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1. Introduction

After Phillips [18], the approximation properties for gq-analogue of operators were studied by several
researchers .

We begin with some notations and definitions of g-calculus. For any non-negative integer r, the g-integer
of the number r is defined as

1_7
— if g#1
[r]q: 1_q 1 q ,
r if g=1

where g is a positive real number.
The g-factorial is defined as

2,0, i r=12,.
[r]@!‘{ T i =0

For integers n,r with 0 < r < n, the g-binomial coefficients are defined as

[ n ] _ [n]q!
rly It —rlt

Details on g-integers can be found in [2, 4, 14].

Bernstein type rational functions were defined by Balazs [5]. Baldzs and Szabados modified and studied
approximation properties of these operators [6].

The g-analogue of the Baldzs-Szabados operators were defined by Dogru [8] as follows

R, (f;q,%) = 71—1; i qj(f—l)/Zf([;ﬁJ [ n ] (anx)j, 1)
IT (1 + g°a,x) =0 " T
s=0
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where x € [0,0), a, = [n]} "', b, = [n] foralln e N,q € (0,1]and 0 < f < .
Dogru also gave the following equalities

Ry (e0;9,x) =1, 2)
x
Ri(er;q,) = = " 3)
[n-1], 7*x? X

Ru (e2ig,%) = (], (1 +a) (1 + aq) by (L + 2,0 @
where ¢ (x) = ¥ fork=0,1,2.
In (4), using the equality [n], = q[n — 1], + 1, we get

1-—2)gx?
Ry (e2;9,%) = L-#) - (5)

(1 + ayx) (1 + a,gx) * b, (1+a,x)

We will use (5) instead of (4) throughout the paper.

The rational complex Baldzs-Szabados operators were defined by Galin [11]. He studied approximation
properties of these operators on compact disks. In [13], the complex g-Baldzs-Szabados operators were
defined and the approximation properties of these operators were studied on compact disks.

C[0, A] denotes the space of all continuous functions on [0, A], A > 0 with the norm ” f || max | f (x)|

x€[0,A]
forall f € C[0,A].
We define the following g-Baldzs-Szabados-Stancu operators
y [],+
RS (F54,%) Zf( Jm(x D,
_ L
where f is a real valued function defined on the all positive axis, a, = [n]f;_1 , b, = [n]s, [a]q =7 _qq ,
1-q7 2
[y]qz 1= forallne N,g€(0,1],0 < B < gandOSOzS)/,
g0 ] | @y
Puj (%) = —— ! ©)
[1 (1 +g°a,x)
5=0
and
n—1
(1+ o) = Z 707 % | (0 )
s=0 q

It is clear that RS,?;'),) are linear and positive operators.

()

We have the following lemma for the operators R;, ;.



E. Yildiz Ozkan / Filomat 28:9 (2014), 19431952 1945

Lemma 1.1. The following equalities are satisfied for the operators R,(fq’y)
R (i) =1, (8)
a,y b,x [0(]
RS (e1:) = : o ©)
(b +[y],) @ +apx) bt
b2 (1 - 2)gx? by (2[al, +1)x [a]?
RO (o) = (1 8)s NG e L (10)

(bn + [y]q)z (1 +a,x) (1 + angx) (bn + [y]q)z (1 +ayx) (bn + [y]q)ZI

where ey (x) = xkfor k=0,1,2.

Proof. From (7), it is clear that

Ry(i,'y) (eo;x) = 1.

With direct computation, we get

(ay) by [a],
Ry, (e;x) = Ry (e1;9,x) + Ry (e0; 9, %) -
g R R RN (7 R
Using (2) and (3), we obtain desired result.
Similarly, with direct computation, we get
, B 2[al, ba [al;
RSZ}) (e;x) = ————=Ru(eq,%)+ TRy (e1;9,%) + TRy (€09, %).
(bn + D/]q b" + [7/]17) (b” + [y]q

Using (2) ,(3) and (5), we obtain desired result. [

Lemma 1.2. It holds the following equalities for the operators R,Sf;”)
a [y],x a,x? [a]
RS (- );) = - O e 1)
(bn + [y]q) (1 +aux) anX by + [V]q
and
R(a,y) ( (€1 — 27 'x) _ a2gx* + a, (g, + 1) 23 ~ 2b,a,gx°
i ' (1 + anx) (1 + angnx) (b,, + [y]q) (1 +a,x) (1 + anqx)
b1,
2 n 9 2
bn(q‘l‘%*b_ﬁ)x by (2101, + 1)
+ 2 + 2
(bn + [y]q) (1 + anx) (1 + angx) (b,, + [y]q) (1+ayx)
2
. [a]q 2[a],x 12

(bn + [V]q)z K [V]q.

Proof. From Lemma 1.1, the proof can be obtained easily, so we omit the proof. [J
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2. Statistical Convergence of the Operators

The concept of the statistical convergence was introduced by Fast[9].
In this section, we will give a Bohman-Korovkin type statistical approximation theorem.
Firstly, we recall some definitions about the statistical convergence. The density of a set K € IN is defined

by
Slk<n:kek),

The natural density, 0, of a set K C IN is defined by

1
lim — K|,

n—oo 1

provided the limits exist [16].
A sequence x = (xy) is called statistically convergent to a number L if, for every ¢ > 0

Olk:lxx—L| > ¢} =0,

and it is denoted as st — liin xx = L.

Any convergent sequence is statistically convergent but not conversely. For example, the sequence

er_ 0
xkz{Ll' iffe=m form=1,2,..

L2 , if k # m2 ’
is statistically convergent to L, but not convergent in the ordinary sense when Ly # L,.

Now, we consider a sequence q = (g,) satisfying

st —limg, =1and st —limg, =¢c,0<c < 1. (13)

Under this conditions given in (13), it is clear that

st—liman:st—liml=st—lima—"=st—lim;=0.
n n by n by n bn+[)/]q

The useful connections of Korovkin type approximation theory were given by Altomare and Campiti
in [1].
Recently, the statistical approximation of operators has also been investigated by several authors (see
[71,13),[17], [12], [19], [20], [22], [23], [21] and [24]).

Gadjiev and Orhan [10] proved the following Bohman-Korovkin type statistical approximation theorem
for any sequence of positive linear operators.

Theorem 2.1. ([10]) If the sequence of positive linear operators A, : C[a, b] — B |[a, b] satisfies the conditions
st —lim||A, (e,) — el =0
withe, (t) = t' forv =0,1,2, then for any f € C|a, b], we have

st —lim||A, (f) - f]| = 0.
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),

Now, we can give the following main result for the operators R;,

Theorem 2.2. Let g = (g,) with 0 < q,, < 1 be a sequence satisfying the conditions given in (13). If f is a continuous

function on [0, A] with0 < A < 1 and bounded on the all positive axis, then it holds for the operators R( @)

an

R (- 1] =0
Proof. From (8) in Lemma 1.1, it is clear that

R( }/) (60, ) — € =0. (14)

Using (11) in Lemma 1.2, we can write

(a ”) (e1;x) —e1 (0)| < D/]q" il 4 bt + Loy, ) (15)
71%1 ’ (bn + [‘)/]qn) |1 -a, |x” |1 —ay |x|| bn + [V]Qn
Considering 0 < A < %, taking maximum of both sides of (15) on C[0, A], we get
o ], A a,A? [a],,
R (e1;) = 1| < 1 L R (16)
(bu+[7],) (1 —aua)  1-mA  but [yl

For a given ¢ > 0, let us define the following sets:

(o -

k: >
bk + 1 - akA)

L akA2
DZ - { — ﬂkA }/
{k a]"k f}.
bk + -3

From (16), since D € D; U D, U D3, we get

D R (o)~ a1

DllZ

W[ m

»

[V]qk A €
(b + [V]qk) (1-gA) 3

ﬂkAz & [a]qk &
o0k<n: > = olk<n; ————>=-14.
* { sn 1—akA_3}+ { "], 3

Under the condition given in (13), it is clear that

\%
|

5 {k <n: R,E(;;y) (e1;.)—er

25} < 0k<n:

[r],, A e aA o lalg,
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which implies

R,Sf;j/) (61; ) —el = 0. (17)

st — lim
n

Using (10) in Lemma 1.1, we can write

b, DL,
bﬁ(qn—l—an—Z—Tf—Tg x?

(@) a2q,xt + ay (g + 1) 28
Rig, " (€27) =2 (x) B (1 + a,x) (1 + a,g,x) 2 (18)
" nfn (b,7 + [)/]qn) (1 +a,x) (1 + a,g,x)
b (2[a],, +1)x [a]?
2 + 2
(bn + [7]%) (1+aux) (bn + [7]%)
Considering 0 < A < al' taking absolute value both sides of (18), and passing to norm on C [0, A]
2, |, D
V21— gn+qnt ooy | A2
(ay) a2, A* + a, (g, + 1) A3 ”( I+ ny, + 73, + 22
R”,lin (82,' ) — € (19)

- Gmad=aqd) (g, ) qn)z (1= a,A4) (1 = a,q,A)

by (21, +1) A [a]?
+ .
(but D), ) A=aud)  (ba+D7], )

If we choose

a2g,A* + a, (g, + 1) A

b= e A (- agd)
b2 (1 — G+ gt + 2[;/”]"" + [)%)A2
0, = > ,
(ba+ D1, ) (1= 2,4) (1 - 0,.A)
by (2[a],, +1)A
M = 2 ,
(b +[1,,) (- a,4)
2
On = [a]qn

(bu+D1,)

then, under the conditions given in (13), we have

st —limA, = st —lim 6, = st —limn, = st —lim¢, = 0. (20)
n n n n
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Again for a given ¢ > 0, let us define the following sets:

E : ={k: RIEZ,:/) (e2; Gk, ) — €2 28},

Ei : ={k:/\k22},522={k19k22}/
€ e

E; :{k:nkZZ},E41:{k3(PkZZ}-

It is clear that E C E; U E; U E3 U E4, which implies

o {k <n: R,ED;’:’) (e2;.)—e

ZS}S 6{k£n:/\k22}+6{k5n:9k25}

From (19), we obtain that

Rf(fqy ) (e2;.) —e2

st — lim =0. (21)

From (15), (17) and (21) and taking into account Theorem 2.1, the proof is finished. [J

3. Rate of Statistical Convergence

(a7)

In this part, we will give the order of statistical approximation of the operators R; ;

modulus of continuity and the elements of Lipschitz class functionals.
Let f € C[0, A]. The modulus of continuity of f is defined by

w(f;0) = sup |f(t)—f(x)|.
Ryiyy

by means of

It is clear that O_lir(r)} w(f;6) =0forall f € C[0,A]. Also, we have

|f(t)—f(x)|§w(f;6)(|t:5x| +1) (22)

for any 6 > 0 and each x,t € [0, A].
A function f € C[0, A] belongs to Lipas (0) for M > 0 and 0 < 0 < 1, provided that

lfw) - f@|<|y-=x

Theorem 3.1. Let g = (g,) with 0 < q,, < 1 be a sequence satisfying the conditions given in (13). If f is a continuous
function on [0, A] and bounded on the all positive axis, then it holds

? forallx,y e [0,A]. (23)

< 2w (f;0u (%)),

RED) (fix) = £ ()

where

000 = (RS (@0 2253)) (1)
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Proof. From the linearity and positivity of the operators R( 7) and using (22), we obtain
R (- f)| < RED( ));x) (25)
< w(f;é(x)){ + R (i —XI;X)}.

50

In (25), using Cauchy- Schwarz inequality, we get

<w(f;0(x)) {1 + 1 (R,(1 qz/) ((61 - x)’ ;x))l/z}.

RED () - 9 -

Finally, choosing 6 (x) = 0, (x) as in (24), the proof is complete. [

Theorem 3.2. Let g = (g,) with 0 < q,, < 1 be a sequence satisfying the conditions given in (13). If f is a continuous
function on [0, A] and bounded on the all positive axis then we have

RED (F,3) = F )| < M5, (@)1,

where 0, (x) is given as in (24).

Proof. Using (23), we can write

R (£ - Fw| < R (F ) - F ;1)
< MR,(fqny) (It - x|9 ;x) .

Applying the Holder inequality,we get

0= 0] (e o7

and choosing 6, (x) as given in (24), the proof is complete. [

4. An r-th Order Generalization of Operators Ri‘;’y)

By C® [0, A] we mean the space of all functions f for which their r-th derivative f® with f© (x) = f (x)
are continuous on [0, A] and bounded all positive axis for A >0and r =0,1,2....

Now, using the similar method by Kirov and Popova [15], we consider the following r-th order
generalization

ay (1) i

R (%) = Zzywww ])&—@m», (26)
j=0 i=0

wheren € N, &, ;(q) := L, [[]]q ,f € CV[0,A], pyj(x;9)is as givenin (6), a, = [n]g_l,bn [n ] with0 < g < 2

and0<a<y.
If we take r = 0 in (26) then we get R( }) g (fix) = R(a ) (f;x).
(@)

We have the following approx1mat10n theorem for the operators R, ;..
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Theorem 4.1. If f € C" [0, A] such that f® € Lipy (6) then we have

MO6B(6,r)

R U -1 @] < o R @),

where ¢ (y) = |y - x|9+rfor each x € [0, A] and B (0, ) denotes the Beta function.

Proof. From (26), we can write

. L fO (0 (0)
Fe-RED (f2) = me(x q){f(x) ZM@ an,<q))} (27)

i=0

Using the well-known Taylor’s formula, we get

r, f0 Enj i
f@-Y M(x—ém (@) = (28)

i=0

X én
(—]157) f A= [f(0; @ + t(x = 0 @) = 17 (0 @)]

Since ) € Lipy (0), we see that

O (&0 @) + £ (x = &0y @) = £ (€05 @) < ME [ = &) (29)

Now, using (29) in (28) and considering the fact that

1
_ 6B (0,1)
_ r-1,0 — 7
f(1 O 0 = =,
0

we have

r+0

r (i) .
£ (&0 (@) MOBON) | 0

f@-), ——(x- &g ) S VICE A

i=0

Taking into account (30) in (27), we get the desired result. [J

Remark 4.2. The function ¢ in Theorem 4.1 belongs to C[0,A] and ¢ (x) = 0. Also, for any x,y € [0,A], r € N,
and 0 € [0,1), since

7

o) =] <ly—o |y-2" <y

we get that ¢ € Lip; (0).

Under the light of Remark 4.2, the following result is obtained from Theorem 3.1 and Theorem 3.2.
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Corollary 4.3. Let q = (g,) with 0 < g, < 1 be a sequence satisfying the conditions given in (13). If f € C" [0, A]
such that f© € Lipy; (6) then we have

D RS (Fx) - fx )‘_ % (036, (%),

MO6B (0,r)

if) R(Zi/), (f;x)— f(x )' < (1)'—6-|-){ On ()}’

where 0, (x) as given in (24).

Remark 4.4. 6, (x), given in (24), is defined on [0, A] for sufficiently large natural numbers. Under the conditions
given in (13), it is clear that st — lim 0, (x), which implies st — lim w (f; 0, (x)) = 0.

Consequently, Theorem 3.1 and Theorem 3.2 give us the rate of statistical convergence of the operators R 7 ) (f;x) to
f(x)on[0,A].

Remark 4.5. Under the hypothesis of Corollary 4.3, we see that st — lim w (@; 6, (x)) = 0 since st — lim 6, (x) .
n n

Considering Theorem 4.1, (i) and (ii) in Corollary 4.3 give us the rate of statistical convergence of the operators

RY7) (£5) to £ (x) on [0, A] provided that f € C¥ [0, A] such that £ € Lipy (6) for r € N.
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