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Abstract. In this paper, firstly, we introduce the notion of R-complete metric spaces. This notion let us to
consider fixed point theorem in R-complete instead of complete metric spaces. Secondly, as motivated by
the recent work of Amini-Harandi (Fixed Point Theory Appl. 2012, 2012:215), we explain a new generalized
contractive condition for set-valued mappings and prove a fixed point theorem in R-complete metric spaces
which extends some well-known results in the literature. Finally, some examples are given to support our
main theorem and also we find the existence of solution for a first-order ordinary differential equation.

1. Introduction
In 1969, Nadler [5] extended the Banach contraction principle [2] to set-valued mappings as follows.

Theorem 1.1. Let (X, d) be a complete metric space and let T be a mapping from X into CB(X). Assume that there
exists r € [0,1) such that H(Tx, Ty) < rd(x,y) for all x,y € X. Then there exists z € X such that z € T(z).

Many fixed point theorems have been proved by various authors as generalizations to Nadler’s theorem.
One such generalization is due to Kaneko in [3] and Nicolae in [6]. Another generalization was proved
by Mizoguchi and Takahashi [4] which is also well known as a positive response to a conjecture posed by
Simeon Reich [7].

Nadler’s theorem was generalized by Mizoguchi and Takahashi [4] in the following way.

Theorem 1.2. Let (X, d) be a complete metric space and let T be a mapping from (X, d) into (CB(X), H) satisfying
H(Tx, Ty) < a(d(x, y)d(x, y)

forall x,y € X, where a is a mapping from (0, o) into [0, 1) such that limsup,_,,. a(s) < 1 forall t € [0,00). Then T
has a fixed point.

Recently, A. Amini-Harandi [1] introduced a new concept of set-valued contraction and proved a fixed
point theorem which generalizes some well-known results in the literature, especially [10]. In this paper,
we present an improvement and generalization of the main result of A. Amini-Harandi [1], M. Sgroi et al.
[8],J. Tiammee et al. [9] and D. Wardowski [10].
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2. Preliminaries

Throughout this paper, IN, Q and R denote, respectively, the sets of all natural numbers, rational numbers
and real numbers. Also, for every nonempty set X denote £*(X) the set of all nonempty subsets of X.
Let (X, d) be a metric space. We denote CB(X) collections of all closed and bounded members of £*(X).
For A,B € CB(X) and x € X, define
D(x, A) := inf{d(x,a);a € A}

and

H(A, B) :== max{sup D(a, B), sup D(b, A)}.

a€eA beB

Notice that H is a metric on CB(X), called the Hausdorff metric induced by d.
To set up our results in the next section, we introduce some definitions that play a major role in further
sections.
Let X be a nonempty set, A, B C X and R be an arbitrary binary relation over X. The binary relations R; and
R, between A and B are defined as follows.
(1) ARy BifaRb,forallae Aand b € B.
(2) AR, B if for each a € A there exists b € B such thata R b.
Next, we introduce two types of monotone set-valued mappings by using the relations R; and R,.

Definition 2.1. Let (X, d) be a metric space endowed a binary relation R over X and T : X — CB(X). Then T is said
to be

(i) monotone mapping of type (I) if
xyeX,x R y=Tx Ry Ty;

(i) monotone mapping of type (II) if
xyeX,x R y=Tx R, Ty;

Example 2.2. Let X = {%, }I' e, 217, <1 U{0,1}, d(x,y) = |x — yl, for all x,y € X, and binary relation R over X
defined by

LeN
xRy {x ’
orx=1vy=0.

Let T : X — CB(X) defined by

{%I 2nl+1 }I zf X = %/n = 1/2/ 7
Tx = {{0}, if x=0,
{1,114}, if x=1

It is easy to see that T is monotone of type (II) but not monotone of type (I). Since 1 R1but T(3) = {1, 1} Ri{1, 1,1} =
T(1).

Example 2.3. Let X = [0,1) and let the metric on X be the Euclidean metric. Define binary relation R over X by x
Ryifxye{x,y}forallx,y € X. Let T : X — CB(X) be a mapping defined by

T(x) = {}

It is easy to see that T is monotone of type (I) and (II).

¥ x), xeQnX,
) xeQnX

O NI=
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Definition 2.4. Let A denote the class of those functions ¢(t1,ta, t3,ta, t5) : RS — R, which satisfy the following
conditions

(A1) ¢ is increasing in ty, t3, t4 and ts;

(A2) tusr < @b, tu, tus1, ty + tas1, 0) implies that t,q < t,, for each positive sequence {t,);

(A3) Iftn,sn — 0and u, — y >0, as n — oo, then we have limsup, _, Pty Sn, Y, tn, tus1) < Y;

(A4) d(u, u,u,2u,0) < u, for each u € R* = [0, +00).

Example 2.5. Let ¢ : R} — R, defined by
(P(tl, b, t3, 1y, t5) =at; + ﬁi’z + )/t3 + (51’4 + Lt5

where a,,7,6,L>0,a+B+y +20=1andy # 1. We claim that ¢ € A. Indeed (A;) obviously holds. To show
(A2), let {t,} be a positive sequence such that

fpp1 < (;b(tn/ by bt En + B, 0) =at, + ﬁtn + ytn+l + 6(tn + tn+1)
=(a+p+0)t, + (y+ )ty

Sincea+f+y +20=1andy # 1, then we can conclude that 1 — (y + 0) > 0 and hence

(a+p+0)
tn+1<mn—tn-

It is obvious to see that the properties (As) and (A4) hold for this function.

Definition 2.6. [1] Let F : (0, +00) — Rand 0 : (0, +00) — (0, +00) be two mappings. Throughout the paper, let A
be the set of all pairs (0, F) satisfying the following:

(01) O(tn) # 0O for each strictly decreasing sequence {t,};

(02) F is a strictly increasing function;

(03) For each sequence {a,} of positive numbers, limy,_, ar, = 0 if and only if lim, e F(ary) = —00;

(04) If ty | 0 and O(t,,) < F(t,) — F(ty41) for each n € IN, then we have Y, t, < 0.

Example 2.7. [1] Let F(t) = In(t) and O(t) = —In(a(t)) for each t € (0, +00), where a : (0, 00) — (0, 1) satisfying
limsup,_,,. a(s) <1, forall t € [0, 00). Then (6,F) € A.

Definition 2.8. Let X # 0 and R C X X X be a binary relation. A sequence {x,} is called a R-sequence if
(YnelN, x,Rxu1).

Definition 2.9. Let (X, d) be a metric space and R be a binary relation over X. Then X is said to be R-reqular if for
each sequence {x,,} such that x, R x,11, for alln € N, and x,, — x, for some x € X, then x, R x, for all n € IN (briefly,
(X,d,R) is called R-reqular metric space).

Definition 2.10. Let (X, d) be a metric space and R be a binary relation over X. Then X is said to be R-complete if
every Cauchy R-sequence is convergent (briefly, (X, d, R) is called R-complete metric space ).

Example 2.11. Let X = Q. Suppose that x R y if and only if x = 0 or y = 0. Clearly, Q with the Euclidean metric is
not a complete metric space but it is R-complete. In fact, if {xi} is an arbitrary Cauchy R-sequence in Q, then there
exists a subsequence {xy,} of {xx} for which xi, = 0 for all n > 1. It follows that {xy,} converges to 0 € X. On the
other hand, we know that every Cauchy sequence with a convergent subsequence is convergent. It follows that {x;} is
convergent. It is easy to see that (X, d, R) is also R-reqular metric space.

Example 2.12. Let X = [0, 1). Suppose that

x<y<l
xRy {_y_4
x=0
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Clearly, X with the Euclidian metric is not a complete metric space, but it is R-complete. In fact, if {x;} is an
arbitrary Cauchy R-sequence in X, then there exists a subsequence {x,} of {xi} for which x,, = 0 foralln > 1 or
there exists a monotone subsequence {xy,} of {xi} for which x;, < }I forall n > 1. It follows that {xx,} converges to
a point x € [0,1] € X. On the other hand, we know that every Cauchy sequence with a convergent subsequence is
convergent. It follows that {xi} is convergent. It is easy to see that (X, d, R) is also R-regular metric space.

Example 2.13. Let X = R. Suppose x R y if and only x = 0 or 0 # y € Q. It is easy to see that (X,d,R) is a
R-complete but not R-reqular metric space.

Example 2.14. Let X = ]R, suppose x R y lf
X,y € (I’l +—-,n+ —)
'Y 4’

for some n € Z or
x=0.

It is easy to see that (X, d, R) is a R-complete but not R-reqular metric space.

3. Fixed Point Theory

We prove main theorem of this section by using the technique in [1].

Theorem 3.1. Let (X, d,R) be a R-complete (not necessarily complete), R-reqular metric space and T : X — CB(X)
be a set-valued mapping. Assume that there exists (3,F) € A such that

0(d(x,y)) + F(H(Tx, Ty)) < F(¢(d(x, y), D(x, Tx), D(y, Ty), D(x, Ty), D(y, Tx))), (1)

for each x R y, with Tx # Ty, where ¢ € A. If the following conditions are satisfied
(i) T is monotone of type (I);

(i1) There exists xo € X such that {xo} Ry Txo;

(iii) T is compact valued or F is continuous from the right;

Then T has a fixed point.

Proof. By assumption (ii), there exists x; € Tx( such that xo R x;. By assumption (i), since T is monotone of
type (I), then Txy Ry Tx;. If x; € Tx;, then xq is fixed point of T and the proof is complete. Assume that
x1 ¢ Tx1, then Txg # Tx;. Since either T is compact valued or F is continuous from right, x; € Txp and

N 0(d(xo, x1))

P(D(xl, Txl)) < F(H(TX(), Txl)) 5

then there exists x; € Tx; with x; R x; such that

0o, x1))

F(d(x1,x2)) < F(H(Txo, Tx1)) + >

Repeating this process, we find that there exists a R-sequence {x,} with initial point x such that x,,11 € Tx,,
Tx, # Txye1 and

O(d(xn-1,Xn))

F(d(xy, xp11)) < F(H(Txy-1, Txy)) + 5 , (2)



H. Baghani, M. Ramezani / Filomat 31:12 (2017), 3875-3884 3879
for all n € N. From (1), (2), (A1) and (6;)we have
0(d(xy-1,x,)) + F(d(x,, X441))

< 0(d(xp_1, %)) + F(H(Txp_1, Txn)) + w
< F(¢(d(Xn—1, xn)/ D(xn—l, Txn—1), D(xn, Txn), D(xn—ll Tx,), D(x,, Txn—l)))

+ Q(d(xn—lz X))

2
< P15, o, ), 8 52), A1 ), 0) + 2001 0)

< F((P(d(xnfl; Xn), A(Xn—1, Xn), A(Xp, Xnt1), A(Xp-1, Xn) + A(X4, X41), 0))
n O(d(xp-1, xn))
2 7

and so

0(d(xy-1,Xn))
. F(d(x, Xn41)) )
< F((ACtn1, ), A1, %), A, Xs1), A1, %) + A, X12), 0)),

for each n € IN. This implies that

d(xnr xn+l)
< (P(d(xn—l/ x‘rl)/ d(xn—ll x‘rl)/ d(xn/ x‘rl+l)/ d(xn—l/ x‘rl) + d(xn/ Xn+1 )/ 0)/

foreachn € IN. Thenby (Ay), d(xy, Xp11) < d(xn-1,x,) for each n € IN. Since {d(x,, x,+1)} is a strictly decreasing
sequence, then by using (3), (A1) and (A4), we obtain that

w + F(d(xn, Xn41))

< F(Pp(d(xn-1,Xn), d(Xn-1, Xn), d(Xn, Xp41), A(Xn—1, X4) + A(X4, Xp11),0))

< P01, %), A1, %), A0, ), A1, %) + A1, %), 0) @)
= F((P(d(xn—hxn)/ A(xXn-1,%n), A(Xn-1,X4), 2d(xp—1, Xx), 0))

< F(d(xy-1,%n)),

for each n € IN.
Let limy,—,co d(xy, Xp11) = 1, for some r > 0. Now, we show that r = 0. On contrary, assume that > 0. From
(4) we get

N =

n—1
Y 0(dxi 1)) < Fd(x1, %)) — Fd(n, 2011) ©)
i=1

foreachn € IN. Since {d(x;, xn+1)} is strictly decreasing, then from (61) we obtain that 6(d(x,, x,+1)) - 0. Thus,
Y.io1 0(d(xi, xi41)) = +0co, and then from (5) we have lim, e F(d(x;, X441)) = —00. Then by (83), d(xy, Xn41) — 0,
as n — oo, that a contradiction. Hence

lim d(x,, X,+1) = 0. (6)
n—oo
From (4), (6) and (64), we have Y., d(x,, X,+1) < co. Then by triangle inequality {x,} is Cauchy R-sequence.

Since X is R-complete, then there exists x € X such that lim, . x, = x. Now, we prove that x is fixed point
of T. If there exist a strictly increasing sequence {n;} such that x,, € Tx for all k € IN, since Tx is closed and
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Xy, — X, as k = oo, we get that x € Tx and proof is complete.
So, we can assume that there exists np € IN such that x,, ¢ Tx, for each n > ny. This implies that Tx, # Tx,
for each n > ny. Now since X is a R-regular metric space by using (1) with x = x, and y = x, we obtain
F(D(x+1, Tx)) < 0(d(xy, X)) + F(D(xy41, Tx))
< 0(d(xy, x)) + F(H(Tx,, Tx))
< F(p(d(xn, x), D(xy, Txn), D(x, Tx), D(x,,, Tx), D(x, Tx,)))
< F(p(d(xn, x), d(xn, Xns1), D(x, Tx), D(x,,, Tx), d(x, Xp11))),

for each n > ng.
Therefore

D(xp41, Tx) < @(d(xp, x), d(Xn, Xp41), D(x, Tx), D(x, Tx), d(x, X141)), (7)
for each n > ny. Now if x € Tx, then proof is complete. Let x ¢ Tx then by using (7) and (A3) we have

D(x, Tx) = lim sup D(x,+1, Tx)

n—oo

< limsup ¢(d(xy, x), d(xn, Xn41), D(x, Tx), D(xy, Tx), d(x, Xn41))

n—oo

< D(x,Tx),
which is a contradiction. Hence x € Tx and proof is complete. [

Letting
(P(tl,tz, t3, t4, t5) =at] + ﬁtz + )/f3 + (51’4 + Lts,
where o, ,7,6,L >0, 0+ +y +26=1and y # 1, we get a generalization of Theorem 3.4 of [8].

Corollary 3.2. Let (X,d,R) be a R-complete (not necessarily complete), R-reqular metric space and T : X — CB(X)
be a set-valued mapping. Assume that there exists (£, F) € A such that

0(d(x, y)) + F(H(Tx, Ty))
< F(ad(x,y) + BD(x, Tx) + yD(y, Ty) + 6D(x, Ty) + LD(y, Tx)),
for each x Ry, with Tx # Ty, where a,,y,6,L >0, a + p+y + 206 = Land y # 1. If the following conditions are
satisfied
(i) T is monotone of type (I);
(1) There exists xg € X such that {xo} Ry Txp;

(iii) T is compact valued or F is continuous from the right;
Then T has a fixed point.

Proof. By using Example 2.1 of [1], we can easily show that this corollary is a generalization of Theorem 3.4
of [8]. O

Letting
O(t1, b, ta, ta, t5) = 1
we get a generalization of Theorem 2.4 of [1].

Corollary 3.3. Let (X,d, R) be a R-complete (not necessarily complete), R-reqular metric space and T : X — CB(X)
be a set-valued mapping. Assume that there exists (3,F) € A such that

0(d(x, y)) + F(H(Tx, Ty)) < F(d(x, y)),

for each x Ry, with Tx # Ty. If the following conditions are satisfied
(i) T is monotone of type (I);

(1) There exists xg € X such that {xo} Ry Txp;

(iii) T is compact valued or F is continuous from the right;

Then T has a fixed point.
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In below we explain a generalization of Theorem 3.2 of [9].

Corollary 3.4. Let (X,d,R) be a R-complete (not necessarily complete), R-reqular metric space and T : X — CB(X)
be a set-valued mapping. Assume that

H(Tx, Ty) < a(d(x, y))d(x, y), (8)

for each x R y, with Tx # Ty where a is a function from (0, o) into (0,1) such that limsup__,. a(s) < 1 for all
t € [0, 00). If the following conditions are satisfied

(i) T is monotone of type (I);

(1) There exists xg € X such that {xo} Ry Txp;

Then T has a fixed point.

Proof. Let F(t) = In(t), 6(t) = — In(a(t)) for each t € (0, ), and ¢ : R} — R, defined by ¢(t1, tr, 3, ts, t5) = 1
then (0,F) € A and ¢ € A. Hence by using Theorem 3.1, T has a fixed point. [

Now we illustrate our main results by the following examples.

Example 3.5. Let (X,d) be a metric space, where X = {1,2,3,4}, d(1,2) = d(1,3) = 1, d(1,4) = % and d(2,3) =
d2,4) = dB,4) = 2. Let T : X — CB(X) be given by T1 = T4 = (1,4}, T2 = T3 = {4} and R =
{1,1),1,2),(1,3),(1,4),(4,1),(4,4)} be a binary relation over X. Since X is finite set then every Cauchy se-
quence in (X, d) is equivalent constant and so convergent. Then (X, d) is a R-complete metric space. It is easy to see
that:

(1) T is monotone of type (I);

(2) There exists xg € X such that {xo} Ry Txo;

(3) X is a R-regular metric space;

(4) Inequality

1+ In(H(Tx, Ty)) < In(a.d(x, y) + L.D(y, Tx)),

holds for each x R y, with Tx # Ty, where a = 1 and L = 4. Then by Corollary 3.2, T has a fixed point.

Example 3.6. Let X = {3,1,--+, 5,---} U {1}, d(x, y) = |x — y|, for all x, y € X, and binary relation R defined over
Xby

xRy &< gelN.

Let T : X — CB(X) defined by

Now we can easily show that

(1) X is a R-complete ( not complete metric space ) and R-regular metric space. Furthermore, every R-sequence is
convergence;

(2) T is monotone of type (I);

(3) There exists xg € X such that {xo} Ry Txo;

(4) Inequality

1+ In(H(Tx, Ty)) < In(a.d(x, y) + L.D(y, Tx)),

holds for for each x R y, with Tx # Ty, where « = 1 and L = 2. Then by Corollary 3.2, T has a fixed point.
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Example 3.7. Consider the sequence {S,} as follows:

51 =1x%x2,
So=1%x2+2x%3,
S3=1X2+2x3+3x4,

nn+1)(n +2)
— e IN.

Let X ={S,:n e N}and d(x,y) = |x — yl, x,y € X. Forall S,,S,, € X define S, R S,, ifand only if (1 = n < m).
Hence (X,d,R) is a R-complete and R-regqular metric space. Define set-valued mapping T : X — CB(X) by the
formulae:

Tx — {{Sn—l/sn+1}/ l_f X = Snln = 3/4/' Tty

S =1X2+42X3+---+nn+1)=

{Sl}/ lf X = Slr SZ'
It is easy to see that T is monotone mapping of type (I) and {S1} Ry TS;.
Now since,
H(T(S,), T
i HIG). TG

n=eo d(Sy, S1)

then T is not R-contraction.
First, observe that

Sy RS, T(Sy) # T(Sp) &= (1 =n,m > 2).
On the other hand, for every m € IN, m > 2 we have

1+ In(H(TS1, TSw)) < In(a.d(S1, Si) + L.D(S, TS1)),
where « = 1 and L = 9. Then by Corollary 3.2, T has a fixed point.

4. Applications to Ordinary Differential Equations

Our purpose hereis to apply Corollary 3.4 to prove the existence of a solution for the following differential
equation:

{u'(t) = f(tu(t), ae.tel=10,T], o)

u(Q)y=a, a=>1,

where f : I x R — Ris an integrable function satisfying the following conditions:
(c1) f(s,x) >0forallx >0ands €1,
(c2) there exists @ € L(I) such that

[f(s,%) = f(s, Yl < als)lx -yl
forallt € land x,y > 0 withxy > (x V y), wherex Vy = x or y.

Note that f : I x R — R is not necessarily Lipschitz from the given condition (c2). For example, the
function

sy, x< 3,
f(srx)_{ol x>%
satisfies the conditions (c1) and (c2) while f is not continuous. Also, for s # 0,
1 2 1 1 1 2
f6:3) - f3)| =55 > 55 =5 -3
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Theorem 4.1. Under above assumptions, the differential equation (9) has a positive solution.

Proof. Let X = {u € C(I,R) : u(t) > 0, Vt € I}. We consider the following binary relation over X:
xRy &= x(y) = )V y)

forall t € I. Let A(t) = fot |ae(s)lds. Then A’(t) = |a(t)| for almost every t € I. Define

lIxlla = supe™Olx(t), d(x,y) := llx — ylla
tel

for all x, y € X. It is easy to see that (X, d) is a metric space.

Now, we show that X is R-complete (not necessarily complete). Take a Cauchy R-sequence {x,} in X. It
is easy to show that {x,} is convergent to a point x € C(I, R). Observe that C(I, R) is a Banach space with this
norm since it is equivalent to the maximum norm. It is enough to show the x € X. Fix t € I. The definition
of relation R implies that

Xn(£) X1 (£) 2 (X () V X1 (8))

for each n € IN. Since x,(t) > 0 for all n € IN, there exists a subsequence {x,,} in {x,} for which x,, (t) > 1 for
each k € N. The convergence of this sequence of real numbers to x(t) implies that x(t) > 1. But since f € I is
arbitrary, it follows that x > 1 and hence x € X. By similar reason, we can prove that (X, d, R) is a R-regular
metric space. Define a mapping ¥ : X — X by

¢
Fu(t) = [) f(s, u(s))ds + a.

Note that the fixed points of # are the solutions of (9). To complete the proof, we need the following
steps:

Step 1: ¥ is monotone of type (I).
In fact, forall x,y € X withx R yandtel,

Fx(t) = fot f(s,x(s))ds +a >1,

which implies that Fx(t)F y(t) > Fx(t) and so Fx R Fy. Moreover, for eachx € X, x R Fx.
Step 2: ¥ satisfies in contractive condition (8).
In fact, for all x, y € X withx R y and f € I, the condition (c2) implies that

t
e AOFx() - Fy(t)] < e f (5, 2(5)) = f(5, y(s)lds
Ot
< A0 f ()P0 [x(s) — y(s)lds
0

< e A0( fo @0~y
< e OO — 1) |lx - ylla
< (1 —e ™y e = ylla
and so
7% = Fylla < (1= e fix = yila.

Since 1 — el < 1, 7 satisfies in contractive condition (8).
Thus, Corollary 3.4 applies that the operator ¥ has a fixed point. [
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