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Abstract. This article concerns the pseudo Drazin inverse of the sums (resp. differences) and the products
of elements in a Banach algebra 7. Some equivalent conditions for the existence of the pseudo Drazin
inverse of a + b (resp. a — b) are characterized. Moreover, the representations for the pseudo Drazin inverse
are given. Some related known results are generalized.

1. Introduction

Throughout this paper, & is a complex Banach algebra with unity 1. The symbols J(«), &/*, /™! denote
the Jacobson radical, the sets of all group invertible, nilpotent elements of .7, respectively. An element
a € o is said to have a Drazin inverse [10] if there exists b € < satisfying

ab =ba,bab="b,a —a*b € o™

The element b above is unique and is denoted by aP, and the nilpotency index of a — a?b is called the Drazin
index of 4, denoted by ind(a). If ind(a) = 1, then b is the group inverse of 2 and is denoted by a*. In 2012,
Wang and Chen [16] introduced the notion of pseudo Drazin inverse (abbr. p-Drazin inverse) in associative
rings and Banach algebras. An element a € </ is called p-Drazin invertible if there exists b € <7 such that

ab = ba, bab = b, a* — a"*1b € J(<7) for some integer k > 1.

Any element b € « satisfying the conditions above is called a p-Drazin inverse of 4, denoted by a*. The set
of all p-Drazin invertible elements of <7 is denoted by /PP. By a'! = 1 — aa* we mean the strongly spectral
idempotent of a.

Representations for the Drazin inverse of the sums and the products of two elements in certain algebras
have attracted wide interest. In general, it is a challenging task to characterize the Drazin inverse of a + b
or ab without additional hypothesis. Given a and b in a ring R with Drazin inverses 4P and bP, respectively.
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If ab = ba = 0 then it follows that a + b is Drazin invertible with (a + b)° = aP + bP (see [10, Corollary 1]).
Wei and Deng [17] presented the expressions on the Drazin inverse of two commutative square complex
matrices. Later, Zhuang, Chen et al. [18] extended the results in [17] to the ring case and proved thata + b
is Drazin invertible if and only if 1 + aPb is Drazin invertible. Further, Deng [7] explored the Drazin inverse
in the ring 8(X) of bounded operators of a Banach space X. Under the condition that PQ = AQP, they gave
explicit representations of the Drazin inverses (P — Q)P (resp. (P + Q)P) and (PQ)P in terms of P, PP, Q and
QP. More results on (generalized) Drazin inverse can be found in [1-6, 8, 9, 11-15].

This article is motivated by Deng [7], Wei, Deng [17] and Zhuang et al. [18]. We investigate the
representations for p-Drazin inverse of the sums (resp. differences) and the products of two elements in a
Banach algebra. Moreover, some equivalent conditions for existence of p-Drazin inverse of the sums and
the differences of two elements in a Banach algebra are given.

2. p-Drazin Inverse Under the Condition ab = ba

In this section, we give some elementary properties on p-Drazin inverse.

Lemma 2.1. ([16, Proposition 5.2] ) Let a,b € /. If ab = ba and a¥, b* exist, then (ab)t = atbt = btat. Moreover,
abt = bta.

In particular, if a € @/PP, then (a?)* = (a*)? by Lemma 2.1.

Lemma 2.2. Leta,b € 7. The following statements hold:
(1) Ifa € J(/), then ab, ba € J().
() Ifa,b € J(&), then (a + b)* € (/) for integer k > 1.

In [10], some properties of Drazin inverse were presented. One may suspect that if the similar properties
can be inherited to p-Drazin inverse in a Banach algebra. The following result illustrates the possibility.

Theorem 2.3. Let a € </PP. Then
1) @)=@hH", n=1,2---.
(2) (ab)} = a2at.
(3) ((ahyh)* = at.
(4) at(at)t = aat.

Proof. (1) It is obvious when n = 1.
Assume the result holds for n — 1, i.e., (@ ")f = (at)*1.
For 1, by Lemma 2.1, we have (a")} = (aa" 1) = a¥(a" 1)t = at(at)"! = (at)".
Hence, a" is p-Drazin invertible and (a")} = (a%)".
(2) It is easy to check ata®at = a?atat and a?atata’at = a2at.
Since (at)* = (at)**1a%at = (at)F = (a})*1a = (ah) = (ah)* = 0 € J(«7) for somek > 1, it follows that (af)F = a2at.
(3) By (2) and Lemma 2.1.
(4) According to (2). O

Corollary 2.4. Let a € </PP. Then (a*)t = aif and only ifa € </*.
Theorem 2.5. Let a,b € </PP with ab = ba = 0. Then (a + b)t = at + b*.

Proof. Since ab = ba = 0, it follows that ab* = ba* = 0 and a*b = bta = 0.
Thus, we obtain
(i) (at + b¥)(a + b) = (a + b)(at + b).
(ii) By ataat = a*, we have

(at + bH)(a + b)@at + vh)

(ata + bb)(at + bh)
at + bt
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(iii) According to a* — a**1at € J(7) and b* — bF*1bt € J(<7) for some k > 1, we obtain
(a+b)* — @+ b @t + bh) @ + b — @ + bY@t + bh)
— ak + bk _ ak+1a¢ _ bk+1bi
— ak _ ak+lu1: + bk _ bk+1bi
€ J(o).

Hence, (a + b)f =at +bt. O

Corollary 2.6. Ifay, a5, ---,a, € PP such that aiaj=0(,j=1,--- ,ni# j), thenay +ax +--- +a, is p-Drazin
t T

invertible and (a1 +a + -+ +a,)F = al +al + - +aj.
Proof. 1t is true for n = 2 by Theorem 2.5.

Assume that the result holds for n — 1. Then (a; + --- + a,_1)f =a
For n case, Theorem 2.5 guarantees that

e,
T+ ta

(a1 + - +ay_1 +a,)} = (a1+---+an_1)¢+af,
= e

This completes the proof. [J

In [17], Wei and Deng presented the formula for the Drazin inverse of two square matrices that commute
with each other. We consider the result in [17] for p-Drazin inverse in a Banach algebra as follows.

Theorem 2.7. Ifa,b € o/*P and ab = ba, then a+b is p-Drazin invertible if and only if 1+ a*b is p-Drazin invertible.
In this case, we have

@@+ 0 = (1 +atb)iat + b ) (-bhaa"ya",

i=0

and
(1 + a*b) = a' + a®at(a + b)*.

Proof. Suppose that a + b is p-Drazin invertible. We prove that 1 + a*b is p-Drazin invertible. Write
1+ atb = a; + by witha; = a'and by = at(a + b).

Note that a, b, at and b* commute with each other. We obtain (b1)* = (at(a + b))* = a%at(a + b)* by Lemma
2.1 and Theorem 2.3(2).

Since a1 is idempotent, (a1)* = a; = a'l. Observing that a;b; = bia; = 0, it follows that (1 + atb)t =
a'l + a%a*(a + b)* by Theorem 2.5.

Conversely, let & = 1 + atb € &/PP and x = &¥at + biz(—biaan)ian.
i=0
We prove that x is the p-Drazin inverse of a + b by showing the following conditions hold: (i) x(a + b) =
(a + b)x, (ii) x(a + b)x = x, (iii) (a + b)* — (a + b)*'x € ().
(i) By Lemma 2.1, a + b commutes with x.
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(ii) Note that Z(—biaa“)i =1+ Z(—biaan)f =1- biaa“Z(—biaaH)i. We have
i=0 i=1 i=0

x@+b) = |&at+pt Z(—biaan)"aﬂ (a+Db)
i=0
= &ata + b) + braa! Z(—biaan)i + bbta"! Z(—biaan)i
i=0 i=0
= &ata + b) + braa! Z(—biaan)i + bbta"! [1 - b*aaHZ(—biaaH)i}
i=0 i=0
= &tata +b) + bbta™.
Hence,
x@+bx = [giai(a +b)+ bbia“] [5% + bt Z(—biaa“)fa“l
i=0

(£92(@" (@ +b) + alb* ) (~bFaa!ly

i=0

()2t + gt Z(—biaa“)"
i=0

gt 4 biz(—biaan)ian
= x 0
(iii) We have (a + b)* — (a + b)**1x € J(«). Indeed,
a+b—(a+b)[Erata+b) + bbta"]
= a+b-Eat@+b)? - (a+b)bbta'!
= a+b- &t + b)2a — aa'bbt — *bH(1 — aat)
= a+b-&E - a"%a - aa"bbt - Vbt + aatv?vt
= a+b- &+ Ead — aa"vbt - P2t + aatb(1 - b
= b—b*bF — ad"bbt + a + aatb — aatbb + Etaa" — EFE%
= b—b*bF — aa"bbt + a& — aatbb™ + Efaal - £1E2g
= b + (&t — bbH)aa"! — aatbb + aEEN
= a'ppt + (éi - bbi)aan +a&&T,
Since (aa'"y" € (), (bb'Y2 € J(o7) and (EEM) € J(o7) for some positive integers ki, k; and k3, take

suitable k > k; + kp + ks, it follows that (a + b)* — (a + b)**1x = [a + b — (a + b)?x]F € J(«7) by Lemma 2.2(2).
The proof is completed. [

a+b—(a+0b)x

3. p-Drazin Inverse Under the Condition ab = Aba

In this section, we give some results on p-Drazin inverse under the condition that ab = Aba.

Lemma 3.1. Leta,b € o7 withab = Aba (A #0). Then
(1) ab™ = A"b"a, a"b = A"ba".

n(n—1) n(n+1)

(2) (ab)" = A" ambt = A" par,

n(n-1) —n(n+l)
—s— AN KN
= q"b".

3) (ba)" = A" b = A
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Proof. By induction, it is easy to obtain the results. [J

Let 7%l = {a € o/ : 1 +ax € &/~ for every x € comm(a)}. Then we have (see [13, p. 138]) that a € 79" if

and only if IIa”II% — 0 (n — o) and that J(«7) ¢ &%, It is well known that c* € J(«) implies that ¢ € o7l
for k > 1. Indeed, for any x € comm(c), 1 — (cx)f = (1 = ex)(1 + cx + -+ + (cx)*!) € &/~". Then, 1 —cx € &/~
implies that ¢ € &7, Hence, we have a(1 — aat) € o7

Lemma 3.2. Leta, b € o/PP with ab = Aba (A # 0). Then
(1) aatb = baat.
(2) bbta = abbt.

Proof. (1) Since a(1 — aa*) € &7, it follows that ||(a(1 — aa®))"||s — 0 (n — o). Suppose p = aat. We have

lpb —pbplls = llafab(1 — a7
= Il@"a"b(1 - aah)]®
= l@h"A"ba" (1 — aab)]|*
= A" (@) bla(t ~ aah))" ||
< 1AL gl il — aab))"|l-.
Hence, ||pb — pbpll»l’z — 0 (n — o0), it follows that pb = pbp.
Similarly, bp = pbp.
Thus, aatb = baat.
(2) The proof is similar to the proof of (1). [

Authors [16] proved that (ab)* = b¥at under the condition ab = ba in a Banach algebra. We can obtain
some generalized results under weak commutative condition ab = Aba.

Theorem 3.3. Let a,b € </PP with ab = Aba (A # 0). Then
(1) a*b = A~ 'bat.
(2) abt = A~ 1bta.
(3) (ab)t = btat = A~latpt.

Proof. (1) Since aatb = baat, we have
atb ataatb = atbaat = at A abat

A Vatabat = A baatat
A~ 1bat.

(2) The proof is similar to (1).
(3) We first prove that btat = A71atbt. By Lemma 3.2, it follows that
btat = braat)at = (aat)brat
= atabH)at = at (A" bta)at
= A latvt(aat) = A lat (aat)bt
= Alatpt,
We now prove that x = btat is the p-Drazin inverse of ab.
(i) By Lemma 3.2, we obtain
(ab)x = abbtat = aatbth
= btaatb = bratab
x(ab).
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(ii) x(ab)x = bt(ata)bbtat = b¥bbt(ata)at = btat = x.
(iii) We first present an useful equality, i.e.,

VPHptad et = vRebtafaat = braaatopt
= b latbpt = ekt 1pbtat
— bk/\k+1 bak+1 biai

— )\k+1 bk+1ak+1 biai.

Hence, we have

@by — (ab)btat = ATTUpRak - AT P Rt

k(k+1

— (bk k /\k+1bk+1ak+1biai)

_ k(k+1 (bk k bk+1b¢ak+1a¢)

_ k( +1 [ (bk bk+1bi)(€lk _ ak+1a¢) + (bk _ bk+lb¢)ak
+bk(a —a*lgh)]

€ J()

for some k > 1
Therefore, (ab)t = btat = A7 latpt. O

Corollary 3.4. Let a,b € /PP with ab = Aba (A # 0). Then
(1) (a:\tb)” _ rz(n 1) ( i)nbn _ —rz(VH-l bn(ai)"
(2) (abt)" = a"(bt)" = (bty'a".

n(n 1) n(n+1

Proof. By induction and Theorem 3.3. [

Theorem 3.5. Leta, b € o/*P withab = Aba (A # 0). Then a—b is p-Drazin invertible ifand only ifw = aa*(a—b)bb*
is p-Drazin invertible. In this case, we have

(a—b)t = wt +at Z(bai)"b“ s Z(bia)ibi,
i=0

i=0
and wt = aat(a — b)Fbbt.

Proof. Assume thata — b is p-Drazin invertible. Since aat is idempotent, aa* € &/*P. By Lemma 3.2, we have
aa*(a — b) = (a — b)aat. Hence, aa*(a — b) € /PP according to Lemma 2.1.

Again, Lemma 3.2 guarantees that aa*(a — b)bb* = bbtaat(a — b). Thus, aa*(a — b)bb* € /PP and wt =
aa*(a — b)*bb* according to Lemma 2.1.

Conversely, let

x=wh+at Z(bai)ibﬂ — g1 Z(bia)ibi.
i=0 i=0

We prove that x is the p-Drazin inverse of a — b, i.e., the following conditions hold: (i) x(a — b) = (a — b)x,
(ii) x(a — b)x = x, (iii) (a — b)* — (a — b)**'x € J().
(i) By Lemma 3.2, we have
(a-bw (a — b)aat(a — b)bb*
= aat*(a - b)(a - b)bb?
= aat(a - b)bb*(a - b)
= w(a-D).
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Hence, (a — b)wt = wt(a — b). Moreover,

(a- byt Z(bai)fbn = (aat — bat) Z(bai)fbn = aat Z(bai)fbn — bat Z(bai)fb“
i=0 i=0 i=0 i=0
= aa*(1 + ba* + (ba*)? + - )b — ba* (1 + bat + (ba*)? + - - )"

= (aa* + bat + (ba*)? + - o' — (ba* + (bat)* + - -+ )b"
= aa*p'.

1

Similarly, (a — b)[a“ (bia)ibi] = —bbta"l.
=0

We have

(a—b)x

(@ - b)(w! + at i(bai)"b“ —a" i(bia)"b*)
i=0 i=0

(a — bywt + aa*b" + bvta'l.

Note that Lemma 3.2. We get

at Z(bai)ibn(a —b)=at Z(bgi)i(a — b =gt Z(bai)f’abn —qt z(bai)fbbn
i=0 =0 i=0 =0

= a*(1 + bat + (bat)? + - )ab' — a*(1 + bat + (bat)? + - - )bbH!
= a¥(ab" + batab'! + (bat)?ab™ + - - ) — at OB + batbb! + (bat) Vb + - )
= a¥(ab" + atabb™ + aatbatvb™ + aat (bat)?bb! + - - )
—at(bb" + batbb™ + (bat) v + - )
= at(ab" + bb™ + batbb'! + (bat)?bbt + - )
—at(bb™ + batbb™ + (bat)?bb' + - - )
= aatp'l.

Similarly, aHZ(bia)ibi(a —b) = —bbta'l.
i=0
Therefore, we have

x(a —b)

wt + at Z‘(bai)"bl—I —ql! Z‘(bia)"bi (a—Db)
i=0 i=0

(a — b)w* + aa*b"! + bbtal!
(a —b)x.

(i) aat, bb* indeed commute with any elements of &7 from Lemma 2.1. Since aa* and bb* are idempotents,
wt = aatwtbbt and

wh@a - bwt = aatwtbbt(a - baatwtbbt
(w*)w

= wh

Hence, we get w¥a!! = a'lwt = 0 and wHb™ = bMwt = 0. Also, wH(aatb!! + bbta'l) = wibMaat + whallbbt = 0.
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According to Lemma 3.2 and (2 — b)wt = w#(a — b), we have

at Z(bai)fb“ s Z(bia)ibil (a-bywt = [ai Z(bai)fb“ s Z(bia)fbi wh(a - b)

i=0 i=0 i=0 i=0
= 0
and
[at Z(bai)fbn s Z(bia)fbi](aaibn + bbta) = at z(bai)fb“aaib“
i=0 i=0 i=0
+at Z(bai)ibnbbia“ —aY (Bra)ibtaatb — ot Z(bia)fbibbia“
i=0 i=0 =0
= qf Z(bai)fbﬂ — g Z(bia)fbi.
i=0 i=0
Therefore,

x(a — b)x = [wh +at Z(bai)"bn " Z(bia)"bi][(a — bywt + aatp" + pbtal]
=0 =0

0o

= wia - bwt + whaadt b + bbta") + [at Z(bai)ibﬂ —ay (bra)vt)(a - b)wt
i=0

i=0 i

+lab Y (oaybT - o Y (bhaybH(aatb" + bbta™)
i=0 i=0
= wh[ab ) (bat)b' - a ) (bha) 6] (aatt" + bbta")
i=0 i=0
= wh+at Z‘(bai)"bl—I —a! Z‘(bia)ilfF
i=0 i=0
= x
(iii) Note that wt = aatwtbbt. Then wt(a — b)?> = whaat(a — b)*bbt = wiw? and (a — b)(aatb" + bbta'l) =
aat(a — b)b"! + a'l(a — b)bb*.
Writing w'! = 1 — ww!, we obtain
(a - b)*x (a — b)w*(a — b) + aa*b™ + bbta'l)
= wh@a - b)? + (a - b)(aa*b"" + bbta'l)
= wrw? + aat(a - b)b" + a"(a — b)bb?
= w—ww' +aat(a - b)b" + a"(a — b)bb*
= aa*(a - b)bb* + aat(a — b)b" + a"(a - )b — ww'!
= aa*(a - b) + a"(a - b)bbt — ww'l.

Thus,
(a—b)—(a-b)x

(a — b) — (aa*(a - b) + a'(a - b)bb* — ww')
= (a—0b)—aat(a-0b) - a'Y(a - b)bb* + ww'
= a'Ya-b) - a"a - b)bb* + ww'!

= a(a - b)b" + w"

= alab"! — a"pp! + ww',
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There exist some integers ki, k, and k; such that (aa'))" € J(7), (bb")e € J(7) and (ww')e € J(&7). Tt
follows from Lemma 2.2 that (a'lab™ —a''bb"" )% € J(o7) for integer ks > ki +k,. Finally, as ww!! commutes with
aab™ —a'pp'!, we have (a'lab" - albb" + ww™)k € J(o7) for integer k > ki +k, +ks. Hence, (a—b)*—(a—b)*'x €
J(&7) for some integer k.

Therefore, a — b € /PP and

(a— byt = wh +af Z(bai)"b“ s Z(bia)fbi.
i=0 i=0
This completes the proof. [J
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