : 0 € Az} is closed
and convex. A mapping A : dom A C E — E* is called y-inverse strongly monotone if there exists a positive
real number y such that for all x, y € dom A, (x — y, Ax — Ay) > y||Ax — Ayll*.

1.2. Some facts about Legendre functions
Let E be a reflexive Banach space. For any proper, lower semicontinuous and convex function g : E —
(=00, +00], the conjugate function g* of g is defined by

g (x") = sup{(x, x") — g(x)}
xeE
for all x* € E*. It is well known that g(x) + g*(x*) > (x,x*) for all (x,x*) € E X E*. It is also known that
(x,x*) € dg is equivalent to
g(x) + g (x") = (x, x7). (1.4)

Here, dg is the subdifferential of g [56, 57]. We also know that if g : E — (—oc0,+o0] is a proper, lower
semicontinuous and convex function, then g* : E* — (—oo, +00] is a proper, weak” lower semicontinuous
and convex function; see [61] for more details on convex analysis.

Let g : E — (=00, +00] be a mapping. The function g is said to be:
(i) essentially smooth, if dg is both locally bounded and single-valued on its domain.
(ii) essentially strictly convex, if (dg)™" is locally bounded on its domain and g is strictly convex on every
convex subset of dom dyg.
(iii) Legendre, if it is both essentially smooth and essentially strictly convex (for more details, we refer to
[5](Definition 5.2)).

If E is a reflexive Banach space and g : E — (-0, +00] is a Legendre function, then in view of [11](p. 83)

Vg = (Vg)™', ran Vg =dom g* = intdom g*, and ran Vg = int dom g.

Examples of Legendre functions are given in [4, 5]. One important and interesting Legendre function is
L|lIF (1 < s < ), where the Banach space E is smooth and strictly convex and, in particular, a Hilbert space.

1.3. Some facts about Bregman distances

Let E be a Banach space and let E* be the dual space of E. Let g : E — R be a convex and Gditeaux
differentiable function. Then the Bregman distance [13, 19] corresponding to g is the function D, : EXE — R
defined by

Dy(x,y) = g(x) = g(y) = <x =y, Vg(y)), Vx,y € E. (1.5)

It is clear that Dy(x, y) > 0 for all x, y € E. In that case when E is a smooth Banach space, setting g(x) = ||x||*
for all x € E, we obtain that Vg(x) = 2]x for all x € E and hence D,(x, y) = ¢(x, y) for all x, y € E.
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Let E be a Banach space and let C be a nonempty and convex subset of E. Let g : E — R be a
convex and Gdteaux differentiable function. Then, we know from [38] that for x € E and xy € C,
Dy(xo,x) = minyec Dy(y, x) if and only if

(y = %0, Vg(x) = Vg(xo)) <0, VyeC, (1.6)

Furthermore, if C is a nonempty, closed and convex subset of a reflexive Banach space Eand g: E — Risa
strongly coercive Bregman function, then for each x € E, there exists a unique x( € C such that

Dy(x0,x) = r;leicn Dy(y, x).

The Bregman projection projg from E onto C is defined by projfj(x) = xo for all x € E. It is also well known
that proj’. has the following property:

Dg(y, projgx) + Dg(projgx, x) < Dy(y,x) 1.7)
for all y € C and x € E (see [16] for more details).

1.4. Some facts about uniformly convex and totally convex functions

Let E be a Banach space and let B; := {z € E : ||z|]| < s} for all s > 0. Then a function g : E — R is
said to be uniformly convex on bounded subsets of E ([66](pp. 203, 221)) if ps(t) > O for all s,¢ > 0, where
ps : [0, +00) = [0, oo] is defined by

ag(x) + (1 - a)g(y) — glax + (1 - a)y)
x,y€Bs |lx—yll=t,ac(0,1) 0((1 - a)

ps(t) = (1.8)
for all t > 0. The function p; is called the gauge of uniform convexity of g. The function g is also said

to be uniformly smooth on bounded subsets of E ([66](pp. 207, 221)) if lim, o UT(t) = 0 for all s > 0, where
0s : [0, +00) = [0, 00] is defined by

_ agx + (1 - a)ty) + (1 — a)g(x — aty) — g(x)
os(t) = sup —
x€Bs,yeSt,ae(0,1) ol -a)

for all t > 0. The function g is said to be uniformly convex if the function 6, : [0, +c0) — [0, +c0], defined by

1 1 xX+y
04t = sup {5969 + 2000~ 9 () ly =l = 1},
satisfies that lim; o w =0.
Letg : E — (—o0, +00] be a convex and Gdteaux differentiable function. Recall that, in view of [16](Section
1.2, p. 17) (see also [15]), the function g is called totally convex at a point x € int dom g if its modulus of total
convexity at x, that is, the function v, : int dom g X [0, +00) — [0, +oc0) defined by

vy(x, ) := inf {Dy(y, %) : y € int dom g, lly - 2l| = ¢},
is positive whenever t > 0. The function g is called totally convex when it is totally convex at every point
x € int dom g. Moreover, the function f is called totally convex on bounded subsets of E if v,(x,t) > 0 for any
bounded subset X of E and for any f > 0, where the modulus of total convexity of the function g on the set X is
the function v, : int dom g x [0, +00) — [0, +o0) defined by

vy(X t) = inf{vg(x, ) :x € X Nint dom g}.
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It is well known that any uniformly convex function is totally convex, but the converse is not true in general
(see [16](Section 1.3, p. 30)).

It is also well known that g is totally convex on bounded subsets if and only if g is uniformly convex on
bounded subsets (see [18](Theorem 2.10, p. 9)).

Examples of totally convex functions can be found, for instance, in [16-18].

1.5. Some facts about resolvents

Let E be a reflexive Banach space with the dual space E* and let g : E — (—o0, +o0] be a proper, lower
semicontinuous and convex function. Let A be a maximal monotone operator from E to E*. For any r > 0,
let the mapping Res’, : E — dom A be defined by

Res!, = (Vg +rA)"'Vy.

The mapping Res?, is called the g-resolvent of A (see [6]). It is well known that A™'(0) = F (Resf A) for each
r > 0 (for more details, see, for example [60]).
Examples and some important properties of such operators are discussed in [12].

1.6. Some facts about Bregman quasi-nonexpansive mappings

Let C be a nonempty, closed and convex subset of a reflexive Banach space E. Let g : E — (=00, +00] be a
proper, lower semicontinuous and convex function. Recall that a mapping T : C — C is said to be Bregman
quasi-nonexpansive [51], if F(T) # & and

Dy(p, Tx) < Dy(p,x), VYxe€C, peF(T).

A mapping T : C — C is said to be Bregman relatively nonexpansive [51] if the following conditions are
satisfied:
(1) F(T) is nonempty;
(2) Dy(p, To) < Dy(p,v),Vp € F(T), ve€ C;
(3) K(T) = (D).

Recently, Sabach [58] proved the following two strong convergence theorems for the products of finitely
many resolvents of maximal monotone operators in a reflexive Banach space.

Theorem 1.1. Let E be a reflexive Banach space and let A; : E — 2F i =1,2,..,N, be N maximal monotone
operators such that Z := N}, A71(0%) # @. Let g : E — R be a Legendre function that is bounded, uniformly Fréchet
differentiable, and totally convex on bounded subsets of E. Let {x,},eN be a sequence defined by the following iterative
algorithm

Xo € E  chosen arbitrarily,

Yn = Resiﬁ, AN...ResZ}, A (xn +en),
Ci={z€E: Dg(Z, Yn) < Dg(zlxn +en)l, (1.9)

Qu ={z € E: (z— x5, Vg(x0) = Vg(x)) < 0},
Xps1 = projéanxg and n € N U {0},

If, foreachi = 1,2, ...,N, liminf, . Al, > 0, and the sequences of errors {e!,},en C E satisfy liminf,_, €, = 0, then
each such sequence {x,},en converges strongly to projgz'(xo) asn — oo,

Theorem 1.2. Let E be a reflexive Banach space and let A; : E — 2F i =1,2,..,N, be N maximal monotone
operators such that Z := N} A71(0%) # @. Let g : E — R be a Legendre function that is bounded, uniformly Fréchet
differentiable, and totally convex on bounded subsets of E. Let {x,},eN be a sequence defined by the following iterative
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algorithm

xo € E  chosen arbitrarily,

Hy =E,

Yn =Resy ..Res,  (x:+en), (1.10)
Hyv1 =1{z € Hy : Dy(z, yu) < Dy(z, xn + €4},

Xp1 = projj, xoand n € NU {0},

If, foreachi=1,2,..,N, liminf, Al > 0, and the sequences of errors {e},},en C E satisfy liminf, . e}, = 0, then
each such sequence {x,},en converges strongly to projg(xo) asmn — oo,

The theory of fixed points with respect to Bregman distances has been studied in the last ten years and
much intensively in the last four years. In [7], Bauschke and Combettes introduced an iterative method
to construct the Bregman projection of a point onto a countable intersection of closed and convex sets
in reflexive Banach spaces. They proved strong convergence theorem of the sequence produced by their
method; for more detail see [42, Theorem 4.7]. In [49], Reich and Sabach introduced a proximal method for
finding common zeros of finitely many maximal monotone operators in a reflexive Banach space. Then they
proved that the sequence produced by their method converges strongly to a common zeros of finitely many
maximal monotone operators. In [50], Reich and Sabach introduced a Mann type process to approximate
fixed points of quasi Bregman firmly nonexpansive mappings defined on a nonempty, closed and convex
subset C of a reflexive Banach space E. Then they proved that the sequence {x,},en produced by their
method converges strongly to a common fixed point of finitely many quasi Bregman firmly nonexpansive
mappings. In [52], Reich and Sabach introduced iterative algorithms for finding common fixed points
of finitely many Bregman strongly nonexpansive operators in a reflexive Banach space. For some recent
articles on the existence of fixed points for Bregman nonexpansive type mappings, we refer the readers to
[4-7,11,12, 14, 15, 20, 30, 37, 46, 49-53, 58].

Remark 1.1. Though the iteration processes (1.9)-(1.10) and the algorithms in [50-52], as introduced by the
authors mentioned above worked, it is easy to see that these processes seem cumbersome and complicated
in the sense that at each stage of iteration, two different sets C,, and Q, are computed and the next iterate
taken as the Bregman projection of xq on the intersection of C,, and Q,. This seems difficult in real world
application.

But it is worth mentioning that, in all the above results for Bregman nonexpansive type mappings, the
computation of closed and convex sets C,, and Q, for each n € IN are required. So, the following question
arises naturally in a Banach space setting.

Question 1.1. Is it possible to obtain strong convergence of modified Halpern’s type schemes to the common zeros
of finitely many maximal monotone operators without using the Bregman projection of a point on the intersection of
closed and convex sets?

In this paper, using Bregman functions, we introduce a new Halpern-type iterative algorithm for finding
common zeros of finitely many maximal monotone operators and obtain a strongly convergent iterative
sequence to the common zeros of these mappings in a reflexive Banach space. First, we consider disadvan-
tages of the iterative sequences in known results. Namely, Bregman projections are not always available in a
practical calculation. We attempt to improve these schemes and, by combining them with iterative method
of the Halpern type, we obtain a new type of strong convergence theorem, which overcomes the drawbacks
of the previous results. Next, we study Halpern-type iterative schemes for finding common solutions
of an equilibrium problem and null spaces of a y-inverse strongly monotone mapping in a 2-uniformly
convex Banach space. Some application of our results to the solution of equations of Hammerstein-type is
presented. The computations of closed and convex sets C,, and Q,, for each n € IN are not required. Conse-
quently, the above question is answered in the affirmative in a reflexive Banach space setting. Our results
improve and generalize many known results in the current literature; see, for example, [7, 8, 12, 49-53].
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2. Preliminaries

In this section, we begin by recalling some preliminaries and lemmas which will be used in the sequel.
The following definition is slightly different from that in Butnariu and Iusem [16].

Definition 2.1 ([34]). Let E be a Banach space. The function g : E — R is said to be a Bregman function if
the following conditions are satisfied:

(1) g is continuous, strictly convex and Gateaux differentiable;

(2) theset{y € E: Dy(x,y) < r}is bounded for all x € E and r > 0.

The following lemma follows from Butnariu and Iusem [16] and Zilinscu [66].

Lemma 2.1. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman function. Then

(1) Vg : E — E" is one-to-one, onto and norm-to-weak" continuous;
(2) (x=y,Vg(x) = Vg(y)) = 0if and only if x = y;

() {x € E: Dy(x,y) < r}is bounded forall y € E and r > 0;

(4) dom g* = E*, g" is Gateaux differentiable and Vg* = (Vg)~L.

We know the following two results; see [66].

Theorem 2.1. Let E be a reflexive Banach space and g : E — R a convex function which is bounded on bounded
subsets of E. Then the following assertions are equivalent:

(1) g is strongly coercive and uniformly convex on bounded subsets of E;

(2) dom g* = E*, g* is bounded on bounded subsets and uniformly smooth on bounded subsets of E*;

(3) dom g* = E*, g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on bounded subsets of
E.

Theorem 2.2. Let E be a reflexive Banach space and g : E — R a continuous convex function which is strongly
coercive. Then the following assertions are equivalent:
(1) g is bounded on bounded subsets and uniformly smooth on bounded subsets of E;
(2) g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on bounded subsets of E*;
(3) dom g* = E*, g" is strongly coercive and uniformly convex on bounded subsets of E*.

Let E be a Banach space and let g : E — R be a convex and Giteaux differentiable function. Then the
Bregman distance [22] (see also [13, 19]) satisfies the three point identity that is

Dy(x,z) = Dy(x, y) + Dy(y,z) + {(x — y,Vg(y) = Vg(2)), Vx,y,z€E. (2.1)
In particular, it can be easily seen that
Dy(x,y) = =Dy(y, x) + {y = x,Vg(y) = Vg(x)), VYx,y € E. (22)

Indeed, by letting z = x in (2.1) and taking into account that D,(x, x) = 0, we get the desired result.
The following result has been proved in [16] (see also [34]).

Lemma 2.2. Let E be a Banach space and g : E — R a Gateaux differentiable function which is uniformly
convex on bounded subsets of E. Let {x,}nen and {yn}nen be bounded sequences in E. Then the following assertions
are equivalent:
(1) limy, 00 Dy(x, yu) = 0.
(2) limy o0 |1xy — yn” =0.

The following result was first proved in [18] (see also [34]).

Lemma 2.3. Let E be a reflexive Banach space, g : E — R a strongly coercive Bregman function and V the
function defined by
Vi, x") =g(x) = (x,x"y + g"(x"), x€E, x"€E".
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Then the following assertions hold:
(1) Dy(x, Vg'(x*)) = V(x,x") for all x € E and x* € E".
2)V(x,x)+(Vg'(x") = x,y*) < V(x,x" + y*) forall x € Eand x*, y* € E".

Corollary 2.1 ([66]). Let E be a Banach space, g : E — (—00,c0] be a proper, lower semicontinuous and con-
vex function and p,q € R, with 1 < p <2 < qand p~ + q~' = 1. Then the following statements are equivalent:
(1) There exists c; > 0 such that g is p-convex with p(t) := %t‘?for allt > 0.

. * * . * o gt 2¢p _ -1
(2) There exists ¢ > 0 such that for all (x,x*), (y,y*) € G(dg); lIx* — y*ll = g [lx — yl]7~".

Lemma 2.4. Let E be a Banach space, s > 0 be a constant, ps be the gauge of uniform convexity of g and
g : E = R be a convex function which is uniformly convex on bounded subsets of E. Then
(i) Forany x,y € Bsand e € (0, 1)
glax + (1 -a)y) < ag(x) + (1 - a)g(y) — a(l = a)ps(llx = yll).
(ii) For any x,y € B
ps(Ilx = yll) < Dy(x, ).

Here, B := {z € E : ||z]| < s}.

Proof. Let ps; be the gauge of uniform convexity of g. In view of (1.10), we get (i). Let us prove (ii).
If x,y € B; and a € (0, 1), then we obtain

glax+ (1 —a)y) —g(y)
o

< g9(x) = g(y) = A1 = a)ps(llx = yl)-
Letting @ — 0 in the above inequality, we arrive at

x =y, Vgy)) < g(x) — g(y) — ps(llx — yll).

This implies that
ps(llx = yll) < Dy(x, y),
which completes the proof.
Lemma 2.5 [36]. Let {a,},en be a sequence of real numbers such that there exists a subsequence {n;}ien of {n}neN
such that a,, < a1 foralli € IN. Then there exists a subsequence {my}xen C IN such that my — oo and the following
properties are satisfied by all (sufficiently large) numbers k € IN:
A < Apes1 and g < Ay
In fact, my = max{j < k:a; <aj1}.
Lemma 2.6 [45, 65]. Let {s,}en be a sequence of nonnegative real numbers satisfying the inequality:
Sp1 < (1 - Vn)sn + ynénr Vn > 1/
where {Yylnew and (O, e satisfy the conditions:
(i) {ynlnen € [0,1] and Y52 yu = oo, or equivalently, IT? (1 —y,) = 0;
(ii) limsup, _, 6, < 0, or

(i) Yoy Vnln < 0.
Then, lim,, s S, = 0.
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3. Strong Convergence Theorems for Products of Resolvents

In this section, we propose a new Halpern-type iterative scheme for finding common zeros of finitely
many maximal monotone operators in a Banach space and prove the following strong convergence theorem.
Using ideas in [23], we can prove the following important result.

Theorem 3.1. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman function which
is bounded on bounded subsets, and uniformly convex and uniformly smooth on bounded subsets of E. Let
A E—>2F,i=1,2,.,N, be N maximal monotone operators such that Z := ﬂﬁlAi‘l(O*) + . Let {ay}nen
and {Bu}nen be two sequences in [0, 1] satisfying the following control conditions:

(a) limy, 0o at, = 0;

(0) Ty ay = 00

(c) 0 <liminf, .o By < limsup, , B. < 1.

Let {x,} e be a sequence generated by

uekE, xy €E chosen arbitrarily,
Y = Vg [BuVg(xs) + (1 — ﬁn)Vg(RestAN...ResflAl ()], (3.1)
Xns1 = Vg la,Vgu) + (1 — a,)Vg(y,)] and n € N,

where Vg is the gradient of g. If r; > 0, for each i = 1,2, ..., N, then the sequence {x,},en defined in (3.1) converges
strongly to proj,u as n — oo.

Proof. We divide the proof into several steps.
Let z = proj)u. We denote by T; the resolvent Resfi 4, and by S; the composition T;...Ty forany i = 1,2, ..., N.
Therefore,

Yn = vg*[ﬁnvg(xn) +(1- ﬁn)vg(TN---Tlxn)] = V{]*[,ang(xn) +(1- ,Bn)vg(san)]-

Step 1. We prove that {x,},en, {Vnlnen and {Six, : n €N, i = 1,2, ..., N} are bounded sequences in E.
We first show that {x,},en is bounded. Let p € Z be fixed. In view of Lemma 2.3 and (3.1), we have

Dg(pr yn) = Dg(Pr Vg*[(l - ,Bn)vg(xn) + ,ang(sl\lxn)])
=V(p, (1 = Pu)Vg(xn) + B Vg(Snxn))
< (1= Ba)V(p, Vg(xn)) + BuV(p, Va(Snxn))
=(01- ﬁn)Dg(p/ Xn) + ﬁan(P, SNXn)
< (1 - ﬁn)Dg(p/ xn) + ﬁan(P, xn)
= Dg(pr Xn)-

(3.2)

This implies that

Dy(p, xn+1) = Dylp, Vg'lanVg(u) + (1 — an)Vg(yn)])
= V(p,axVg(u) + (1 — an)Vg(yn))
< ay V(P: Vg(”)) + (1 - an)V(P’ Vg(yr1))
= a‘an(p/ u)+(1- a‘n)Dy(pr Yn) (3.3)
< aan(P/ u)+(1- an)Dg(p/ ]/n)
< aan(P/ u)+(1- an)Dg(p/ Xn)
< max{Dg(p, u), Dg(p, Xn)}.

By induction, we obtain
Dg(p/ xn+1) < maX{Dg(Pr Ll), Dg(P/ xl)} (34)

for all n € IN. It follows from (3.4) that the sequence {D,(x;, X)},en is bounded and hence there exists M; > 0
such that
Dy(xy,x) <My, VYneN. (3.5)
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In view of Lemma 2.2 (3), we have that the sequence {x,},en is bounded. Since {S ,-}5\:’ , is a finite family of
Bregman relatively nonexpansive mappings from E into itself, we conclude that

Dy(p,Sixn) < Dy(p,x,), Yn€N and i=1,2,..,N. (3.6)

This together with Definition 2.1 and the boundedness of {x,},en implies that {Six, :n €N, i=1,2,..,N}is
bounded. The function g is bounded on bounded subsets of E and therefore Vg is also bounded on bounded
subsets of E* (see, for example, [16](Proposition 1.1.11) for more details). This, together with Step 1, implies
that the sequences {Vg(x,)}nen, {V9(yn)lnen and {Vg(Six,) : n € N, i = 1,2,..,,N} are bounded in E*. In
view of Theorem 2.2 (3), we obtain that dom g* = E* and 4" is strongly coercive and uniformly convex on
bounded subsets of E. Let s; = sup{||Vg(x,)I|, [Vg(Snx,)ll : n € N} and p;, : E* — R be the gauge of uniform
convexity of the conjugate function g*.

Step 2. We prove that for any n € IN

Dg(zr ]/n) < Dg(zl xn) - ﬁn(l - ﬁn)P;(”V!](xn) - Vg(San)H)- (37)

Let us show (3.7). For each nn € IN, in view of the definition of Bregman distance (see (1.5)), Lemma 2.4 and
(3.2), we obtain

Dy(z,yn) = 9(z) = 9(yn) = (2 = yu, Vg(yn))
= 9(2) + 7' (Vg(yn)) = Yn, VI(n)) =<2, Vg(yn)) + (Y, VG(yn))
=9(z) + g°((1 - Bu)Vg(xn) + B Vg(Snxn))
—(z,(1 = Bu)Vg(xn) + BuVg(Snxn)))
< (1= Bn)g(2) + Bng(z) + (1 = Bu)g" (Va(xn)) + Bug" (Vg(Snxn))
— Bu(1 = ﬁn)P;(HV{](xn) = Vg(Snxn)ll)
— (1= Bu)z, Vg(xn)) — Bulz, Vg(Snxn))
= (1= Bu)lg(2) + 9" (Vg(xn)) — (2, Vg(xu))]
+ Bulg(2) + g°(Vg(Snxn)) — <z, Va(Snxa))]
= Bu(1 = Bu)p;, (IVg(xn) — Vg(Snxn)ll)
= (1= Bu)lg(2) — g(xn) + {xn, Va(xn)) — (2, Vg(xu))]
+ ﬁn[g(z) - g(San) + (SnXu, Vg(San» -z, Vg(San»]
= Bu(1 = Bu)ps, (IVg(xn) = Vg(Snxa)ll)
=(1- ,Bn)Dg(Z/ Xn) + ﬁan(Zr SNXy)
= Bu(1 = Bu)ps, (IVg(xn) — Vg(Snxn)ll)
< (1 - ,Bn)Dg(Zr xn) + ,Ban(Z/ xn)
— Bu(1 = ﬁn)P;(HVg(Xn) = Vg(Snxn)ll)
= Dg(zrxn) - ,Bn(l - ﬁn)P;(va(xn) = Vg(Snxn)ll).

In view of Lemma 2.3 and (3.7), we obtain

Dy(zl Xn41) = Dg(Z/ V_l]*[anV!](Z) +(1- an)vg(]/n)])
= Dy(z, Vg'[anVg(z) + (1 = an)Vg(yn)])
=V(z, anvg(”) +(1- an)vg(yn))
<anV(z, Vo)) + (1 — an)V(z, Vg(yn))
= ayDy(z,u) + (1 — ay)Dy(z, yn)
< anDy(z,u) + (1 — an)Dy(z, yn)
< anDy(z,u)
+(1- an)[Dg(ern) - Bn(1 - ﬁn)P;(HVg(Xn) = Vg(Snxa)ll)]-

Let My := sup{|Dy(z, u) — Dy(z, xn)| + Bu(1 = Bn)ps, (IVg(xn) — Vg(Snxn)ll) : n € N}. It follows from (3.8) that

(3.8)

ﬁ”(l - ,Bn)P;(”Vg(xn) - vg(San)H) < Dg(zz Xn) — Dg(Z, Xp1) + My (3.9)
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In view of Lemma 2.3 and (3.7) we obtain

Dy(z,xn+1) = Dy(z, Vg'[a,Vg(u) + (1 — a)Vg(yn)])
=V(z, anvg(”) +(1- an)vg(yn))
< V(z, a,Vg(u) + (1 — an)Vg(yn) — an(Va(u) — Vg(2)))
= (Vg'la,Vg(u) + (1 — an)Vg(yn)] - z, —an(Vg(u) — Vg(2)))
= V(z,a,Vg(z) + (1 — an)Vg(yn)) + anlxus1 — 2, Vg(u) — Vg(2)) (3.10)
= Dg(zl Vg*[anvg(z) +(1- Oén)Vg(]/n)])
+ an<xn+l -z, Vg(u) - VQ(Z»
< ayDy(z,2) + (1 = an)Dy(z, yu) + anlxns1 — 2, Vg(u) — Vg(z))
= (1 = an)Dy(z, xn) + an{xns1 — 2, Vg(u) — Vg(2)).

The rest of the proof will be divided into two parts:
Case 1. If there exists ny € IN such that {Dg(z, xn)}Z":no is nonincreasing, then {Dg(z, Xn)lneN 1S convergent.
Thus, we have Dy(z, x,) — Dy(z, xy+1) — 0 as n — oo. This, together with condition (c) and (3.9), implies that

lim pg, (IIVg(xa) = Va(Snxall) = 0.
Therefore, from the property of p; we deduce that
lim V() = Va(Snxi)ll = 0.
Since Vg* is uniformly norm-to-norm continuous on bounded subsets of E*, we arrive at
lim I, = Snxull = 0. (3.11)

Since Sy is a Bregman relatively nonexpansive mapping, there exists a subsequence {x,, }ien of {x,},en such
that x,, = y € F(Sy) and

lim sup{x,+1 — 2z, Vg(u) — Vg(2)) = lim{x,,,+1 — z, Vg(u) — Vg(2)). (3.12)

n—oo

This, together with (1.6), implies that
lim sup(x, — z, Vg(u) — Vg(z)) = (y — z, Vg(u) — Vg(z)) < 0. (3.13)

n—oo

In view of Lemma 2.2 and (3.11) we obtain that
31_1;1;10 Dy(Snxn, xn) = 0.

This implies that

Dg(San, Yn) < (1 - ‘Bn)Dg(San,xn) + ﬁan(San, Snxy) =1 - ﬁn)Dg(San,xn) -0 (3.14)
as n — oo. Also, we have

Dy(yn, xn+1) < anDg(yn, u) + (1 = an)Dyg(Yn, Yn) = anDy(yn, u) — 0 (3.15)

as n — oo. In view of Lemma 2.2 and (3.10), (3.14) and (3.15), we conclude that

i [lys = Snall = Hm 1y = %yoll = 0 and Hm yen =l = lim llya — il = 0. (3.16)
This, together with Lemma 2.2. implies that

3%10 Dy(yu, xn) = 0.
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For any w € Z, it follows from the three point identity (see (2.2)) that

IDy(w, xn) = Dg(w, yu)l = |Dy(w, ttn) + Dy(Yn, Xn)

+ (W = Yn, V9(yn) — Vg(xn)) — Dg(w/ Yl
= |Dy(yn1xn) —(w— Yn, V!](]/n) - vg(xn)>|
< Dy(Yn, Xn) + llw = yalllVg(yn) — Valxa)ll
-0

as n — co. On the other hand, we have from (3.2) that

Dy(Si(xn), Si-1(xn)) = Dg(Ti(Si-1(xn)), Si<1(xn))
< Dy(w, Si-1(xy)) — Dy(w, Si(xx))
< Dg(wl xﬂ) - Dg(wr yn)

-0

as n — oo. This implies that
lim Dg(Sixn,xn) =0, i=1,2,..N.
n—oo

It follows from Lemma 2.2 that
lim [|Six, — x4l =0, i=1,2,..,N.
n—oo

Hence y € Z. From (3.13) and (3.16), we deduce that

lim sup(x, — z, Vg(u1) — Vg(z)) = lim sup{x,+1 — z, Vg(u) — Vg(z)) < 0.

n—o0 n—o0o

Thus we have the desired result by Lemma 2.6.
Case 2. If there exists a subsequence {n;}ien of {n},en such that

Dy(z, xn;) < Dy(z, Xp;41)
for all i € IN, then by Lemma 2.5, there exists a nondecreasing sequence {r}xen C IN such that m — oo,
Dy(z, Xm) < Dg(z, Xm+1)  and  Dy(z,x) < Dy(2, Xy 41)
for all k € IN. This, together with (3.9), implies that
B, (1 = B ) ps, IV () = VGSNXm ) < Dy(2, X)) = Dyg(2, Xmy41) + QMo < vy Mo
for all k € N. Then, by conditions (a) and (c), we get
Lim p5, (IVg(xm,) = Vg(Snxmll) = 0-
By the same argument as Case 1, we arrive at

lim sup{am1 — 2, Vg(u) = Vg(z)) = imsup(x, — 2, Vg(u) - Vg(z)) < 0.

k—o0 k—o0

It follows from (3.10) that
Dg(zr xmk+1) < (1 - amk)Dg(Zl xmk) + an1k<xmk+1 -z Vg(”) - V!](Z)) (317)
Since Dy(z, Xm,) < Dy(2, Xm,+1), we have that

W Dy(z,xm,) < Dy(z, Xm,) — Dg(z, Xmy41) + @ (X1 — 2, Vg(u) = Vg(z)) (3.18)
S amk<xmk+1 - Zl Vg(u) - Vg(Z»' .
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In particular, since a,, > 0, we obtain
Dg(z/ xmk) S <xmk+1 - Zl Vg(u) - Vg(Z»’

In view of (3.17), we deduce that
%im Dy(z, xp,) = 0.

This, together with (3.18), implies that
%1_{2 Dy(z, X 41) = 0.

On the other hand, we have Dy(z, x) < Dy(z, Xy, +1) for all k € N which implies that x; — z as k — oco. Thus,
we have x, — zasn — 0.

Remark 3.1. We propose a new type of Halpern iterative scheme for finding common zeros of finitely
many maximal monotone operators in a reflexive Banach space E. This scheme has an advantage that we
do not use any projection which creates some difficulties in a practical calculation of the iterative sequence.

4. Equilibrium Problems and Inverse Strongly Monotone Mappings

Let C be a nonempty, closed and convex of a reflexive Banach space E. Let f : Cx C — R be a bifunction.
Consider the following equilibrium problem: Find p € C such that

fp,y)=0, VyeC (4.1)

For solving the equilibrium problem, let us assume that f : C X C — RR satisfies the following conditions:
(A1) f(x,x) =0forallx € G

(A2) f is monotone, i.e., f(x,y) + f(y,x) < Oforallx,y € C;

(A3) for each y € C, the function x — f(x, y) is upper semicontinuous;

(A4) for each x € C, the function y +— f(x, y) is convex and lower semicontinuous.

The set of solutions of problem (4.1) is denoted by EP(f).

In this section, we propose Halpern-type iterative schemes for finding common solutions of an equilib-
rium problem and null spaces of a y-inverse strongly monotone mapping in a 2-uniformly convex Banach
space and prove two strong convergence theorems.

Let g : E = R be a Legendre function. The resolvent of a bifunction f : C X C — R [58] is the operator
Resjy( : E — 2F, defined by

Res}g((x) ={zeC: f(z,y) +{y -z, Vg(z) - Vg(x)) = 0 forall y € C} 4.2)
for all x € E. We also define the mapping Ay : E — 2 in the following way:

A,) :{ gle E*: f(x,y) 2 (& y—-x) Yy eC), ;czg 43)

Lemma 4.1 [33, 39, 58]. Let E be a reflexive Banach space and g : E — R a convex, continuous and strongly
coercive function which is bounded on bounded subsets and uniformly convex on bounded subsets of E. Let C be a
nonempty, closed and convex subset of E and f : C X C — R a bifunction satisfying (A1)-(A4) and EP(f) # Q.
Then, the following statements hold:

(1) dom (Resjg() =E

(2) Resjgr is single-valued;

(3) Res}gr is a Bregman firmly nonexpansive mapping [52], i.e., forall x, y € E,

(Res?(x) - Resjgr(y), Vg(Res?(x)) - Vg(Res?(y))) < (Res?(x) - Resjgf(y), Vg(x) - Va(y));
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(4) the set of fixed points of Res? is the solution of the corresponding equilibrium problem, i.e., F(Resjg[) = EP(f);

(5) EP(f) is a closed and convex subset of C;
(6) Dy(q, Res?x) + Dg(Resjg,x, x) < Dy(q,x), ¥q € F(Res?).

Lemma 4.2 [33, 58]. Let E be a reflexive Banach space and g : E — R a convex, continuous and strongly co-
ercive function which is bounded on bounded subsets and uniformly convex on bounded subsets of E. Let C be a
nonempty, closed and convex subset of E and f : C X C — R a bifunction satisfying (A1)-(A4) and EP(f) # Q.
Then, the following statements hold:

(1) EP(f) = A;'(0°);

(2) A, is a maximal monotone operator;

(3) Resf; = Res), .

Theorem 4.1. Let E be a 2-uniformly convex Banach space and g : E — R a strongly coercive Bregman func-
tion which is bounded on bounded subsets, and uniformly convex and uniformly smooth on bounded subsets of E.
Assume that there exists ¢; > 0 such that g is p-convex with p(t) := 3> forall t > 0. Let C;, i = 1,2,..,N be N
nonempty, closed and convex subsets of E. Let f; : C;x C; = R, i =1,2,...,N be bifunctions that satisfy conditions
(A1)-(A4) such that N\ EP(f;) # @. Let A; : E = 25, i =1,2,...,N, be N maximal monotone operators such that
NN ATH(07) # . Assume that A : C — E* is a y-inverse strongly monotone mapping for some y > 0. Suppose that
Z := NN (A0 N AN 0) NEP(fy)) is a nonempty subset of C, where EP(f;) is the set of solutions to the equilibrium
problem (4.1). Let {a;}nen and {By}nen be two sequences in [0, 1] satisfying the following control conditions:

(a) lim,, 00 ¢y = 0;

(b) Xty an = 09;

(c) 0 < liminf, o B, < limsup,_, . B, <1

Let {x},eN be a sequence generated by

u€cE, xy € E chosen arbitrarily,

wy = Vg [Vg(xn) — AAx,],

Yn = VG IBaVg(w,) + (1 - fr)Vg(Res! . .Res! - (w,))],
Xpi1 = Vg [anVgu) + (1 — an)Vg(yn)]l and n € N,

(4.4)

where Vg is the gradient of g. Let A be a constant such that 0 < A < C%Ty, where c; is the 2-uniformly convex constant
of E satisfying Corollary 2.1 (2). If r; > 0, foreachi = 1,2, ..., N, then the sequence {x,},eN defined in (4.4) converges
strongly to projyu as n — oo
Proof. We divide the proof into several steps.
Set

z= proj%u.
Step 1. We prove that {x,}sen, {Yn}neN, {Wnlnew and {u,},en are bounded sequences in C. We first show that
{xu}new is bounded. Let p € F be fixed. In view of (1.9), Lemma 2.3, Lemma 4.2 and (4.1), we obtain

Dy(p,wn) = Dy(p,Vg'[Vg(xn) — BAx4])
=V(p, Vg(x,) — AAxy)
< V(p,Vg(x,) — Ax, + AAx,) = (Vg*(Vg(x,) — AAx,) — p, AAxy)
= V(p, Vg(xn)) = MVg"(Vg(xn) = AAX,) = p, Axn)
= Dy(p, xn) = Mxu = p, Axn) = XV g"(Vg(xn) — AAx,) — X, AXy) (4.5)
< Dy(p, x) = AYIIAX|I* + )\IIZVQ*(Vg(xn) — AAxy) = Vg Vg(x)lllAx,|
< Dy(p, xn) = AYIAX, > + %Ilenllz
< Dy(px) + A% - 7 )l P
This, together with ‘i—? —vy <0, implies that
2

Dg(Pr wn) S Dg(P/ xn)~
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Since Sy is Bregman relatively nonexpansive, for each n € IN, we obtain

Dg(Pr Yn) = Dg(lﬂ, Vg [, Vg(w,) + (1 = Bn)Vg(Snwn)])
= V(p, BxVg(wy) + (1 = Bu)Vg(Snwy))
= g(p) — p, PuVg(wy) + (1 = B,)Vg(Snwy))

+ 7' (BuVg(wy) + (1 — a,)Vg(Snwn))
< apg(p) + (1 = a)g(p)

+ Bng" (Vg(wy)) + (1 — an)g* (Vg(Snwy))
= a,V(p,Vg(xn)) + (1 = Bu)V(p, Vg(Snwn))
= ﬂan(Pr xn) + (1 - ﬁn)Dy(p/ SNwWy)
< ﬁan(Pr xn) + (1 - .Bn)Dg(P/ Wy)
< ﬁan(P, X))+ (1 - ﬁn)Dg(p/ Xn)
= Dg(p’ Xn)-

This implies that

Dy(p, xn1) = Dy(p, Vg'lanVg(u) + (1 — an)Vg(y,)])
= V(p, axVg(u) + (1 — an)Vg(yn))
< ayV(p, Vg(w)) + (1 — an)V(p, Vg(yn))
= a,Dy(p,u) + (1 — an)Dy(p, yn) (4.6)
< ayDy(p,u) + (1 — an)Dy(p, yn)
< Déan(P/ u)+(1- a‘n)Dg(pr Xn)
< max{Dy(p,u), Dy(p, xu)}.

By induction, we obtain

Dy(Pl Xn+1) < maX{Dg(Pz Z/l), Dg(Pr xl)} (47)

for alln € IN. It follows from (4.7) that the sequence {D,(p, x,)}sen is bounded and hence there exists Mz > 0
such that

Dy(p,xy) <Mz, VneN. (4.8)

In view of Definition 2.1, we deduce that the sequence {x,},en is bounded. Since {T}, },en is an infinite
family of Bregman relatively nonexpansive mappings from E into C, we conclude that

Dy(p, Siwm) < Dy(p,wn) < Dy(p,xy), VYne€N andi=1,2,..,N. (4.9)

This, together with Definition 2.2 and the boundedness of {x;,},cn, implies that {S;w,},en is bounded for
eachi =1,2,...,N. The function g is bounded on bounded subsets of E and therefore Vg is also bounded
on bounded subsets of E* (see, for example, [16](Proposition 1.1.11) for more details). This, together with
Step 1, implies that the sequences {Vg(x,)}nen, (V(Yn)lnenw and {Vg(S;wy,)}nen are bounded in E*. In view of
Theorem 2.2 (3), we obtain that dom g* = E* and g" is strongly coercive and uniformly convex on bounded
subsets of E. Let s, = sup{||Vg(x,)|l, [Vg(Siw,)ll : n € N, i = 1,2,..,N} and p;, : E* — R be the gauge of
uniform convexity of the conjugate function g*.

Step 2. We prove that for any n € IN
Dy(zl ]/n) < Dg(zr Xp) — ﬁn(l - ﬁn)P; (va(wn) - V!](San)H) (4-10)

Let us show (4.10). For each n € IN, in view of the definition of Bregman distance (see (1.5)), Lemma 2.5
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and (4.10), we obtain

Dy(z, yn) = 9(z) = 9(yn) = <z = Yu, V9(yn))
= 9@ + g (Va(yn)) = Yn, VIWYn)) = <2, Vg(yn)) + (Yn, VG(yn))
= g(z) + .‘7*((1 - ﬁn)vg(wn) + BnVg(Snwn))
=z, (1 = Bu)Vg(wy) + B Vg(Snwn)))
< (1=Bwg(2) + pug(2) + (1 = Bu)g" (Vg(wn)) + Bug” (Vg(Snwn))
= Ba(1 - 5n)P§z(||V!7(wn) = Vg(Snwn)ll)
= (1= Bu)z, Vg(wn)) — Bulz, Vg(Snwy))
= (1 - Bu)lg(2) + g (Vg(wn)) — (2, Vg(wn))]
+ Bulg(z) + g (Vg(Snwn)) — (2, Vg(Snwn))]
= Bu(1 = ﬁn)p;z(”vg(wn) = Vg(Snwn)ll)
= (1 - Bu)lg(2) — g(xn) + (wn, Va(wn)) — (2, Vg(xa))]
+ Bulg(2) — g(Snwy) + (Snwn, Vg(Snwn)) — (2, Vg(Snwn))]
= Ba(1 - ﬁn)PZZ(HV!](wn) = Vg(Snwi)ll)
=(1- ﬁn)Dg(Zl Wy) + ,Ban(Z/ Snwy)
= Bu(1 = ﬁn)P;(lIVg(wn) = Vg(Snwn)ll)
<(@- ﬁn)Dg(Z/ wy) + ‘Ban(Z, wy)
= Ba(1 - ﬁn)P§Z(||V!](wn) = Vg(Snwn)ll)
= Dg(zl wy) = Bu(l - ,Bn)PZZ(HVg(wn) = Vg(Snw)ll)
< Dg(zl Xn) = Pu(1 - ,Bn)P;(HVg(wn) = Vg(Snwp)ll).

In view of Lemma 2.3 and (4.10), we obtain

Dg(zr Xnt1) = Dg(zl “nvg(z) +(1- an)vg(yn))
= Dy(z,Vg'[anVg(z) + (1 = an)Vg(yn)])
V(z, anVg(u) + (1 = an)Vg(yn))
a,V(z,Vgu)) + (1 — an)V(z, Vg(yn))
anDy(z,u) + (1 — ay)Dy(z, yn)
anDy(z,u) + (1 — a)Dy(z, yn)
< anDy(z, u)
+ (1 - an)[Dg(Z/ Xn) — ﬁn(l - ﬁn)PZZ(”Vg(wn) - Vg(San)”)]

Let My := sup{|Dy(z, u) — Dy(z, xn)| + Bu(1 = )5, (IVg(wn) — Va(Snwy)ll) : n € N}. It follows from (4.11) that
Bn(1 = Bn)ps, (IVg(wn) = Vg(Snwn)ll) < Dy(z, xu) — Dy(2, Xp41) + anMa. (4.12)

In view of Lemma 2.3 and (4.10) we obtain

Dg(zl Xn+1) = Dg(zr VglanVg(u) + (1 — an)Vg(yn)])
= V(z,anVg(u) + (1 — an)Vg(yn))
< V(z, anV!J(u) +(1- Dfn)VQ(yn) - an(vg(u) - Vg(z)))
=g [anVg(u) + 1 — an)Vg(yn)] - z, —an(Vg(u) — Vg(2)))
=V(z,a,V9(2) + (1 — a,)Vg(yn)) + anlzy — z, Vg(u) — Vg(z)) (4.13)
= Dy(z, Vg'[anVg(z) + (1 — an)Vg(yn)])
+ a’n<zn -z, Vg(u) - V,‘](Z»
< ayDy(z,2) + (1 = an)Dy(2, yu) + anlzn — 2z, Vg(u) — Vg(2))
=(1- an)Dy(Z/ Xn) + anlzn — 2, Vg(u) — Vg(2)).

(4.11)

IA I IA

Step 3. By the same argument as in the proof of Theorem 3.1 and using (4.12)-(4.13), we conclude that
lim ||w, —z|| =0 and lim ||w, — Syw,]|| = 0.
n—oo n—oco

Also, the following is obvious:

lim [, —zl| =0, and Lm [l — x| = 0. (4.14)
n—oo n—o0
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In view of Lemma 2.2 and (4.14) we obtain that

lim Dy(Snwy, w,) = 0.

n—00

This implies that
Dg(San/ V) < (1- ,Bn)Dg(San/ wy) + ﬁan(San/ Snwy) = (1 - ﬁn)Dy(San/ wy) — 0 (4.15)
as n — oo. Also, we have

Dy(Yn,zn) £ anDy(yn, u) + (1 = a4)Dy(Yn, Yn) = @nDg(yu, u) — 0 (4.16)

as n — oo and hence
Dy(]/n/ xn+1) < Dg(]/nzzn) -0 (417)

as n — co. In view of Lemma 2.2 and (4.15)-(4.17), we conclude that
i [ly, = @l = Him 1y, = Sxewll = 0 and Hm [ouen = yall = i Iy = %ol = 0. (@418)
From (4.15)-(4.18), we deduce that
lim flx, =zl = lim |ly, —z[| = 0. (4.19)
This, together with Lemma 2.2. implies that
l}l_r}; Dy(yn, xn) = 0. (4.20)

A similar argument, as in the proof of Theorem 3.1, we get the desired conclusion.

Let C;, 1 =1,2,..., N be N nonempty, closed and convex subsets of a Banach space E. The convex feasi-
bility problem is to find an element in the assumed nonempty intersection N C; (see [3]). In the following,
we prove a strong convergence theorem concerning convex feasibility problems in a reflexive Banach space.

Theorem 4.2. Let E be a 2-uniformly convex Banach space and g : E — R a strongly coercive Bregman func-
tion which is bounded on bounded subsets, and uniformly convex and uniformly smooth on bounded subsets of E.
Assume that there exists c1 > 0 such that g is p-convex with p(t) := %tz forallt >0. Let C;, i =1,2,..,N be N
nonempty, closed and convex subsets of E. Let f; : C;x C; » R, i =1,2,...,N be bifunctions that satisfy conditions
(A1)-(A4) such that ﬁg\z’lEP(fi) +#@. Let A;: E —2F,i=1,2,..,N, be N maximal monotone operators such that
NN ATH07) # @. Assume that A : C — E* is a y-inverse strongly monotone mapping for some y > 0. Suppose
that Z := N} [A71(0%) N EP(f)] N A™(0) # @ is a nonempty subset of C, where EP(f) is the set of solutions to
the equilibrium problem (1.2). Let {ay}nen and {Bnlnen be two sequences in [0, 1] satisfying the following control
conditions:

(a) limy, 0o at, = 0;

(b) X5 o = o;

(c) 0 <liminf, .o B,y < limsup, B, < 1.

Let {x,} e be a sequence generated by

u€E, xy € E chosen arbitrarily,

wy = Vg [Vg(xn) — AAxy],

Yn = Vg [BuVg(w,) + (1 = Bu)Vg(proj! - ..projl - (wy)],
Xn+l = Vg*[anvg(u) +(1- Ofn)v.‘](]/n)] andn € N,

(4.21)

2
where Vg is the gradient of g. Let A be a constant such that 0 < A < %, where c; is the 2-uniformly convex constant

of E satisfying Corollary 2.1 (2). Ifr; > 0, foreachi = 1,2, ..., N, then the sequence {x,},en defined in (4.21) converges
strongly to proju as n — .
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Remark 4.1. Theorem 3.1 improves Theorems 1.1 and 1.2 in the following aspects.

(1) In Theorem 3.1, we present a strong convergence theorem for products of resolvents of finitely many
maximal monotone operators with a new algorithm and new control conditions. This is complementary to
Theorem 1.1.

(2) For the algorithm, we remove the sets C,, and Q, in Theorems 1.1 and 1.2.

5. Applications (Hammerstein-type Equations)

Let E be a real Banach space with the dual space E*. The generalized formulation of many boundary
value problems for ordinary and partial differential equations leads to operator equations of the type

(z,Ax) =(z,b) Vz€E,
which is equivalent to equality of functionals on E. That is, the equality of the form:
Ax =1, (6.1)

where A is a monotone-type operator acting from a Banach space E into E*. Without loss of generality we
may assume b = 0. It is well known that a solution of the equation Ax = 0 (i.e., (z,Ax) =0Vz € E)is a
solution of the variational inequality (z — x, Ax) > 0 Vz € E. Therefore, the theory of monotone operators
and its applications to nonlinear partial differential equations and variational inequalities are related and
have been involved in a substantial topic in nonlinear functional analysis. One important application of
solving (5.1) is finding the zeros of the so-called equation of Hammerstein-type (see e.g., [29]), where a
nonlinear integral equation of Hammerstein type is one of the form:

u(x) + fg K, ) Fy, u(y)dy = h(x), (5.2)

where dy is a o-finite measure on the measure space Q; the real kernel k is defined on QX (), f is a real-valued
function defined on Q2 X IR and is, in general, nonlinear and  is a given function on Q. If we now define
an operator K by Ko(x) = fQ k(x, y)o(y)dy; x € Q, and the so-called superposition or Nemytskii operator by
Qu(y) == f(y,u(y)), then the integral Eq. (5.2) can be put in operator theoretic form as follows:

u+ KQu =0, (5.3)

where, without loss of generality, we have taken & = 0.

Interest in Eq. (5.2) stems mainly from the fact that several problems that arise in differential equations,
for instance, elliptic boundary value problems whose linear parts posses Green’s functions can, as a rule, be
transformed into equations of the form (5.2) (see e.g., [42], chapter IV). Equations of the Hammerstein type
play a crucial role in the theory of optimal control systems (see e.g., [25]). Several existence and uniqueness
theorems have been proved for equations of the Hammerstein type (see e.g., [24, 26]). Very recently, Ofoedu
and Malonza in [41] proposed an iterative solution of the operator Hammerstein Eq. (5.1) in a 2-uniformly
convex and uniformly smooth Banach space.

Now, we give an application of Theorem 4.1 to an iterative solution of the operator Hammerstein Eq.
(5.1).

Theorem 5.1. Let E be a real Banach space with dual space E* such that X = E X E* (with norm ||z||§( =
||u||% + ||v||7é*, z = (u,v) € X) is a 2-uniformly convex and uniformly smooth real Banach space. Let g : X — R be
a strongly coercive Bregman function which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of X. Assume that there exists c1 > 0 such that g is p-convex with p(t) := Ft* forall t > 0.
Let Q:E - E*and K : E* — E with dom K = Q(E) = E* be continuous monotone type operators such that Eq. (5.3)
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has a solution in E, and such that themap A : X — X" defined by Az := A(u,v) = (Qu—v, u+Kv) is y-inverse strongly
monotone. Let C;, i =1,2,...,N be N nonempty, closed and convex subsets of X and f; : C;xC; - R,i=1,2,..,N
be bifunctions that satisfy conditions (A1)-(A4) such that mﬁ.\ilEP(f,-) +#@. Let A; : E—>2F,i=1,2,.,N, be
N maximal monotone operators such that ﬂf.i 1Al.’l(O") # . Let {ay)nen and {Bulnen be two sequences in [0,1]
satisfying the following control conditions:

(a) im,, 00 a0y, = 0;

(b) Z:ozl Oy = 00,

(c) 0 < liminf, o B, < limsup, B, <1

Let {x,},en be a sequence generated by

u€kE, xy € C chosen arbitrarily,

wy = V!]*[Vg(xn) - ﬁAxn]/

Yn = Vg [B:Vg(w,) + (1 - ,B,,)Vg(RestfN...Resflﬁwn)],
Xn+1l = Vg*[anvg(u) +(1- Dfn)V!J(yn)] andn € N,

(5.4)

where Vg is the gradient of g. Let  be a constant such that 0 < < %‘V, where c; is the 2-uniformly convex constant
of E satisfying Corollary 2.1 (2). If Z := n¥ [A71(0*) N EP(f;)] N A™1(0) # O, then the sequence {x,},en defined by
(5.4) converges strongly to projyu as n — co.

Remark 5.1. Observe that zy € Z implies, in particular, that zp € AT1(0) & Azy = 0. But zg = (1o, vo)
for some uy € E and vy € E*; moreover, Azg = A(uo,v0) = (Quo — vo, ug + Kvg). So, Azg = 0 implies that
(Quo — v, up + Kvg) = (0,0). This is equivalent to Quy — vy = 0 and ug + Kvg = 0. Thus we have vy = Quy
which in turn implies that uy + Kvg = 0. Therefore, uy € E solves the Hammerstein-type Eq. (5.3).
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