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On Certain Class of Meromorphically Multivalent Reciprocal Starlike
Functions Associated with the Liu-Srivastava Operator Defined by
Subordination

Li-Na Ma?, Shu-Hai Li?

“School of Mathematics and Statistics, Chifeng University, Chifeng 024000, Inner Mongolia, China

Abstract. In the paper, we introduce the class of meromorphically p-valent reciprocal starlike functions
associated with the Liu-Srivastava operator defined by subordination. Some sufficient conditions for

functions belonging to this class are derived. The results presented here improve and generalize some
known results.

1. Introduction and Preliminaries

Let X, denote the class of meromorphic functions of the form
f@=z7+) ad M (peN={1,2}), (1)
k=0

which are analytic and p-valent in the punctured open unit disk
U ={zeC:0<z| <1} =U\{0},

where U is the open unit disk U = {z € C : |z| < 1}. In particular, we set ©; = L.

For two functions f and g, analytic in U, we say that the function f is subordinate to g in U, if there
exists a Schwartz function w, which is analytic in U with

w(0) =0 and |w(z) <1 (z€ 1),
such that
f@) =g9w() (zeU).
We denote this subordination by f(z) < g(z). Furthermore, if the function g is univalent in U, then the
following equivalent relationship holds(see for details [4, 11]; see also [17]):

f(2) <g() & f(0) = g(0) and f(U) c g(U).
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A function f € L, is said to be in the class S;(a) of meromorphically p-valent starlike of order « if it
satisfies the inequality

zf'(z)
R ( pf(2)

As usual, we let 5,(0) = S;. Furthermore, a function f € S, is said to be in the class M,(a) of meromor-
phically p-valent starlike of reciprocal order « if and only if

pf(z)
9‘(sz(z)

In particular, we set M;(a) = M(«x).

)<—oz (0<a<1;zel). 2)

)<—oz (0<a<1;zel). ®3)

Remark 1.1. In view of the fact that

1\ (r@
R(p) <0= ‘R(p(Z)) - %(IP(Z)IZ) =0

it follows that a meromorphically p-valent starlike function of reciprocal order 0 is same as a meromorphically p-valent
starlike function. When 0 < a < 1, the function f € L, is meromorphically p-valent starlike of reciprocal order a if
and only if

#FeE, 1
pfz)  2a
For p = 1, this class M(a) was considered by Sun et al. [18].

For arbitrary fixed real numbers A and B(-1 < B < A < 1), we denote by P(A4, B) the class of functions
of the form

< % (z e ). 4)

qz)=1+c1z+cz>+-+-,
which is analytic in the unit disk U and satisfies the condition

(2) < 1+ Az
q 1+ Bz

where the symbol < stands for usual subordination. The class P(A, B) was introduced and studied by
Janowski [8].
We also observe from (5) (see, also [15]) that a function q(z) € P(A, B) if and only if

(zel), (5)

1-AB| A-B
‘q(z)— 132 < TR (B#-1,zeU) (6)
and
Rig2)} > —— (B=-1;ze ). (7)

For functions f € ¥, given by (1) and g € L, given by

9@) =27+ ) b (peN), (®)

k=0

we define the Hadamard product (or convolution) of f and g by

(f+9@ =27+ ) a7 = g+ ). 9)
k=0
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The linear operator L,(4, ¢) is defined as follows(see[10])

Ly(a,0)f(z) := ¢pla,c;2) * f(z) (f €Lp), (10)
and ¢p(a, c; z) is defined by

Ppla,c;z) :=z7F + Z %z"‘ﬂ“ (zeUSaeRce R\ Zy;Zy =0,-1,-2,++), (11)
k
k=0

where (1), is the Pochhammer symbol(or the shifted factorial) defined (in terms of the Gamma function)
by

T'(A +n) 1, n=0,

Ap=——= 12

“) T(A) {/\()\+1)---(A+n—1), neNN. (12)

The Liu-Srivastava operator L,(a, c), analogous to the Carlson-Shafer operator, was considered by Liu
and Srivastava [10] on the space of analytic and meromorphically p-valent functions. The carlson-Shafer
operator L,(a,c) was introduced earlier by Saitoh [14] on the space of analytic and p-valent functions in
U. In present, the Carlson-Shafer operator was generalized to the Dziok-Srivastava operator by Dziok
and Srivastava [5, 6]. Recently, Aouf et al.[1] constructed a new operator by applying the Liu-Srivastava
operator Ly(a, c).

In [10], making use of the Liu-Srivastava operator L,(a, c), Liu and Srivastava discussed the subclass of
L, such that

z(Lp(a,0)f(2)) 1+ Az
pLy(a,0)f(2) <~ 1+Bz’

(13)

By using the Liu-Srivastava operator L, (4, ), we now introduce a new subclass M, (p; ; A, B) satisfying
the following subordination condition for f € ¥, given by (1),

p Ly(a, 0)f (2) 1+Az
T-pp {Z(Lp(a, o) f (@) tp } S T11Bz (14)
where -1<B<A<1,a>0,c>0,0<pf<1l,peN.
We note that (14) is equivalent to( by (6) and (7))
p Ly(a,c)f(z) 1-AB| A-B _
‘1 1P {z<Lp<a, Of@)Y *’3} 1opz|“1op BFLzel) (15)
and
p Ly(a,c)f(z) 1-A .
9%{1 - pB {Z(Lp(ﬂ, 0)f(z)y +ﬁ}} <-—— (B=-Lzel). (16)
We note (16) is equivalent to
1-pp z(Ly(a, c) f(2)) 1 1 _ .
p (pr, Of(@) + palya, C)f(Z))’) 1 —A’ <1-a B=lAzlzel) (17)
and
P ([ L@,9fE) o
1-pp (Z(Lp(a/ 0f@)y +ﬁ) i<l B=-1A=1zel) (18)

By specializing the parameters p,a,c, A, B and §, we obtain the following classes studied by different
authors,
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(1) My1(1;0;1 - 2a,-1) = M(a)(0 < a < 1) (see [18]);
(2) M11(1;0;B,b(A-B)+B) =X*[b;A,B](b < 0,-1 < B < A < 1) (see [3]);
A—-B)(p -
(3) Mi11|p;0;B,B+ (PM = Qp,a,ABI[0<a<p-1<A<B<10<B<1A+B=0)(see

[16]).

In recent years, more and more researchers are interested in the reciprocal case of the starlike func-
tions(see [19],[9],[13],[2])-

In the present investigation, we give some sufficient conditions for the function belonging to the class
M, (p; B; A, B). In order to establish our main results, we need the following lemmas.

Lemma 1.2. (Jack’s lemma [7]) Let the (nonconstant) function w(z) be analytic in U with w(0) = 0. If |w(z)| attains
its maximum value on the circle |z| = r < 1 at a point zy € U, then zow'(z0) = yw(zo), where y is a real number and
y=>1

Lemma 1.3. [12] Let Q be a set in the complex plane C and suppose that ® is a mapping from C* x U to C which
2

satisfies D(ix, y; z) ¢ Q for z € U, and for all real x, y such that y < —1%. Ifthe function p(z) = 1+c1z+coz?+- -

is analytic in U and D(p(z), zp’(z);z) € Q for all z € U, then R(p(z)) > 0.

Lemma 1.4. [20] Let p(z) = 1+ byz + baz? + - - - be analytic in U and n be analytic and starlike (with respect to the
origin) univalent in U with n(0) = 0. If
2p'(2) < n(2),

p(z) <1 +fz @dt.
0 t

then

2. Main Results

Unless otherwise mentioned we shall assume through this paper thata > 0,c >0,-1<B<A<1,0<
pp<1,peN.

We begin by presenting the following coefficient sufficient condition for functions belonging to the class
Mu,c(P} ﬁ; A, B)'

Theorem 2.1. If f € X, satisfies anyone of the following conditions:
(i) For B # -1,

(9]

. Ip(L = B)[1+ (k- p + 1)p] + (1 - AB)(1 — pp)(k — p + 1>|) @
2 ('k pril+ (- pp)(A—B) O™

| <p(1-1Bl), (19)
k=0
(ii) ForB=-1,A # 1,

(9]

Z(I1+(k—p+1)ﬁ|+’1+(k—p+1)ﬁ+

k=0

1-A)Q-pp)k-p+1
(1-A)(1 - pp)k—p + >D%ak|<<1—pﬁ><1—ml>, (20)
p ()

(iii) For B=-1,A =1,

(o8]

k+1 (a)k
Z(Ik—p+1l+ 1_Pﬁ)ﬂlaklw, (1)

k=0

then f € M, (p; B; A, B).
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Proof. (i) If B # —1, by the condition (15), we only need to show that
‘ p(1 - B?) { »(a,0)f(z) ﬁ} L 1-4B
(1 -pB)A - B) | z(Ly(a, 0)f(z) A-B
We first observe that
p(1-B? { p(a,0)f(2) ﬁ} L1 —AB‘
(1 -pB)A - B) | z(Ly(a,0)f(z)) A-B

PB4 (—p+ DI+ (1-AB)(1pf)k—p+D) (@) a1
Bp + ; T pPIAB) oz

<1 (ze ).

-p+ k);o(k -p+ 1)%11;(2"“

v [p(=B)[1+(k=p+1)Bl+(1-AB)(1-pp)(k=p+1)| (a) k+1
|B|f7 + Z (T-pp)(A—B) ﬁmk”zl *

p-Llk-p+ 1 laglzfk+1

Ip(1=BY)[1+ (k=p+ D1+ (1-AB)1-pp)(k—p+1)| (a);
IBlp + Z T-pP(A-B) %

<
p-Lk-p+ 1 by

Now, by using the inequality (19), we have

& B+ (k—p+ DB+ (1-AB)1—p)k—p+1)l ()
IBlp + L TPPA—B) 7l

<1,

- L lk=p+ 15l

which, in conjunction with (23), completes the proof of (i) for Theorem 2.1.
(ii) If B = -1, A # 1, by virtue of the condition (17), we only need to show that

‘(1 ~A)(1-pp) ( 2Ly(a, Of @) )+ 1|<1 zew.

Ly(a,0)f(z) + Bz(Ly(a, ) f(2))

We first observe that

‘(1 - A)1-pp) ( z(Ly(a, ) f(2)) ) 1
Ly(a,0)f(z) + Bz(Ly(a, ) f(2))

Al -pp) + E P”"‘P*”“WM (@ ) ko1

(©)

(1-pp)+ Z[1+(k p+1)ﬁ azk“

(1-A)A-pp)k—p+1) | (a) k+1
JAI(L - pp) + kgg 1+ G-p+1p+ : gy o

S (o)
A=pp) =L+ k=p+ DB a2+
=0
(a)kl |

AL~ pB) + X |1 +(k-p+1)p+ _“*A><1f;;ﬁ><k—p+1>
k=0

<
A-pp)- L1+ (k=p+Dp Oy

1969

(22)

(23)

(24)

(25)

(26)



L.N. Ma, S.H. Li/ Filomat 28:9 (2014), 1965-1982 1970
Now, by using the inequality (20), we have

AL =Pl + X [1+ (k= p + 1)p + SRIEPD) g
— <1, 27)

L-ppl- L+ (k-p+ 1)BIEE |

which, in conjunction with (26), completes the proof of (ii) for Theorem 2.1.
(iii) If B = =1, A = 1, by virtue of the condition (18), we only need to show that

p ( Lﬂ(a/ C)f(Z)
1-pB\z(Ly(a ) f(z))
We first observe that

<1 (zel). (28)

+ﬁ)+1

- @)
‘ p ( Ly(a,0)f(2) )+1‘ _ k&(@)@‘lkz
T—pp 2, @or@y TF)*Y| T =

< k=0
p= L lk=p+ gk lalz!
k=0
y fel (O
k§0 T—pp (O |ak|
< = (29)
(@)
p- k§0 Ik — p + 115 laxl
Now, by using the inequality (21), we have
L. 455 6. b
<1, (30)

k=
p-Llk-p+ 13 g
which, in conjunction with (29), completes the proof of (iii) for Theorem 2.1. [
Taking a = ¢ =1, = 0 in Theorem 2.1, we obtain the following Corollary.
Corollary 2.2. If f € T, satisfies anyone of the following conditions:
(i) For B # -1,

= 1-B? k- 1)(1-AB
Z(Ik—P+ll+|p( i X ")|ak|<p<1—|B|>,

k=0
(ii) ForB=-1,A #1,

2(1 . '1 U AEpr 1)|)|ak| <(1-1A),
=0 P
(iii) For B=-1,A =1,

Y (k=p+1l+k+1)lad <p,
k=0

then f € M11(p;0; A, B).
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Takingp=1,A=1-2a,0 <a <1,B =-1in Corollary 2.2, we obtain the following result.

Corollary 2.3. [18] If f € ¥ satisfies

)

Y (1 +ka)lad < %(1 —[1-2a)),

k=0
then f € M(a), for 0 < a < 1.

Theorem 2.4. If f € ¥, satisfies anyone of the following conditions:
(i) For B # -1,

‘ 1+ ALy(a, 0)f(2))"  2(Ly(a,c)f(2)) - (1-pp)(A-B)
(Ly(a, ) f(2)) Ly(a, 0)f(2) (1-pp)A-B)+ (1 +|B)’

(ii)) ForB=-1,-1< A <0,

2Ly(a, 0)f(2))"  z(Ly(a, ) f(2)) L A-ppA-A)A+4)
(Ly(a, ) f(2)) Ly(a, 0)f(z) 2pp(1+A) +2(1 - A)’

(iii) For B=-1,A =1,

N 2Ly, ) f(2)” 2Ly, )f () _1-vB
(Ly(a, ) f(2)) Ly(a,0)f(2) 2-pp’

then f(z) € M, c(p; B; A, B).

1+

Proof. (i) If B # -1, let

1+|B| p Ly(ac)f(z)
L+ prass 9% (z(LZ(a,c)f(z))’ +ﬁ)
w(z) = ) T -1 (zel).
~ 1+B+A-B

Then the function w is analytic in U with w(0) = 0. We easily find from (34) that

pLp(@,0)f(z) (1 -pp)(A - B)w(z) — (1 +|B])

Z(Lp(ﬁl, C)f(Z))’ - 1+ |B|) (ze ).
Differentiating both sides of (35) logarithmically, we obtain
L AL Of@)  AL@of@)  (1-ppA-BEE)

(Lp(a, ) f(2)) L@ of@ ~ (1-pp)(A-Bw -1 +B)
by virtue of (31) and (36), we find that

N 2Ly, ) f(2)” 2Ly, )f(2))
(Lya, 0)f(2)) Ly(a, 0)f(2)

B B _ zw'(z)
= O A= B - A+ 1B)
(1-pp)(A-B)
(1-pB)(A—B)+(1+|B)’

Next, we claim that |w(z)| < 1. Indeed, if not, there exists a point zyp € U such that

max lo@@)] = lw(zo)l =1 (20 € U).

1971

(31)

(32)

(33)

(34)

(35)

(36)

(37)
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Applying Jack’s Lemma to w(z) at the point zy, we have

zow'(z0) = yw(zo) (y 2 1).
Now, upon setting
w(zo) = (0 < 6 < 2n).
If we put z = zg in (36), we get
20(Lyp(@, O f (z0))"  zo(Lp(@,)f )| ~ ENCAED)
Gaof@)y ~ L@ofa | - PP @ Bt - a + 1B
14
(1-pB)A —B) - (1 +|B|)e®
1
(1-pB)A —B) - (1+|B|)e®

1+

(1-pp)(A - B)

v

(1-pp)(A - B)

This implies that

20(Ly(@, ) f(20))"  zo(Ly(a, ) f(z0))
(Lp(a, c) f(z0))’ Ly(a, c) f(zo)
N [(1-pB)A - B
“[A=-pp)A-B)*+ (1 +IBl)* —2(1 - pp)(A - B)(1 + |B])cos 0
Since the right hand side of (38) takes it minimum value for cos 0 = —1, we have that
N 20(Lp(a,0)f(20))"  zo(Lp(a, c)f(20)) [(1 - pB)(A - B)I?
(Lp(a, c) f(z0)) Ly(@,c)f(zo0) | ~ [(1-pp)A-B)+(1+IB)]

This contradicts our condition (31) of Theorem 2.4. Therefore, we conclude that |w(z)| < 1, which shows
that

2

‘1+

(38)

2

14 —LtB ) (Lp(a,c>f<z> N ﬁ)

T+B+A-B ~ 1-pp \ 2L, (@0) f @)Y
PN -1|<1 B#-1;ze ).
T+B+A-B
This implies that
p Ly(a,c)f(2) } A-B
+Br+1ll<—— B#-1,zel), 39
1-pp {Z(Lp(a, o)f (@) P 1+1B| ( : )

then, we have

p Ly(@a,0)f(2) } 1-AB
1-pp {Z(Lp(a,c)f(Z))' TR

L,(a,c)f(z _
' p { p )f(),+ﬁ}+1‘+|1 A}28_1’
1-pp |z(Ly(a,0)f(2)) 1-B
A-B |Bl(A-B)

1+|B| 1-B2

A-B
= 1——B2 (B *+ -1,z € U)
Therefore, we conclude that f(z) € M, (p; ; A, B) for B # 1.

(ii) If B = -1,-1 < A <0, analogously to Theorem 2.2 in [18], we let

1-A 1
1+ ) L( L, (0.0fG) +ﬁ)
1-pp\ z2(Lp(ac)f(2))
w(z) = e 1 (40)
)
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Then the function w is analytic in U with w(0) = 0. We easily find from (40) that

2Lp@,f @) -(1-A)+(1+A)w(z)
pLy(a,0)f ()~ (1= A) = pp(l + A)w(z)

(ze ).

Differentiating both sides of (41) logarithmically, we obtain

2Ly, )f(2)" 2Ly )f(z) _ (1 =pp)(1 - A)1 + A)zw'(2)

(Ly(a, ) f(2)) L@, ofz) (=1 =A)+ (1 +Aw@)(1 - A) - pp(l + A)w(z)’

by virtue of (32) and (42), we find that

2Ly(a, 0)f(2))"  z(Ly(a, c)f(2))
(Ly(a, ) f(2)) Ly, 0)f(2)

~ (=P - A+ )| =

(I1-ppA -A)1+A)
20B(1+A)+2(1-A)"

1+

zw'(z)
(1+A)w@))((1-A) - pp(1 + A)w(2))

Next, we claim that |w(z)| < 1. Indeed, if not, there exists a point zyp € U such that

max lw(z)] = lw(zo)l =1 (20 € L).

Applying Jack’s Lemma to w(z) at the point z;, we have
200’ (20) = yw(zo) (y 2 1)

Now, upon setting
w(zo) = ¢9(0 < 6 < 2n).

If we put z = zj in (42), we get

N 20(Lp(a,0)f(20))"  zo(Lp(a, c) f(z0))
(Ly(a,0)f(z0)) Ly(a, ¢)f(20)

= 1-pp(1 - A1 +A>‘ 2

Y
— (L= A O (pBL+A) + (1= A)e ™)

1
Q+A2+ 1 +pp)A -A)1+ A)e @ — (1 - A)?e20

>(1- 1-A)(1+A
> (1-pp)(1 - A)1 + )‘_pﬁ

This implies that

T (=pp - A+ A

~ Pcos20+QcosO+R ’

‘ 14 20(Ly(@, ) f(20))"  zo(Ly(a, ) f(z0))
(Lp(a, ) f(z0)) Ly(a, c)f(zo0)

1973

(41)

(42)

(43)

(44)

(45)

where P = 4p(1 + A)*(1 — A)?,Q = =2(1 + pB)(1 — A)(1 + A)[(1 — A)? + pB(1 + A)*],R = 2(1 + AD)[p*B*(1 +

AP+ (1-A3].
Since the right hand side of (54) takes it minimum value for cos 8 = —1, we have that

2 [A-pp1 - A1+ AP

T [2ppQ+A)+2(1 - AP

‘ 14 20(Lp(a,0)f(20))"  zo(Lp(a, c) f(z0))
(Ly(a,0)f(z0)) Ly(a, 0)f(20)

(46)



L.N. Ma, S.H. Li/ Filomat 28:9 (2014), 1965-1982 1974

This contradicts our condition (32) of Theorem 2.4. Therefore, we conclude that |w(z)| < 1, which shows
that

1-A 1
1+ 2 p [ Lp@ofe +
1-pB\ z(Lp(a,0)f(2) B

_ 1A
1 2

-1 <1. (47)

This implies that

S LC R
P Lyaco)f(z)+ Bz(Ly(a, o) f(2)) 1-A

-1, (48)

then, we have

1-pp z(Ly(a, 0)f(z)) L1 ~ |1=rB z(Ly(a, o) f(2)) o1+ 1 1
P Ly@o)f(z) +pz(Ly(a,c)f(z) 1-A| ~ P Ly(ao)f(z) + z(Ly(a, o) f(z)) 1-A

- _1}A (-1<A<0;zeU).

Therefore, we conclude that f(z) € M,(p; 8;A,B) for B=-1,-1 <A <0.
(i) If B=-1,A =1, we let

p_(_L@ofe |
1=pp\2(Ly(a, ) f(2))

Then the function w is analytic in U with w(0) = 0. We easily find from (49) that

pr(a,c)f(z) o _
L@ofay - TpPeE -1 el (50)

w(z) =

Bl +1. (49)

Differentiating both sides of (50) logarithmically, we obtain

L A, Af@)”  2lp@f) _ (1-pp)za'(2)

= , 51
(Lp(a, o) f(z)) Ly(a, c)f(z) (1-ppw(z) -1 (51)
by virtue of (33) and (51), we find that
wL@,If@)  2L@of@)| 2 (2) 1-pp
" Ceofer " Leom | - 1T = PBw@ — 1|~ 2-pf’
Next, we claim that |w(z)| < 1. Indeed, if not, there exists a point zyp € U such that
max lw@) = lw(zo)l =1 (20 € V). (52)
Applying Jack’s Lemma to w(z) at the point zy, we have
20w’ (20) = yw(zo) (y = 1). (53)

Now, upon setting
w(zo) = €90 < 6 < 27).
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If we put z = zp in (51), we get

. 20(Lp(@,)f(20))"  zo(Ly(@, ) fz0))"| (1= pp) 20w’ (20) '
(Lp(a, 0) f(z0))’ Ly(a, c) f(z0) PP =pBraz) - 1
_ 3 4
R e
1
R (o)
This implies that
‘ 14 20(Lp(a,0)f(20))"  zo(Lp(a, c) f(z0)) ? (1 -pp)y (54)
L@ 0f@))  L@ofe) | - 1+(1-ppP—2(1-pp)cos6’
Since the right hand side of (54) takes it minimum value for cos 6 = —1, we have that
‘ Ly 2@ OfG)" zo(Ly@fE) (- ppy 5)
(Ly(a, ) f(z0)) Ly(a, c)f(zo) 2-ppr

This contradicts our condition (33) of Theorem 2.4. Therefore, we conclude that |w(z)| < 1, which shows
that

‘ p ( Ly(a,0)f(z) -1 6

-8 \xL,@of@y F ) ”

This implies that

p Ly(a, 0)f(2) 1+z
1-pp (Z(Lp(ﬂ/ Af@)y +ﬁ) R

Therefore, we conclude that f(z) € M, (p; 5;A,B) forB=-1,A=1. OO

(57)

Puttingp=1,a=c=1,A=1- Za,% <a<1,B=-1and g = 0in Theorem 2.4, we obtain the following
Corollary.

Corollary 2.5. [18] If f € L satisfies

@) Q|
& @ ST

then f € M(a), for § <a < 1.

1+

Theorem 2.6. If f € L, satisfies

(1-A) + pp(A - B) 1-B
X (1 R c)f(z))’) amann Craen <Y
L@ Of@Y L@ of@ Q=pA-B) g _pcpy 128
20— A) + ppA-B)] T

then f(z) € M, .(p; B; A, B).



L.N. Ma, S.H. Li/ Filomat 28:9 (2014), 1965-1982 1976

Proof. Suppose that

__p Lp(ﬂ,C)f(z) _ ﬂ
T-vp {Z@p(ﬂﬂ)f(z»’ * ﬁ} 5

g(z) == ™I (-1<B<A<1,zel). (59)
~ 1-B

Then g is analytic in U. It follows from (59) that

—pLp@,0)f(2) _ (1 -pp)A-B)g(z) + (1 - A) + pp(A - B)

B 60
2Ly (@, 0f @)Y -8 (60)
Differentiating (60) logarithmically, we obtain
1- ZLp(a, 0)f(2))”  z(Lp(a,0)f(2)) (1-pB)A - B)zg'(2) )2 (@),

L@of@) " L@of@ (- pp(A- B+ (- A)+ppA-B)

where
(1-pB)A—B)s

Or,s;t) = (1-pB)A-B)r+(1-A)+pp(A-B)

x2

For all real x and y satisfying y < — L , we have

% (1-pB)(A - B)y
i~ pB)A -~ B)x + (1~ A) + pp(A - B)
(1 - pB)(A - B)(1 - A) + p(A - B)ly
[(1—A) + pBA - B)P + [(1 - pp)(A - B2
_ 1+ (L-ppA-B)I(-A) +ppA - B)
= T2 [A-A) +ppA-BP+ (- ppA- B
_(1-A)+ppA-B) 1-B

R(D(ix, y;2))

- pAa-B  Prag—p A=t

- | (d-phH(A-B) 1-B
Aa-A+ppa-p] BT aaT e

We now put
(1-A) + pp(A - B) 1-B

0 lewe. ] Fmma-n  Cranmy ==Y
“lemE > PENA ,

__d-pp4-B (B<A<B+—1_B )

21— 4) + pp(A - B)] =B at—p

then ®(ix; y;z) ¢ Q for all real x,y such that y < —%. Moreover, in view of (58), we know that
D(g(2),z9' (2); z) € Q. Thus, by Lemma 1.3, we deduce that

R(g((z) >0 (zeU),

which shows that the desired assertion of Theorem 2.6 holds. [

Puttingp=1,a=c=1,A=1-2a,0<a <1,B = -1 and § = 0 in Theorem 2.6, we obtain the following
Corollary.
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Corollary 2.7. [18] If f € L satisfies

L (0 <a< 1)
9%(1 RO Zf’(Z)) J2-a TR
’ - 1
f@ e 12_aa (G <a<),
then f € M(a), for0 < a < 1.
Theorem 2.8. If f € ¥, satisfies
pLp(a, 0)f(2) z(Ly(a, 0)f(2))” 1 A-B [(1 - A) +pBp(A - B)]
*{ ey [ Ty ) 7 0 - moa - T @
then f € M, (p;B; A, B) for n > 0.
Proof. We define the function h(z) by
b (=t + A~
h(z) := — (-1<B<A<1;zel). (62)
~1-B

Then h is analytic in U. It follows from (62) that
—PLy(a,0)f ) _ (1= pp)(A - B)(z) + (1 - A) + pp(A - B)
z(Ly(a, c) f(z)) 1-B

and

(63)

2Ly, ) f(2))" _ P+ Qh(z) + Rzl'(2)

e Ly, 0f @)~ (1-ppIA - B)h(2) + (1 - A) + pp(A - B)’

(64)

where
P = —pn(1-B)+ (1 = I - A) + pp(A - B);Q = (1 - pp(A - BYA - )i R = (1 - pB)(A - B)n.
Combining (63) and (64), we get
—pLy(a,0)f(2) 1 z(Lp(a, c)f(z))”)

L@ of@y " T L@ af@)y

1-A A—-B - -
=y (- R 1 - ) - (- e )

= O(h(z), zM (2); z),

where

O, 5:1) = ~(1 - pp)(=

-B A-B [(1-A)+pp(A-B)]
1)t A=pA (=) A -mr—pn+ {1 -1

(1-B)

2

1
For all real x and y satisfying y < — X , we have

[(1—A)+pp(A - B)]

R(®(ix, y;2) D

R(-(1 = ppG gy + (1= pp)G—p )0~ mix = pr+ (1= )
(1= A) + p(A - B

~a-pp Gy —pn+ (=)

(1-B)
1+ 22 A-B [(1-A)+ pp(A - B)]
> T(l—Pﬁ)(ﬁ)ﬂ—PU"‘(l —1) )

[(1-A)+pB(A-B)]
(1-B)

1 A-B
5(1 - Pﬁ)(m)ﬂ —-pn+Q1-n)

[\
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If we set

1 A-B
Q= {e: %@ < Ja- G- pr+a-n

[(1-A)+pB(A-B)
(1-B) '
2

1
then ®(ix, y;z) ¢ Q for all real x, y such that y < — X . Furthermore, by virtue of (61), we know that
D(h(z), zl (z); z) € Q. Thus, by Lemma 1.3, we conclude that

R(h(z)) >0 (zeU),
which implies that the assertion of Theorem 2.8 holds true. O

Takingp =1,a=c=1,A=1-2a,0<a <1,B =-1,and = 0 in Theorem 2.8, we revise the result of
Theorem 2.4 in [18] and obtain the following Corollary.

Corollary 2.9. If f € ¥ satisfies
f(2) ( zf"(z)
%[5
then f € M(a), for0 <a <1,n120.

)) > %n(l +3a) - a,

Theorem 2.10. If f € L, satisfies anyone of the following conditions:
(i) For B # -1,

‘ { p(1 - B?) { L@ofE) ﬁ} L1 _AB}’
(1-pB)(A - B) | z(Ly(a, O f2)) A-B

(ii) ForB=-1,A #1,

<nlzl%, (65)

1-A)1-pp) ( z(Ly(a,0) f(z)) ))’ .
(1 ! p Ly(a,c)f(z) + Bz(Ly(a, ) f(2)) < 1ll" (66)
(iii) ForB=-1,A =1,
b L@ofe) T
{1 ~ P (z(me, of@y ﬁ) * 1} <1l (67)

then f € M, (p; 5, A,B), for0<n<t+1landt>0.

Proof. (i) For f € &, if B # —1, we define the function W(z) by
p(1 - B?) { Ly(a,0)f(2) N ﬁ} L 1-4B

(1 =pp)A = B) (z(Ly(a,c)f(z)) A-B

Then W(z) is regular in U and W(0) = 0. The condition of Theorem gives us that

{ p(1 - B?) { Ly(a,c)f(z) +/3}+ 1 —AB}’ _ ‘(\I/(z))'
(1=pB)A = B) | z(Ly(a,0)f(2)) A-B z

|z
n T+1
< Tt = —— 2|71,
< fo nlt|"d|t] 4

It follows that
Z \y ’
L)
0 t T+ 1

Y(z)) _
==
This implies that
n T+1
< < > 0).
) < T+1IZI <1 0<n<t+1,120)

(112

z

‘I/(z):z{ } (ze ).

< nlzl*.
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Therefore, by the definition of W(z), we conclude that
p(1 - B?) { Ly(a,c)f(z) +ﬁ} . 1-AB
(1 =pp)A - B) | z(Lp(a, c)f(2)) A-B
which is equivalent to
4 Ly(a,0)f(2) gl 1-AB| A-B
1—pp \z(Lp(a, ) f(2)Y 1-B2| 1-B2

Therefore, we conclude that f(z) € M, (p; ; A, B) for B # —1.
(ii) For f € &, if B = -1, A # 1, we define the function W(z) by

(1-A)2-pp) ( z(Lp(a, 0)f(2))’ ))
T \LeoreseGuaray) €Y
Then W(z) is regular in U and W(0) = 0. The condition of Theorem gives us that

[ G 2(0y(a, ) )) (w)
P \L@OF@ + paly e 0f @Y z

NGk

(Wf)) < —EM<1 O<n<telr20)

<1.

Y(z) =z (1

< nlzl".

It follows that

22}

This implies that

i 1 1
< Hed|t = ——|z|*.
_fo e =~

Therefore, by the definition of W(z), we conclude that
(1- A)1 - pp) ( 2(Ly(a, @)Y ) o
p Ly(a,0)f(2) + Pz(Ly(a, 0) f(z))
which is equivalent to
(1-pp) ( ZLy(a,0)f(2)) ) P
p Ly(a,c)f(z) + Bz(Ly(a, c) f(2)) 1-A 1-A
Therefore, we conclude that f(z) € M,(p; 8;A,B) for B=-1,A # 1.
(iii) For f € X, if B = -1, A = 1, we define the function W(z) by

_ p LP(a/ C)f(Z) ) )
Ve = Z(l 7P (z(Lp(a, of@y TPt @)

<1,

(A#1;,zel).

Then W(z) is regular in U and W(0) = 0. The condition (67) of Theorem gives us that

P L@ofe) ) )
(1 7P (Z(L,,(a, of@y TP

It follows that
Z \I] ’
f (_(”) at
0 t

Y(@)\ _
—|=
This implies that
n T+1
< < > 0).
) < T+1IZI <1 0<n<t+1,120)

(112

z

vy
%)

i n 1
< tdlt] = ——|z|"*".
< [ eran = e

< nlz|”.

1979
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Therefore, by the definition of W(z), we conclude that
Ly(a,
‘ p ( p(a,0)f(z) : +ﬁ)+1
1-pp\z(Ly(a,0)f(2))
which is equivalent to
Ly(a,
p ( J@0fG) ﬁ) .
1-pp\z(Ly(a,0)f(2))
Therefore, we conclude that f(z) € M, (p; 5;A,B) forB=-1,A=1. OO

<1,

1t§(zeU).

1980

Takingp=1,a=c=1,A=1-2a,0<a <1,B=-1and g = 0in Theorem 2.10, we obtain the following

Corollary.
Corollary 2.11. [18] If f € L satisfies

2azf'(z)
‘(1 " Tre

then f e M(a), for0<a<1,0<n<t+1landt>0.

) ‘ < e,

Theorem 2.12. If f € L, satisfies

Proof. Let

L@@ AL@Af@) 2y 0fE) + e, )| _A-B o
L(e,0f@) +palye,Af @) @f@) L of@)+palyedf@)y | 1-A’
then f € My, (p;B; A, B), for =1 <B < A < » ; B
- P [ L@afE }
10 =120 {z<Lp<a, ofy TP GEL: ©)

Then the function g(z) is analytic in U. It follows from (69) that

Z( 1 ) _ . {1—Pﬁ( 2(Ly(a, O @)Y )}
1) “p L@, 0f@) + (L, 0,0 f Q)Y

=P \Lp(@,)f(2) + pz(Ly(a, ) f(2)) (Ly(a, 0)f(2))

Combining (68) and (70), we find that
. (L)
q(z)
that is

1\ A-B
Z(@) < mz (ZEU).

An application of Lemma 1.4 to (71) yields
1-A

10~ T av@a—pz @

A-B
<m (ZEU),

1-pp ( ZLy(a,0)f(2)) )(1 N 2Ly, 0)f(2))"  z(Ly(a, ) f(2) + pz(Ly(a, ) f(2)))

Lp(a, ) f(2) + z(Ly(a, ) f(2))
(70)

(71)

(72)
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By noting that
F"(z)\ 1-A-(A-B)z

9%(“ F’(z)) - 9%(1—A+<A—B>z)
. 1-4-(A-B)
= 1-A+(A-B)
_ 1-2A+B
B 1-B
> O(—1sB<A<¥;z€U),

which implies that the region F(U) is symmetric with respect to the real axis and F is convex univalent in

U. Therefore, we have
R(F(z) > FQ) = % (z e ). (73)

Combining (69), (72) and (73), we deduce that
Ly(a, -
‘R{ P { (0, 9f @ ﬁ}}< 1-4 (—1SB<A<—1;B;Z€U),

-8 \2L,@of@y " Fff = 1-8B
which is equivalent to
p Lp(a,0)f(2) 1+ Az 1+B
1-pp {z@p(a,c)f(z»' +ﬁ} ~13p Cl1sB<A<——zel)

This evidently completes the proof of Theorem 2.12. [

Puttingp=1,a=c=1,A=1-2a, % <a <1,B=-1andf = 0in Theorem 2.12, we obtain the following
Corollary.

Corollary 2.13. [18] If f € ¥ satisfies

2f'(2) (1 L@ Zf’(z))
&\ e e

then f € M(a), for $ <a < 1.

<1—1,
a
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