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Abstract. In this paper, we prove the Hyers-Ulam stability of the following generalized additive functional

equation
X m—=2 _12 m
Y. f[x ey xk,J=(’"2 ) X fixd

1<i<j<m 1=1,k#i,j

where m is a positive integer greater than 3, in various normed spaces.

1. Introduction and Preliminaries

Let I'* denote the set of all probability distribution functions F : R U [—oc0, +00] — [0,1] such that F is
left-continuous and nondecreasing on R and F(0) = 0, F(+c0) = 1. It is clear that the set D* = {(F e I'" :
I"F(—0c0) = 1}, where I” f(x) = lim;_,»- f(f), is a subset of I'*. The set I'* is partially ordered by the usual
point-wise ordering of functions, that is, F < G if and only if F(t) < G(t) for all t € R. For any a > 0, the
element H,(t) of D* is defined by

0, if t<a,
H”(t)_{l, it t>a

A classical question in the theory of functional equations is the following: When is it true that a function
which approximately satisfies a functional equation must be close to an exact solution of the equation?. If the
problem accepts a solution, we say that the equation is stable. The first stability problem concerning group
homomorphisms was raised by Ulam [45] in 1940.

In the next year, Hyers [22] gave a positive answer to the above question for additive groups under the
assumption that the groups are Banach spaces. In 1978, Rassias [33] proved a generalization of Hyers’
theorem for additive mappings. The result of Rassias has provided a lot of influence during the last three
decades in the development of a generalization of the Hyers-Ulam stability concept. Furthermore, in 1994,
a generalization of Rassias’ theorem was obtained by Gavruta [20] by replacing the bound e(||x|[” + ||ylIP) by
a general control function ¢(x, y).

In 1897, Hensel [21] introduced a normed space which does not have the Archimedean property. It turned
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out that non-Archimedean spaces have many nice applications [23, 24].

The stability problems of several functional equations have been extensively investigated by a number of
authors and there are many interesting results concerning this problem ([2]-[20], [26]-[43]).

The most important examples of non-Archimedean spaces are p-adic numbers. A key property of p-adic
numbers is that they do not satisfy the Archimedean axiom: “for x,y > 0, there exists n € IN such that
x <ny”.

Example 1.1. Fix a prime number p. For any nonzero rational number x, there exists a unique integer n, € Z.
such that x = {p™ , where a and b are integers not divisible by p. Then |x|, := p™ defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric d(x,y) = |x — y|, is denoted by Q, which is called the
p-adic number field. In fact, Q, is the set of all formal series x = Y., axp* where |ar| < p — 1 are integers. The
addition and multiplication between any two elements of Q, are defined naturally. The norm | Y2, ap"l, = p™ is
a non-Archimedean norm on Q, and it makes Q, a locally compact filed.

Arriola and Beyer [1] investigated the Hyers-Ulam stability of approximate additive functions f :
Q, — R. They showed that if f : Q, — R is a continuous function for which there exists a fixed e:
If(x+y) = f(x) = f(y)| < e for all x, y € Qp, then there exists a unique additive function T : Q, — R such that
If(x) = T(x)| < € forall x € Q,.

However, the following example shows that the same result of Theorem 1.1 is not true in non-Archimedean
normed spaces.

Example 1.2. Letp > 2and let f : Q, — Q, be deﬁned by f(x) =2. Thenfore =1, |f(x+y)— f(x) - f(y) =1 <e
forall x,y € Q,. However, the sequences {f( } _and {Z”f( 2 )} _arenot Cauchy. In fact, by using the fact that
12| = 1, we have B

£ f2™1)
on on+l

=2".2-270D g =27 =1

and

2nf(2n) 2n+1f(2n_x;_1) — |2n2 _ 2(n+1)'2| — |2n+1| =1

forall x,y € Q, and n € IN. Hence these sequences are not convergent in Q.

In Sections 2 and 3, we adopt the usual terminology, notions and conventions of the theory of random
normed spaces as in [44].

The reader, can find the definitions of continuous triangular norm, random normed spaces, non-Archimedean
field and non-Archimedean normed spaces, respectively , in, [2] and [3] .

Theorem 1.3. [10, 11] Let (X,d) be a complete generalized metric space and | : X — X be a strictly contractive
mapping with Lipschitz constant L < 1. Then, for all x € X, either

d(J"x, J™*1x) = oo 1)

for all nonnegative integers n or there exists a positive integer ng such that
(a) d(J"x, J**1x) < oo for all ng > ny;

(b) the sequence {]"x} converges to a fixed point y* of |;

(c) y* is the unique fixed point of | in the set Y = {y € X : d(J"x, y) < oo};
(d) d(y, y') < fzd(y, Jy) forall y € Y.

In this paper, we prove the Hyers-Ulam stability of the following functional equation:

. . m=2 m
y f[x’zxw y xkl]:(’”;”ZZf(xi) o)
i=1

1<i<j<m I=1 )i,
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in non-Archimedean and random normed spaces.
First, we introduce the following lemma due to A. Najati and A. Ramjbar [27] with n = 3 in (2).

Lemma 1.4. Let X and Y be linear spaces. A mapping f : X — Y satisfies the equation

X+ X+2z +2z
F(SE w2+ A (57 +w)+ (5 +x) =20 + Fw) + £ 3)
forall x,y,z € X if and only if f is additive.
Secondly , we introduce the following lemma due to ].M. Rassias and H.M. Kim [32].

Lemma 1.5. Let X and Y be linear spaces and let m > 3 be a fixed positive integer. A mapping f : X — Y satisfies
the equation

i . m—2 m
£ £ o) S5 e
i=1

1<i<j<m 1=1,k#i,j

forall x1,xp,-++ , %y € X if and only if f is an additive mapping.

2. Non-Archimedean Stability of Functional Equation (2): Fixed Point Alternative Method

In this section, using the fixed point alternative approach, we prove the Hyers-Ulam stability of func-
tional equation (2) in non-Archimedean normed spaces.

Throughout this section, assume that X is a non-Archimedean normed space and that Y is a complete
non-Archimedean normed space. Also |m —1| # 1.

Theorem 2.1. Let C: X™ — [0, o) be a function such that there exists L < 1 with

X X X
_ <
|m 1|C(m_1rm_1/ /m_l)—LC(xl/er rxm) (4)

forall x1,xp,-++ ,xy € X. If f : X — Y is a mapping satisfying

Z (x,+x]+ m-2 xkl] (m—1)2 Zf(x)
i

1<i<j<m 1=1k#i,

< C(xll X2, X ) (5)

forall x1,xp,- -+ , %y € X, then there is a unique additive mapping A : X — Y such that

|2|LC(X, X,y X)

Proof. Putting xq = --- = x,, = x in (5), we have
(
Hz,(m 2)‘f((m 1) ) f(x < C(x,x,-~~ ,x) (7)

for all x € X. Replacing x by mi T in (7), we obtain

x 12| x X x

1)—f(x) ImZ—mlc(m—l’m—l'm'm—l) ®
|2|LC(.X', X, ,.X')
|m2 —m|jm—1|
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for all x € X. Consider the set S* := {7 : X — Y} and the generalized metric d* in S* defined by
d'(g,h) = inf {u € R* : |lg(x) — k)|l < pl(x, x, -+ ,x), Yx € X}, 9)

where inf ) = +oo. It is easy to show that (S*,d") is complete (see [26], Lemma 2.1). Now, we consider a
linear mapping J* : S* — S* such that

Fh(x) = (m — 1)h(m’i 1) (10)

for all x € X. Let g,h € S* be arbitrary. Denote € = d*(g,h). We will show that d*(Jg, Jh) < Le. Since
llg(x) — h(x)I| < eC(x, x,--- ,x) for all x € X, we get

[ =19 (=255 ) - o= 0n (25 )|

X x X
-1
I lec(m—l’m—l’ 'm—l)

Lc(x/x/ e /'x)
Im — 1
for all x € X. Thus d*(g,h) = € implies that d*(J*g, J'h) < Le. This means that d*(J*g, ['h) < Ld*(g,h) for
12|IL
1 *. It foll f hat d*

all g,h € 5*. It follows from (8) that d*(f, ' f) < P p——
A : X — Y satisfying the following:
(1) A is a fixed point of [*, that is,

A( X ) _ Ax)

m—-1) m-1

11"g9(x) = " h(x)ll

IA

IN

|m —1le

. By Theorem 1.3, there exists a mapping

(11)

forallx € X. The mapping A isa unique fixed point of J* in the set Q) = {h € S* : d*(g, h) < co}. This implies that
Ais a unique mapping satisfying (11) such that there exists y € (0, 00) satisfying || f(x) —AXx)|| < pl(x,x, -+, x)
forall x € X.

(2) d*(J""f,A) — 0 as n — oo. This implies the equality

lim (1m — 1)"f((m i‘ 1)71) = A(x)

forall x € X.
Q@) d(f,A) <

d)(— , *
;f_]Lf) with f € 3, which implies the inequality

|2IL
mllm — 1P — |mllm — 12L"

a'(f,A) < | (12)

This implies that the inequality (6) holds. By (5), we have

m=2 m
Z [xz + Xj 4 xkl] _ (m ; 1)2 ZA(XZ)H
i,j i=1

1<i<j<m =1,k #i
x; +x] g x (m—17 X; ]H
= 1 -1 ” —
1<z<]<m 1=1,k#i,j i=1
. X1 X2 Xm
<1 — 1" JERRN.
_ng{}olm | C((m—l)”’(m—l)” (m—l)”)

an(xlr X2, ;xm)
lm —1I"

< lim |m—-1|"-
n—00
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forall x1,xp, -+ ,x, € Xand n > 1 and so

-2 m
Xi+x (m—l2
I EESB g IRCES S o
{ ij ]

1<i<j<m 1=1,ki#i, i=1

for all xq1,x;,--- ,x,; € X. On the other hand

il - ) — A@) = lim (m — 1)”“f(ﬁ) = Jim (m — 1)nf((m = 1)n) -

(m—l)A(m

Therefore, the mapping A : X — Y is additive. This completes the proof. [
Corollary 2.2. Let 6 > 0 and p be a real number with 0 < p < 1. Let f : X — Y be a mapping satisfying

. . m=2
y f(x';"u xk,] m 1Y Zf(xl <e(2uxinp] (13)

1<i<j<m I=1k#i,j i=1

forall x1,x2,++ , %y, € X. Then the limit A(x) = hm (m - 1)”f( ) exists forallx e Xand A : X = Yisa

(m 1)
unique additive mapping such that

m|2|lm — 110||x|/P
m|(jm — 1/P*2 — |m — 1]P)

1/ (x) = A@)Il < |

forallx € X.

Proof. The proof follows from Theorem 2.1 if we take C(x1,x,- -+ , X)) = 0 (Z ||x,-||”) forall x1,xy,--- ,x,, € X.
i=1

In fact, if we choose L = |m — 1|'7, then we get the desired result. [

Theorem 2.3. Let C: X™ — [0, o) be a function such that there exists an L < 1 with

X1 X2 Xm
< —
C(x1/x2/ /xm)—lm ]-ILC(m_llm_l/ /m_l) (14)

forall xi,x,--+ ,x, € X. Let f : X — Y be a mapping satisfying (5). Then there is a unique additive mapping
A : X — Y such that

12|C(x, x, - -+, x)

I£6) ~ A < po = (15)
Proof. It follows from (7) that
f((m - ].)X) |2|C(x/ X, ,X)
-2 il 17 1o

for all x € X. Let (S*,d") be the generalized metric space defined in the proof of Theorem 2.1.
Now, we consider a linear mapping | : S* — S* such that

Jh(x) = —f((m 1)x) (17)
for all x € X. Let g,h € S* be arbitrary. Denote € = d*(g,h). We will show that d*(Jg, Jh) < Le. Since
lg(x) = h(x)ll < eC(x,x,--- ,x) forall x € X, we have
g((m 1)x) _ h((m —1)x)

m-—1

eC((m—1Dx,(m—=1)x,---,(m = 1)x)
Im —1]|
|m —1LC(x, x, -+ ,x)
lm —1]

1192) - ol = £
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for all x € X . Thus d*(g,h) = € implies that d*(Jg, Jh) < Le. This means that d*(Jg, Jh) < Ld*(g,h) for all
g,h € S. It follows from (16) that

. 2|
<L —.
T IN S i (18)
By Theorem 1.3, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, that is,
A((m—1)x) = (m—1)A(x) (19)

forall x € X. The mapping A is a unique fixed point of ] in the set Q = {h € §* : d*(g, h) < oo}. This implies that
Ais a unique mapping satisfying (19) such that there exists y € (0, o0) satisfying || f(x) —AX)|| < pl(x,x, -+ ,x)

forall x € X. 1y
(2)d*(J"f,A) = 0 as n — co. This implies the equality lim M

n—oco  (m—1)"
d(f,]f)
1-L

= A(x) forall x € X.

B d'(f,A) <

with f € Q), which implies the inequality

2|
llm — 112 = mllm — 1PL"

d'(f,A) < i (20)

This implies that the inequality (15) holds. The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 2.4. Let 6 > 0 and p be a real number withp > 1. Let f : X — Y be a mapping satisfying (13). Then the

limit AGx) = tim 20"

=1y exists for all x € X and A : X — Y is a unique additive mapping such that
n—oo -

m|2m — 2|6]|x|/P
llm = 1P(jm = 1] = [m — 1)

1/ (x) = A@)Il < i

forall x € X.

m

Proof. The proof follows from Theorem 2.3 if we take C(x1, X2, , Xp) = 0 (Z ||xi||F’) forall x1, x5, -+ ,x,, € X.
i=1

In fact, if we choose L = |m — 1|71, then we get the desired result. [

3. Non-Archimedean stability of the functional equation (2): direct method

In this section, we prove the Hyers-Ulam stability of the functional equation (2) in non-Archimedean
space. Throughout this section, assume that G is an additive semigroup and that X is a complete non-
Archimedean space.

Theorem 3.1. Let C: G™ — [0, +00) be a function such that

X1 X2 Xm
(m=1"" (m=1"" " (m—1)"

lim |m — 1|”c( =0 (21)

forall x1,x5,--+ , %, € G. Suppose that, for any x € G, the limit

W(x) = lim max {Im —-1f¢ (( ad ad - - )} (22)

n—e0 0<k<n m— 1)1 (m— 1 (= 1)k

exists and f : G — X is a mapping satisfying

. . m=2 m
g

1<i<j<m 1=1 ki, i=1

< Q1 X2, X)- (23)
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Then, for all x € G, A(x) := limy e (m — 1)”f( = 1),l) exists and satisfies the

121 (x)

< .

1)~ TGl < o (24)
Moreover, if

1 1 — k x X “ee * =

it g {1 G g =0 >
then T is the unique additive mapping satisfying (24).
Proof. By (8), we get

x x x
H(m_l)f f( )H—lmz_mlc(m_llm_lrrm_l) (26)

for all x € G. Replacing x by =1y f 1y

in (26), we obtain

n+ X n X
Wm—” v@m—an_“”_”f@m—nJ

2llm — 11" x X x
= m2 —m C((m — 1) (m — 1)n+1’”' "m — 1)n+1)' (27)

x
(m—1)"

Thus, it follows from (21) and (27) that the sequence {(m -1)"f ( )} is a Cauchy sequence. Since
n>1

X is complete, it follows that {(m -'f (ﬁ)} is convergent. Set T(x) := lim (m — 1)" f ( (m ad 1 ) .
—_ n>1 n—oo _

By induction, one can show that

(28)

Wm—nf DJ £

< |2| |m _ ]-IkC X X . d
12 — m] 0skon (m— 1)1 (m— 1)1 7 (m - 1)k

forall n > 1 and x € G. By taking n — oo in (28) and using (22), one obtains (24). By (21) and (23), we get

Z [xz+x]+ - xk] (m—l)2 . A(xi)H
j

1<i<j<m 1=1,k#i, i=1
-2 m
%+% \ X, (m—-1) X; ”
— 1 -1 n _ ]
1<z<]<m I=1,k#i,j i=1
. X1 X2 Xm
<1 — 1" .
_nglc;lo'm | C((m—l)”'(m—l)”' ’(m_l)n)
=0

forall x1,x2,--- ,x € Gand n > 1. Therefore, the mapping T : G — X satisfies (2).
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To prove the uniqueness property of A, let L be another mapping satisfying (24). Then we have

I - L)
- }Lr?olm—llf A((m:)i)_L((mfl)f)

4

< lim |m - 1) max{

]—)00

X X X X
osm) e e et
2

< lim lim max {|m — 1/ [ —= X d
= m2 = m| j>co neo j<kent] (m—=1% (m—-17%" " (m-1)F

=0

for all x € G. Therefore, A = L. This completes the proof. [
Corollary 3.2. Let & : [0, 00) — [0, o) be a function satisfying

t 1 1 1
<
é(lm—ll)_ é(|m—1|)‘5(t)’ é(lm—ll) 1]
forallt > 0. Let « > 0and f : G — X be a mapping such that

X+ X m—2 m—1 o m m
) B S R o R DI
1<i<j<m 1=1,k#i,] i=1 i=1
forall x1,x9,-++ , %, € G. Then there exists a unique additive mapping A : G — X such that

m{2lc&(lx])
I1f(x) — Al < [Tk

Proof. If we define C: G™ — [0, 00) by C(x1,x2,- -+ , X) = K(Z é(lxil)), then we have
i=1

. n x x Y x
gy =1l C((m—l)“' (m = 1)"" ’<m—1>”)

< lim [im - 1¢ (ﬁ)] [K [Z; é(lxil)” -0

for all x1,x,--- ,x,; € G. On the other hand, for all x € G,

o o x x .
W) = }E’E}oé’é‘&’i{'m 1'C((m—l)k+1’(rn—1>k“’ '<m‘1)k”)}
X x x
- C(m—l'm—llmlm_l)
mxé(|x)

[m — 1|

exists. Also, we have

X X X
li li -1 k .
jm I, e {'m e ((m COR =1 = 1) )}
. X X X
— 1 _ 1] - , - PR -
= )

=0.

Thus, applying Theorem 3.1, we have the conclusion. This completes the proof. [J

|

}

1760

(29)
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Theorem 3.3. Let C: G™ — [0, +00) be a function such that

liy 20 = D', (m = 1), -, (m = 1))

n—oo |m — 1|14 0 (30)

forall x1,x2,- -+, %y, € G. Suppose that, for any x € G, the limit

W(x) = lim max
n—o0 0<k<n

{C((m — 1%, (m — Dfx, -+, (m — 1)"x)} 31)

|m _ 1|k+1

. . . o o f(m=1)")
exists and f : G — X is a mapping satisfying (23), then, the limit T(x) := lim —————

Ly exists for all x € G and
satisfies the

12|V (x)
lf () = Tl < =11 (32)

Moreover, if

lim im max
Jj—00 100 j<k<n+j

33
|m _ 1|k+1 ( )

{C((m _ 1)kx/ (m B 1)kx/ Ty (m B 1)kx)} =0
then T is the unique mapping satisfying (32).
Proof. By (7), we have

f((m —1)x)

m-—1

< |2|C(x/ X, ,.X')

34
mllm =17 (34

|-
for all x € G. Replacing x by (m — 1)"x in (34), we obtain

< |2|C((m - 1)nx/ Ty (m - 1)nx)
B Iml|m — 1]+ '

Hf«m — ") f(m=1)""x) 35)

(m— 1) (m — 1y

—1)" — 1)
Thus it follows from (30) and (35) that the sequence { JM } JM .
n>1

m=1) is convergent. Set T(x) := r}gxgo =1y

On the other hand, it follows from (35) that

‘ fm=1Px)  f(m = 1))
(m—-1) (m—1)1

qi flm =1 f(om = 1))
(m— 1) (m — 1)1

k=p
fllm = D*%) — f((m - 1)**1x)
Smax{ o Y — :psk<q—1}

|2| C((m - 1)kx/ (m B 1)kx/ Tty (m B 1)k'x) .
< |m”m_nmax{ P p<k<g

for all x € G and all integers p,q > 0 with g > p > 0. Letting p = 0, taking g — oo in the last inequality and
using (31), we obtain (32).
The rest of the proof is similar to the proof of Theorem 3.1. This completes the proof. [
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Corollary 3.4. Let & : [0, 00) — [0, o) be a function satisfying
c(m —1t) < &(lm = 1)), &(lm = 1)) < |m —1|

forallt > 0. Let x > 0and f : G — X be a mapping satisfying (29). Then there exists a unique additive mapping
A : G — X such that

2] [£(|x)]™

mljm — 112 -

I1f(x) = A@)Il <

m

Proof. If we define C : G™ — [0, 00) by C(x1, X2, , %) = K (H 5(|x,-|)) and apply Theorem 3.3, then we get

i=1
the conclusion. [J

4. Random Stability of Functional Equation (2): Fixed Point Method

Throughout this section, using the fixed point alternative approach, we prove Hyers-Ulam stability of
functional equation (2) in random normed spaces.

Theorem 4.1. Let X be a linear space, (Y, 1, Tp) be a complete RN-space and @ be a mapping from X™ to D*
(D(x1, -+, X) is denoted by Dy, .. x,) such that there exists 0 < a < L5 such that

q)(m—l)xl,(m—l)Xz,-~,(m—l)xm (< Doy, ,xm(“t) (36)

forall x1,xp,-++ , %y € Xand t > 0. Let f : X — Y be a mapping satisfying

+ X X f

1=1j i, i=1

["l X m=2 (m-12 m (t) Z q)x1,xz,~~~,xm (t) (37)
Py (* 1]‘T (xi)
<i<j<m

forall x1,xp,-++ , %, € Xand t > 0. Then, for all x € X

exists and A : X — Y is a unique additive mapping such that

((m?* = m) — m(m — 1)%a)t
[uf(x)—A(x)(t) R O N 5 ( (38)
o
forallx € Xandt > 0.
Proof. Putting x; = --- = x,, = x in (37), we obtain
”Wf((m—l)x)— 7"(”;1)2 f(x)(t) 2 q)xux“',x(t) (39)

for all x € X and ¢t > 0. Consider the set S := {g : X — Y} and the generalized metric 4 in S defined by

a(f,9)= inf {tgn (1) = By, 1(B), VX € X, >0},
where inf ) = +0c0. It is easy to show that (S, d) is complete (see [26], Lemma 2.1).
Now, we consider a linear mapping | : (S,d) — (S, d) such that Jh(x) := (m —1)h (ﬁ) forall x € X.
First, we prove that | is a strictly contractive mapping with the Lipschitz constant (m — 1)a.
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In fact, let g, h € S be such that d(g, 1) < €. Then we have ) -n)(€t) = Py, £(t) for all x € X and ¢ > 0 and
SO

Wrge-meo (M — D)aet) = Uon-1yg(:25)-m-1h( ) (M — 1)aet)
= Byl (aet)
D« (Dét)

m=1/m=1"""m— 1

Dy, ,x(f)

forall x € X and t > 0. Thus d(g,h) < € implies that d(Jg, Jh) < (m — 1)ae. This means that d(Jg, Jh) <
(m —1)ad(g,h) for all g, h € S. It follows from (39) that

=
2

m(m — 1)t
(o) ® = P (T)
m(m — 1)t
Z x|l
= e ( 2a ) (40)

Sod(f,]f) £ ——— =1 20 0 By Theorem 1.3, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed pomt of J, that is,

X 1

A =—— A 41
(m—l) m—1 () 41

for all x € X. The mapping A is a unique fixed point of ] in the set O = {h € S : d(g, h) < oo}. This implies that

A is a unique mapping satisfying (41) such that there exists u € (0, c0) satisfying pi rx)-a() (Ut) = @y .. x(t) for

allx e Xand t > 0.

(2)d(J"f,A) — 0 as n — oco. This implies the equality

Yim (1~ 1>"f(ﬁ) = AW

forall x € X.
B d(f,A) < = Ef ]f)l) with f € Q, which implies the inequality
2a
d(f,4) < (m2 —m) — m(m - 1)%a
and so

2ait
> o x
B f)-Aw) ((mz =) = m(m = 17 a) > Dy x.... x(f)
for all x € X and f > 0. This implies that the inequality (38) holds. Now, we have

0
|

m

[J m=2 Xk 2
1 (m— 1)
(m— 1)”[ Z f[ b1 1)n 1% i OO ) Z f( = 1)" )

1<i<j<m

t
Z (D 1 X2 2 T .
T e et \ (m — 1)1

forall x1,x5,--+ ,x,, € X, t > 0and n > 1 and so, from (36), it follows that

t t
D o —  _|>® -
TEuAT= e = 1)"((771—1)”) G x"‘((m—l)”a”)
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Since limy—,co Py, 1, - 1y (m) =1forall x1,x5,--- ,x, € Xand t > 0, we have

xs m=2

# X, 2 n
-1
Zl§x</’sm A[ 12 . + Z xkl]_% Z A

I=Lk#ij i=1

(=1
(x:)

forall x1,x2,+ -, x, € X and ¢ > 0. Thus the mapping A : X — Y satisfies (2).
On the other hand

A((m = 1)x) = (m = 1A(x)

= n=1)timon =17 o = e = 0 )|
=0.

This completes the proof. [J

Corollary 4.2. Let X be a real normed space, 0 > 0 and r be a real number withr > 1. Let f : X — Y be a mapping
satisfying

t
[—’l X+ n- m (t) Z - N (42)
L f[%+ oy ]sz t+0( L i)

1<i<j<m I:'l,kl;ti,j

forall x1,%2,++ ,xy € Xand t > 0. Then A(x) = lim(m—l)”f( n)existsforallx eXand A: X —> Yisa

_x
(m —1)
unique additive mapping such that
((m =1y = (m+1)*)t
4002 o= 1y G DB+ 26110

forallx € Xandt > 0.

Proof. The proof follows from Theorem 4.1 if we take ®y, , ... x, (f) = ﬁ for all xq,x5,--- ,x,, € X and
t+0{ X llxillr
i=1

t > 0. In fact, if we choose a = (m — 1)™", then we get the desired result. [

Theorem 4.3. Let X be a linear space, (Y, 1, Tp) be a complete RN-space and @ be a mapping from X™ to D*
(D(x1,x2, -+, x) is denoted by Dy, y, .. ,,) such that for some 0 <a <m -1,

q)%/%,...,%(t) < (Dxl,xz,w,x,,, (at)
for all x1,xp,-++ ,x, € Xand t > 0. Let f : X — Y be a mapping satisfying (37). Then the limit A(x) :=
o £ = 1)

=1y exists for all x € X and A : X — Y is a unique additive mapping such that forall x € X and t > 0
n—oo —

m(im—1)(m—-1-a)t
[vlf(x)—A(x)(t) > CI)x,x,m,x( ( (2 ) ) (43)
Proof. Putting x1 = --- = x,, = x in (37), we have
m(m — 1)%t
() 2 P (%) (44)

forall x € Xand t > 0.
Let (S, d) be the generalized metric space defined in the proof of Theorem 4.1. Now, we consider a linear

mapping | : (5,d) — (S,d) such that Jh(x) := %h((m — 1)x) for all x € X. It follows from (44) that
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aif, Jf) < ﬁ By Theorem 1.3, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, that is,
A((m =1)x) = (m = 1A(x) (45)

for all x € X. The mapping A is a unique fixed point of ] in the set O = {h € S : d(g, h) < oo}. This implies that
A is a unique mapping satisfying (45) such that there exists u € (0, c0) satisfying pi rx)-a() (Ut) = @y .. x(t) for
allx € Xand ¢t > 0.

f(m = 1)"x)

(2)d(J"f,A) — 0 as n — co. This implies the equality lim

s (m— 1y = A(x) forall x € X.
f ]f)

(®)d(f,A) <

with f € Q, which implies the inequality

2t
m(m—1)(m-1- a)

Hf()-Aw) e x(E)

for all x € X and t > 0. This implies that the inequality (43) holds. The rest of the proof is similar to the
proof of Theorem 4.1. [

Corollary 4.4. Let X be a real normed space, 0 > 0 and r be a real number with 0 <r < 1. Let f : X — Y bea
f(m =1)"x)

mapping satisfying (42). Then the limit A(x) = lim =1y
n—00

exists forallx € Xand A : X — Y is a unique
additive mapping such that
((m—1)+1 = 1)t
x)—A(x t) >
e i 2§ O g T M
forallx € Xandt > 0.

m

X il
i=1
t > 0. In fact, if we choose @ = (m — 1)7", then we get the desired result. [J

Proof. The proof follows from Theorem 4.1 if we take @y, 1, ... x,(t) = ﬁ forall x1,xp,--+ ,x,, € X and
t+0

5. Random Stability of the Functional Equation (2): Direct Method

Throughout this section, using direct method, we prove the Hyers-Ulam stability of the functional
equation (2) in random normed spaces.

Theorem 5.1. Let X be a real linear space, (Z, u’, min) be an RN-space and ¢ : X™ — Z be a function such that
there exists 0 < a < —L= such that

Mo, ) ) 2 B e, (1) (46)

t

(m =1y
(Y, 4, min) be a complete RN-space. If f : X — Y is a mapping such that

forall x1,%x2,--+ , %y, € Xand t > 0 and hmy (2,2 m)( )=1forallx1,x2,---,xmeXandt>O. Let

+ X X fxi)

I=1ky#i,] i=1

["l Y f(xi+;\‘j m=2 . ]_(m?l)z m (t) > H:p(X1,XZ,“',Xm)(t) (47)
2 1 2
1<i<jsm

forall x1,%5,-++ , % € X, t > 0, then the limit A(x) = lim(m — 1)”f(ﬁ) exists for all x € X and defines a
unique additive mapping A : X — Y such that

, m(m = 1)(1 = (m = Da)t
[Jf(x)fA(x)(t) 2 u(p(x,x,"-,x) ( 2a )

(48)

forallx € Xandt > 0.
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Proof. Putting x; = x, = -+ = x,,, = x in (47), we obtain

m(m — 1)t)

2

H fo—(m- 1)f(ml)(t)>”(,,, =2 m"l)( “

for all x € X. Replacing x by ﬁ in (49) and using (46), we obtain

O > o (m(m - 1)t)
Hon- 1)“+1f(m) - f(er) T H (p( x e 11-)””) 2(m— 1)

(m=1)1+17 (u-1yn+17 7 (-
, m(m — 1)t
= U |l =————.
(p(xrxr X) 2(m — 1)nan+1
Since

=1 (G5 S0 = Z(’” (e R (e

so we have

n-1
k k+1
Fn-1y f( gyr )£ ) [Z(’” ~Da t]

k=0

n-1
_ _ 1\k k1
_“mm e 0] 1)k)[kz_:;(m e t]

)((m _ 1)k()¥k+1t))

>T (y(m 1)k+1f((m 1)k+1) (m_l)kf( x

(m-1)k

e m(m — 1)t
T ; ([“lqa(xx ,X) ( 2 ))

o, m(m — 1)t
- [‘l(p(x,x,n-,x) ( 2 ) .

This implies that

, m(m — 1)t
Hn-1y (i )0 2 B 0 | 5 : (50)

2 Z (m _ 1)kak+1
k=0

Replacing x by 77 in (50), we obtain

, m(m — 1)t
)(t) = ot n+p—l( ) : (51)
2 Y, (m—T)akt
k=p

Honay f{ gt o 12

(m-1)P
Since

. , m(m — 1)t B
p,lr}r—>noo Auqo(x,x,-n,x) n+p-1 - 1'
2 Z (m — 1)kak+1
k=p
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it follows that { (m-1)" f((m T )} is a Cauchy sequence in a complete RN-space (Y, u, min) and so

there exists a point A(x) € Y such that lim (m — 1)”f(( f 1)n) = A(x). Fixx € X and put p = 0in (51). Then
we obtain
, m(m — 1)t
Hon-1y (-0 ®) Z Ho-

n-1
2 Z (m — 1)kak+1
k=0

and so, for any € > 0,

v

e ®) (52)

Haw-fe(t + €) T(”A(x)—(m—l)”f(@,, )€ Hay

, m(m — 1)t
)(6), H(p(x,x,-",x) 1
2 Z (m — 1)kak+1

k=0

\%

Tl HaG)-n-1y it

(m—'l)"

Taking n — oo in (52), we get

m(m —1)(1 — (m — 1)04)1‘)' (3)

PA@)-foot +€) = ,u:,,(x,xl..i,x)( 7

Since € is arbitrary, by taking e — 0 in (53), we get

, m(m —1)(1 — (m — 1)a)t
HA(x)—f(x)(t) 2 uq)(x,x,»--,x) ( 2a ) .

x .. Y
1)n/ 7 (m=1)n7

lu i) m=2 X, (n— m (t)
(m=-1" % f[ pTo 1)*! + i (m—ki)” ) 1 Z f( o 1)“ )]

1<i<j<m

Replacing x1,x2, -+, Xm by 72 1)"’ o= respectively, in (47), we get

> f
- [/l X X 2 T g
({7( (m,ll)n ’ (m,zl)n £ (mi"{)n ) (m - 1)”

forall xq,xp,-+- ,x, € Xand t > 0. Since

lim f =1
nqm“@( W (= 1)

we conclude that A satisfies (2).
On the other hand

n—o0

= 0.

(m - 1A (ﬁ) —A(x) = lim(m- 1)”“f(ﬁ) — lim (m — 1)"f(ﬁ)

This implies that A : X — Y'is an additive mapping.
To prove the uniqueness of the additive mapping A, assume that there exists another additive mapping
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L : X — Y which satisfies (48). Then we have

HA-Le (E)

= M, 1y g ) -n 1y ) )
. . t t
2 lim min {“W—D"A(m%W—D"f(w) (E) 7 Bony (e -0 50) (5)}

(m(l —(m - Da)t
)\ am - 1y

X1 X
(m=1)""7 (m-1)" 7

. , m(l — (m — Da)t
= ;}glc}o B, ) ( 4(m — 1)r-1an :

. . m(l—(m—-1)a)t
Since V}I_I)IDIO W

> lim y’(

n—oo' @

= oo, we get

lim 1i , m(l —(m—Ta)t\
ng]go nLH;Io tu(p(x,x,m,x) 4(711 — 1)”—1a" -

Therefore, it follows that pax)-rw)(t) = 1 for all t > 0 and so A(x) = L(x). This completes the proof. [J

Corollary 5.2. Let X be a real normed linear space, (Z, ', min) be an RN-space and (Y, u, min) be a complete
RN-space. Let r be a positive real number withr > 1,zy € Z and f : X — Y be a mapping satisfying

U o e W B>y, ) (54)
Py f(%*’ 22. .xkl]_@ Y f(x) (): ||Xx‘\|’)20
1<i<j<m I:l,kl;tz,] i=1 i=1
forall x1,xp,-++ , %y € Xand t > 0. Then the limit A(x) = lim (m — 1)”f((m al 1)n) exists for all x € X and defines
n—00 -

a unique additive mapping A : X — Y such that

1) — -1 2—r t
yf(x)—A(x)(t) 2 Ul,lxll’ZU (((m 22111 Eﬂi)_r - )

forallx € Xandt > 0.

Proof. Leta = (m—1)7 and ¢ : X" — Z be a mapping defined by @(x1,x2,--- ,x) = (Z ||xi||r) zo. Then,
i=1
from Theorem 5.1, the conclusion follows. [

Theorem 5.3. Let X be a real linear space, (Z, u’, min) be an RN-space and ¢ : X" — Z be a function such that
there exists 0 < a < m — 1 such that

”:P(xerZ/"'/xm)(t) Z ;,ll M2 M)(t)

0(([)( m=1"m-17"""m-1

forall x1,x9,-++ , X%y € Xand t > 0 and

lim

n—oo

’ —
”q)((mfl)"n,(mfl)”Xz,-~-,(mfl)"xm)((m D=1

forall x1,x3,--- ,xy € Xand t > 0. Let (Y, u, min) be a complete RN-space. If f : X — Y is a mapping satisfying

— 1)
(47). Then the limit A(x) = lim % exists for all x € X and defines a unique additive mapping A : X =Y
such that
, (m* —m)(m—1-a)t
}lf(x)—A(x)(t) 2 [’lq)(x,x,»--,x) 2 : (55)

forallx € Xandt > 0.
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Proof. Putting x; = -+ = x,, = x in (47), we have

m(m — 1)2t) (56)

Hitwm g (f) 2 “fp(x,xw-,x)( 2

forall x € X and t > 0. Replacing x by (m — 1)"x in (56), we obtain that

, m(m — 1)"*2t
Fe(m=1y7x,(m=1)x,- (m—1y"x) 2

, m(m — 1)+t
[J(p(x,x,--» ,X) 2an :

B oyt oneayry (£)
B Es B T VU

The rest of the proof is similar to the proof of Theorem 5.1. [

Corollary 5.4. Let X be a real normed linear space, (Z, 1t’, min) be an RN-space and (Y, u, min) be a complete
RN-space. Let r be a positive real number with 0 <r < 1,z € Zand f : X — Y is a mapping satisfying

T . Oz, (t) (57)
> f(%+ o sz]—@ L fx) (H”xiHV)ZO
<i<j<m i= i=1

1=1k#i,j

— 1 n
forall x1,x5,+++ ,xp € Xand t > 0. Then the limit A(x) = lim f((m—)nx) exists for all x € X and defines a unique

n—oco (m — 1)
additive mapping A : X — Y such that

-1 mr+2 _ — 1))t
Hf0-AG) () 2 Hggrz, (m((m 2()m - 1)"Sfm ? )

forallx € Xandt > 0.

Proof. Leta = (m —1)™" and ¢ : X" — Z be a mapping defined by
a1, x0,+,20) = | [T IRl | 20.
i=1
Then, from Theorem 5.3, the conclusion follows. [J
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