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Abstract. In this paper, we introduce the concept of a modified F-contraction via a-admissible mappings
and propose some theorems that guarantee the existence and uniqueness of fixed point for such mappings

in the frame of complete metric spaces. We also provide some illustrative examples. Moreover, we consider
an application solving an integral equation.

1. Introduction and Preliminaries
In 2012, Wardowski [15] defined a new concept of F-contractions as follows.

Definition 1.1. Let (X, d) be a metric space. A self-mapping T : X — X is said to be an F-contraction if there exists
T > 0 such that

d(Tx, Ty) > 0 = 7 + F(d(Tx, Ty)) < F(d(x, v)), (1)

forall x,y € X where F : R* — R is a mapping satisfying the following conditions:
(F1) Fis increasing, i.e., for all a, f € R* such that a < B, F(a) < F(B),
F,) For any sequence {a,} . of positive real numbers, lim a,, = 0 if and only if lim F(a,,) = —co.
y seq n=1 U P Y

(F3) There exists k € (0,1) such that lir51+ a*F(a) = 0.

We set § as the collections of all functions F satisfying (F;)-(F3). Consider F(y) = In(y), G(y) = In(y) + y and
H(y) = —‘/iy for y > 0. Itis clear that F, G, H € §. For more examples and details, see e.g. [15].

In what follows we recollect the main result of Wardowski [15] which is a generalization of the Banach
Contraction Mapping Principle [5]:
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Theorem 1.1. Let (X, d) be a complete metric space and T : X — X be an F-contraction. Then T has a unique fixed
point.

The concept of an F-contraction as well as Theorem 1.1 have been generalized in many directions, see e.g.
[8,9,12,13].
Let ¥ be the family of functions ¢ : [0, c0) — [0, o0) satisfying the following conditions:

i) 1 is nondecreasing;
+00
(i) Z Y"(f) < oo for all t > 0.
n=1

If € W, then it is called c-comparison function. It is easy to show that i(t) < ¢ for all t > 0 and ¢ is
continuous at 0.
In 2012, Samet et al. [11] introduced the class of a-admissible mappings.

Definition 1.2. [11] Let o : XX X — [0, 00) be given mapping where X # 0. A selfmapping T is called a-admissible
if for all x, y € X, we have

alx,y) 21 = a(Tx,Ty) > 1. @)
In what follows we extend the notion of F-contraction.

Definition 1.3. Let (X, d) be a metric space. A self-mapping T : X — X is said to be a modified F-contraction via
a-admissible mappings if there exists T > 0 such that

d(Tx, Ty) > 0 = 7+ Fla(x, y)d(Tx, Ty)) < F(d(x, ))), €)
forall x, y € X, where the mapping F € F and p € V.

If we let F(t) = In(¢) for t > 0, the contraction form (3) becomes
alx, d(Tx, Ty) <e "Yd(x,v) < Pd(x,y)) forallx,ye X, Tx #Ty. 4)

(4) is considered as an « — Y-contraction which was introduced by Samet et al. [11].

In this paper, we prove some fixed point results of certain contractions whose frames are drawn above.
The obtained theorems shall be supported by a concrete example. An application of the observed result is
considered in the frame of integral equation theory.

2. Main Results

The following theorem is the first main result of this paper:

Theorem 2.1. Let (X, d) be a complete metric space and T : X — X be a modified F-contraction via a-admissible
mappings. Suppose that
(1) T is a-admissible;
(i1) there exists xg € X such that a(xg, Txg) > 1;
(ii1) T is continuous.
Then T has a fixed point.

Proof. By assumption (ii), there exists a point xy € X such that a(xg, Txp) > 1. We define a sequence {x,} in X
by xy41 = Tx, = T"1x, for all n > 0. Suppose that x,, = xp,+1 for some 7. So the proof is completed. Now,
we assume that

X, # Xp41 for all n. )
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Since a(xp, x1) = a(xp, Txp) = 1 and T is a-admissible, we get

a(x,, xpe1) =1, foralln=0,1,.... (6)
From (3) and (5), we have

T + F(a(xp-1, X0)d(Txp-1, Txn)) < FP(d(Xp-1, Xn)))-
On account of (F71) and (6), we find

T+ F(d(xy, xp41)) < F(d(xp-1,x,)) forall n > 1.
By letting d,, = d(x,,, X,+1), the inequalities above infer that

F(d,) < F(dy-1) =t £ F(dy) —nt forall n > 1.
Consequently, we obtain

lim F(d,) = —co.

n—oo

By a property (F»), we have
lim d,, = 0. (7)

n—o0

Now, due to (F3), we have lim d’,‘,F(d,,) =0, where k € (0, 1). By (7), the following holds for alln > 0

0 < d5F(dy) - d5F(do) < d(F(do) - nv) — d5F(do) = —nd, < 0. (®)
Letting n — oo in (8), we find that

lim nd’ = 0.

n—oo
So there exists n; € IN such that d,, < %, for all n > ny. For m,n € N with m > n > n;, we have
nk

(o8]

1

A(xy, xm) <dy +dpp1 + .o +dypq < -

i=n ¥
1
Since Z — converges, the sequence {x,} is Cauchy in (X, d). From the completeness of X, there exists u € X
i>1 LF
such that lim x, = u. Finally, the continuity of T yields Tu = u, which completes the proof. [

n—oo

Theorem 2.1 remains true if we replace the continuity hypothesis by the following property:

(H) If {x,} is a sequence in X such that a(x,, x,+1) > 1 for all n and x, — x € X as n — oo, then there exists a
subsequence {x,} of {x,} such that a(x,@),x) > 1 for all k.

Theorem 2.2. Let (X, d) be a complete metric space and T : X — X be a modified F-contraction via a-admissible
mappings. Suppose that

(1) T is a-admissible;
(i) there exists xy € X such that a(xg, Txg) > 1;
(iii) (H) holds.
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Then there exists u € X such that Tu = u.

Proof. Following the lines in the proof of Theorem 2.1, we construct a sequence {x,} in (X, d) which is Cauchy
and converges to some u € X.

Suppose that there exists an increasing sequence {n(k)} C IN such that x,4 = Tu for all k € IN. Letting
k — oo, by the uniqueness of the limit, we find Tu = u. Hence, the proof is completed. As a result, we
shall assume that there exists kg € IN such that x, # Tu for all k € IN with k > ky. Consequently, we have
Txpg-1 # Tu for all k > ko.

Therefore, by (3), we have

T + F(a(xng-1, W)A(Txn-1, Tu)) < F(d(Xn)-1, 1)))-
Regarding a(x,@-1,x) > 1 and (F1),

A(Xny, Tu) = d(Txpgy-1, Tu) < PA(xXp)-1, 1)).
Since 1 is continuous at 0 and d(x,@-1,u) — 0,

Lim V(A (xngy-1,u)) = 0.

Thus, ]}im A(Xug+1, Tu) = 0. By the uniqueness of limit, Tu = u. [

We provide the following example.
Example 2.1. Take X =1{0,1,2} and T : X — X such that
TO=0 and T1=T2=1. )
Consider a : X X X — [0, 00) as
a(l,2) =a(2,1) =a(1,1) =1,

and 0 otherwise. Clearly, if a(x,y) = 1, a(Tx, Ty) = 1. Then T is a-admissible. Notice also that a(1,T1) = a(1,1) =
1.

Let x,y € X such that Tx # Ty, so (x, y) is equal to (0,1), (0,2), (1,0) or (2,0). For these four cases, a(x,y) = 0,
s0 (4) holds. In other words, (3) holds for F(t) = In(t) and for any ¢ € WV and any metric d. It is obvious also that the
hypothesis (H) is satisfied. Thus, applying Theorem 2.2, the mapping T has a fixed point. Here, we have two fixed
points which are u = 0 and u = 1.

Here, we underline the fact that the mapping considered in above example has two fixed points, 0 and 1.
Notice also that a(0,1) = 0 < 1. For the uniqueness, we need an additional condition:

(U) For all x, y € Fix(T), we have a(x, y) > 1, where Fix(T) denotes the set of fixed points of T.

Theorem 2.3. Adding condition (UI) to the hypotheses of Theorem 2.1 (resp. Theorem 2.2), we obtain that u is the
unique fixed point of T.

Proof. We shall prove the uniqueness by the method of Reductio and Absurdum.
Suppose, on the contrary, that there exist #, v € X such that u = Tu and v = To with u # v. Then Tu # Tv,
so by (3), we get

T+ F(a(u, v)d(Tu, Tv)) < F(Y(d(u, v))),
that is,

T + F(a(u, v)d(u, v)) < F((d(u, v))) < F(d(u, v)).
Again by (F1), we have

T+ F(d(u,v)) < F(ip(d(u, v))) < F(d(u,v)),

which is a contradiction. Thus, # = v which completes the proof. [
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The following corollaries are immediate.

Corollary 2.1. Let (X, d) be a complete metric space and T : X — X be a given mapping. Suppose there exists T > 0
such that

d(Tx, Ty) > 0 = 7+ F(d(Tx, Ty)) < FY(d(x, ), (10)
forall x, y € X where F satisfies (F1) — (F3). Then T has a unique fixed point.

Proof. It sufficient to take a(x, y) = 1 in Theorem 2.3. [J

Corollary 2.2. Let (X, d) be a complete metric space and T : X — X be a given mapping. Suppose there exists T > 0
such that

d(Tx, Ty) > 0 = 7 + F(d(Tx, Ty)) < F(cd(x, y))), (11)
for all x,y € X where F satisfies (F1) — (F3) and c € (0,1). Then T has a unique fixed point.

Proof. It follows from Corollary 2.1 with ¢(t) = ct. O

The investigation of existence of fixed points on metric spaces endowed with a partial order was initiated
by Turinici [14]. Then, several interesting and valuable results appeared in this direction, see e.g. [1-4,7, 10].

Definition 2.1. Let (X, <) be a partially ordered set and T : X — X be a given mapping. We say that T is
nondecreasing with respect to < if
x,yeX x<y=Tx<Ty.

Furthermore, a sequence {x,} C X is said to be nondecreasing with respect to < if x, < Xp41 for all n.

Definition 2.2. Let (X, <) be a partially ordered set and d be a metric on X. We say that (X, <,d) is reqular if for
every nondecreasing sequence {x,} C X such that x, — x € X as n — oo, there exists a subsequence {xX,u} of {x}
such that x,q) < x for all k.

Under the set-up of partially ordered metric spaces, we have the following result.

Corollary 2.3. Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is complete. Let T : X — X
be a nondecreasing mapping with respect to <. Suppose that there exist T > 0, Y € W and F € § such that

T+ F(d(Tx, Ty)) < F@(d(x, y)),
for x,y € X with x > y and Tx # Ty. Suppose also that the following conditions hold:
(i) there exists xg € X such that xo < Txyp;
(ii) either T is continuous
(i) or (X, =, d) is regular.
Then T has a fixed point.
Proof. Define the mapping a : X X X — [0, c0) by

_J lifx<yorxxy,
a(x,y) = { 0 otherwise.

Clearly, T is a modified F-contractive mapping via a-admissible mappings, that is,

T+ Fa(x, y)d(Tx, Ty)) < F((d(x, y))),
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for all x > y with Tx # Ty. From condition (i), we have a(xo, Txg) > 1. Moreover, for all x,y € X, from the
monotone property of T, we have

ax,y)21=x>yorx<y=Tx>TyorTx < Ty = a(Tx, Ty) > 1.

Thus, T is a-admissible. Now, if T is continuous, then the existence of a fixed point follows from Theorem
2.1. Suppose now that (X, <,d) is regular. Let {x,} be a sequence in X such that a(x,, x,+1) > 1 for all n and
X, — x € X as n — oco. From the regularity hypothesis, there exists a subsequence {x,} of {x,} such that
Xugey < x for all k. This implies from the definition of a that a(x, ), x) > 1 for all k. In this case, the existence
of a fixed point follows from Theorem 2.2. [J

Now, we present an example which guarantees the uniqueness of the fixed point.

Example 2.2. Let X = [0, 00) and d(x, y) = |x — yl| for all x,y € X. Take © > 0. Consider the mapping T : X — X
given by

e‘T%x ifxe[0,1],
T = e 3 ifx>1
I .

T is continuous in (X, d). Define the mapping a : X X X — [0, o0) by

| lifx,y€[0,1],
a(x,y) = { 0 otherwise.

Consider the function i : [0, 00) — [0, 00) by

3tifte[0,1],
(o) = { %t otherwise.
Let x,y € X such that a(x,y) 2 1, so x,y € [0,1]. Then Tx,Ty € [0,1], that is, a(Tx,Ty) = 1. Hence, T is
a-admissible. Mention that ¢ € W and a(0, TO) = 1. In the case where x, y € [0, 1] such that Tx # Ty, we have

a(x, y)d(Tx, Ty) = d(Tx, Ty) = e_TZIx -yl <e " YPlx, y).

In the other case where x or y is not in [0,1], a(x, y) = O, so the above inequality is satisfied for all x,y € X with
Tx # Ty. Thus, (3) is satisfied with F(t) = In(t) for t > 0. Moreover, it is easy that the hypothesis (U) is true. Thus,
applying Theorem 2.3, the mapping T has a unique fixed point, which is u = 0.

3. Application

In this section, we present an application on existence of a solution of an integral equation. In particular,
inspired from [6] and using Corollary 2.3, we will prove the existence of a solution of the following integral
equation.

1
x(t) = g(f)+fO S(t,s) K(t, x(s)) ds, (12)

where K : [0,1] X R —» R and g : [0,1] — R are continuous functions, and S : [0,1] X [0,1] — [0, ) is a
function such that S(t,.) € L([0,1]) for all t € [0,1].

Throughout this section, let X = C([0, 1], R) be the set of real continuous functions defined on [0, 1]. Take
the metric d : X X X — [0, o0) be defined by

dlx,y) = llx = ylleo = max [x(s) — y(s)I.
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It is known that (X, d) is a complete metric space.
Now, take the operator T : X — X defined by

1
Tx(t) = g(t) +](; S(t,s) K(t, x(s)) ds. (13)

Mention that (12) has a solution if and only if the operator T has a fixed point.

Theorem 3.1. Assume that

o (i) thereexist A € (0,1), >0, v: XXX — [0,00) and @ : X X X — [0, o) such that if a(x,y) > 1 for all
x,y € X then, for every s € [0, 1], we have

0 < IK(s, x(s)) = K(s, y()I < v(x, y)lx(s) = y(s)l,

and
1
||f S(t, s)v(x, y)dslleo < Ae™".
0

o (ii) K is non-decreasing with respect to its second variable;

o (iii) there exists xo € X such that xo(t) < g(t) + fol S(t,s) K(t, x(s)) ds.
Then T has a fixed point in X.
Proof. Define the mapping a : X X X — [0, c0) by

] lifx =<y,
a(x,y) = { 0 otherwise.

Take (t) = At. We define
x,y€X, x <y ifandonlyif x(f) < y(t) forall f €[0,1],

where < denotes the usual order of real numbers. If x < y, then a(x, y) > 1. By condition (i)
1
lAM)(£) = A(y)(D)] < f S(t,9)IK(t, s, x(s)) = K(t, 5, y(s))| ds
0
1
< f S(t, s)v(x, y)lx(s) — y(s)| ds
0

< lx = ylloo j: S(t,s)v(x, y) ds
<e A lx = yYllo
=" YP(llx = Yllo)-
We deduce for all x, y € X such thatx < yand Tx # Ty
a(x, y)d(Tx, Ty) = d(Tx, Ty) = ITx — Tyl < e”"Y(d(x, y)). (14)

It is clear that if Tx = Ty, then (14) holds.

Since K is non-decreasing with respect to its second variable, so for all x,y € X with x < y, we get
Tx(t) < T(y)(t) for all t € [0, 1], that is, if a(x,y) > 1, a(Tx, Ty) > 1. Moreover, the condition (iii) yields that
there exists xp € X such that a(xg, Txo) > 1. Therefore, the integral operator A satisfies all the hypotheses of
Corollary 2.3 with F(t) = In(t) for t > 0. Consequently, T has a fixed point, that is, the integral equation (12)
has a solutionx € X. O
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