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The Irreducibility of C*—algebras Acting on Hilbert C'-modules

Runliang Jiang?

"Department of Mathematics, Shanghai Normal University, Shanghai 200234, People’s Republic of China

Abstract. Let 8 be a C*-algebra, E be a Hilbert 8 module and L (E) be the set of adjointable operators on
E. Let A be a non-zero C*-subalgebra of IL (E). In this paper, some new kinds of irreducibilities of A acting
on E are introduced, which are all the generalizations of those associated to Hilbert spaces. The difference
between these irreducibilities are illustrated by a number of counterexamples. It is concluded that for a
full Hilbert 8-module, these irreducibilities are all equivalent if and only if the underlying C*-algebra 8 is
isomorphic to the C*—algebra of all compact operators on a Hilbert space.

1. Introduction

By a Hilbert module over a C*—algebra 8 [2] we mean a right 8—module E equipped with a B-valued
inner product < -, - >g, which is B-linear in the second variable and conjugate linear in the first variable,
such that E is a Banach space with the induced norm given by

Il =1l < x,x >z |2, x € E.

If the closed linear span of {< x, y >g |x,y € E} coincides with B, then E is called a full Hilbert B—module.
Note that every C*—algebra B can be considered as a full Hilbert C*-module over itself, where the inner
product is given by

<x,y>g=x"y, x,y € B. 1)

For any submodule E, of E, we put Eé ={e € E| <e,x >g=0,Yx € Eg}. We denote by IL (E) the C*-algebra
of all adjointable operators on E. For any x, y € E there is an operator 0, € IL (E) defined by

Ory(z2) =x<y,z>gz€E.

The linear span of such operators will be denoted by IF (E). We set IK(E) to be the norm closure of FF (E),
which is a closed two-sided ideal (not necessarily proper) of IL (E). Note that if E = 8 with the inner product
given by (1), then K(E) = 8 through an isomorphism from K (E) to 8 by identifying 6, , with xy* for
x,y € B. As aresult, L (E) = M (8), where M (8) is the multiplier algebra of 8.

In this paper, we study the irreducibility of C*—algebras acting on Hilbert 8—modules. Let E be a Hilbert
B-module and A be a C*—subalgebra of L (E). Denote by C[A, L (E)] the set of all elements of IL (E) that
commute with all the elements of A. We consider the following chain of conditions:

2010 Mathematics Subject Classification. 46L08, 46105

Keywords. (C*—algebra, Hilbert C*-module, Irreducibility, Strict denseness)
Received: 18 June 2014; Accepted: 13 December 2014

Communicated by Dragana Cvetkovi¢ Ili¢

Email address: Eugene_Jiang@126.com (Runliang Jiang)



R. Jiang / Filomat 30:9 (2016), 2425-2433 2426

(SD) A s strictly dense in IL (E);
(TI) The only closed B-submodules of E that are invariant for A are 0 and E;
(EI) For every A-invariant 8—submodule Ej of E, either Ey = 0 or Eé =0;
(MC) C[A,LL(E)] = C[L (E),L(E)].

In the special case where 8 is the complex field, it can be found in [3] that conditions (SD)-(MC) are all
equivalent. It is interesting to study whether the above four conditions still remain to be equivalent if the
complex field is replaced by a general C*-algebra B. Clearly, (TI) = (EI) = (MC); besides if 8 is supposed to
be simple, (SD) implies (TI). So the question under discussion is to show whether the reverse implications
of each step from (MC) to (SD) are true or not. In this paper we will give a negative answer for each step
by constructing an associated counterexample based on some concrete C*-algebra 8.

It is also very interesting to find out some partial positive answers. We prove that if 8 is isomorphic
to the C*—algebra of all compact operators on a Hilbert space, then for any Hilbert 8—module E and any
C*—subalgebra A of IL (E), the implication (MC) = (SD) is true. Moreover, given any C*-algebra 5, if there
exists a full Hilbert 8-module E such that the implication (EI) = (TI) is true for any C*-subalgebra A of IL (E),
then 8 must be isomorphic to the C*—algebra of all compact operators on a Hilbert space. So, we conclude
that for a full Hilbert 8-module, conditions (SD)-(MC) are all equivalent if and only if 8 is isomorphic to
the C*—algebra of all compact operators on a Hilbert space.

The paper is organized as follows. In Section 2, we introduce and study some new kinds of irreducibilities
of C*-algebras acting on Hilbert C*-modules. In Section 3, we focus on the study of those irreducibilities
with the underlying C*-algebra 8 being isomorphic to the C*-algebra of all compact operators on a Hilbert
space.

2. Irreducibility of Module Operators

From now on, C, R and N are the complex field, the real field and the positive integer set respectively;
A and B are two non-zero C'-algebras. Let

Ay ={ae An* =a}and A, = {a € Agla > 0}.

If T is a subset of a Banach space, we use the notation T to denote the norm closure of I. If furthermore, T
is a subset of a Hilbert 8—module E, we put

I't={ecE|<e x>g=0,Vx eI}

For convenience, throughout this paper, we assume that the inner product on every Hilbert space H is
linear in the second variable and conjugate linear in the first variable.

Definition 2.1. Let E be a Hilbert 8-module and A be a C'—subalgebra of IL (E). We say A acts topologically
irreducibly ( briefly, TI) on E if E and 0 are the only closed B-submodules of E that are invariant for A. Equivalently,

AxB) = spanfa(x -b)la e A,be B} =E, Vx € E\ {0}.

Definition 2.2. Let E be a Hilbert 8-module and A be a C*—subalgebra of IL(E). We say A acts essentially
irreducibly ( briefly, EI) on E if for every A-invariant B—submodule Eq of E, either Eg = 0 or Ej = 0.

Remark 2.3. Suppose that A acts essentially irreducibly on E. Denote by N the set {x € E|A(x) = 0}. Since A is
non-zero, there is a y € E \ {0} such that A(y) # 0, which implies that A(yB) # 0, hence [A(yB)]*+ = 0, which in
turn implies that N = 0 since N C [A(yB)]*. We have proved that A(xB) # 0 whenever x € E \ {0}. In view of this
observation, we conclude that A acts essentially irreducibly on E if and only if

[Ax)]*" =0,Yx € E\ {0}.
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For any C*-subalgebra A of B, we denote by C[A, B] the set of all elements of B that commute with all
the elements of A, which is also a C*—subalgebra of 8.

Definition 2.4. Let E bea Hilbert B—module and A be a C'—subalgebra of IL (E). We say A has minimal commutant
(briefly, MC) if C[A,IL (E)] = C[IL(E), L (E)].

Taking IK(E) as an example, we know that for each Hilbert 8-module E, there always exists some
C*—subalgebra of IL (E) which satisfies (MC). The following proposition indicates that the same is however
not true for (TI). Recall that a C*—algebra A is simple if it has not any non-trivial closed ideal.

Proposition 2.5. Let E be a full Hilbert 8—module. The following statements are equivalent:

(1) Bissimple;
(2) There exists a C*—subalgebra A of 1L (E) satisfying (TI).

Proof. (1) = (2). Setx, y € E\{0}. By [4, Proposition 2.31], there exists a uniquee € Esuchthaty =e <e, e >g.
Since 8 is simple, < ¢,e >g can be infinitely approximated by the elements of the form },;; 4; < x,x >g b;,
wherea;, b; € 8, i =1, ..., n. Hence y can be approximated by the elements of the form )., Ge,x,ﬁ (xb;). This
proves that y € K (E)(x8). Thus, K (E) acts topologically irreducibly on E.

(2) = (1). Let I be any non-zero closed two-side ideal of B. We assert that the submodule EI is non-zero.
In fact, if EI = 0, then

I=I1BI=1<EE>gl=<ELEl >g=0.

Now if A is a C*-subalgebra of IL (E) which satisfies (TT), then EI is non-zero and A-invariant, thus EI = E.
It follows that

IDI<EE>gl=<ELEl>3=<EE>g=8.
This completes the proof of (2) = (1). O

Remark 2.6. A C*—algebra A is prime if 0 is a prime ideal of A ([3]). It also can be proved that for a full Hilbert
B-module E, there exists a C*—subalgebra of IL (E) acting essentially irreducibly on E if and only if B is prime.

By Proposition 2.5, throughout the rest of this paper if there is no special instructions, 8 is always
assumed to be simple. Then notice that every Hilbert 8—module E must be full module. It is clear that (TT)
can imply (EI). Unfortunately the reverse is false.

Example 2.7. For positive integer n, we give a unital *~homomorphism ¢, from matrix algebra Ma:(C) to Myu (C)

@ : Mar(C) = Myt (C), al—>(g 2)

Let B be the direct limit of (M2:(C), ¢n);, which is a UHF algebra ([3]). Denote by ¢" the natural map from Ma:(C)
to B for each n. By [3, Theorem 6.2.5], we assume B acts non-degenerately on a Hilbert space H and the von Neumann
algebra B" generated by B admits a faithful tracial state . Observe that T o @™ is the unique tracial state of Ma:(C).

Let g1 be a one-rank projection of My(C) and set p1 = ¢'(q1) € B. Clearly t(p1) = 27} Element @1(q1) is a
two-rank projection of Ma(C). Let gp be a one-rank projection of Ma(C) with g21(q1) = 0. Set p2 = ¢*(q2) € B. Then
we have p1pp = 0 and T(p2) = 272, Element @a[@1(q1) + q2] is a six-rank projection of Ms(C). Let g3 be a one-rank
projection of Mg(C) with qspa[p1(q1) + g2] = 0. Set p3 = ¢*(q3) € B. We have p3(pa + p1) = 0 and t(p3) = 27°.
Repeating these steps, we can construct a sequence of projections {p;}*, in B satisfying the following two conditions:

() Ifi# j, pipj = 0;
@) t(p) =27,i € N.
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Set T=Y.2 27 piand Q; = Z’]-zl pi,i€N.

Next we assert that if a € B with aT = 0, then a must be 0. By Vigier’s theorem ([3, Theorem 4.1.11), {Qi}ien
converges weakly to some Q in B, with ||Q|| < 1. Obviously, Q > Q; for eachi € N, so t1(Q) >1-2" forallie N.
Thus ©(Q) = 1. Since t is faithful on B", Q must be the identical operator on H. Let a be an element of B, then

aT=0 o aTa"=0

a(Z‘ipi)a* =0,ie N
apia* =0,ie N
aQa* =0,ie N

aa* =0

& a=0.

t¢0¢Q

Now consider B as a full Hilbert C*—module E over itself with the inner product given by (1). Since B has a unit,

L (E) = K(E) = 8. Denote by | the isomorphism from B to IL (E). Let A be TBT, the hereditary C*—subalgebra of B
generated by T. Notice that A is simple. For any x € B\ {0}, we have Txx*T € A\ {0}. Then

(A)xB) = AxB 2 ATxx'TB 2 A(Txx T)A = A2 (T},

which means
A )] = [[(A)B)]* ST} =0.

However, I(A) does not act topologically irreducibly on E. Actually if I(A) acts topologically irreducibly on E, we can

get
AB=IAE=E=8,

which follows T is a strictly positive element of B, namely TBT = B. Since B has a unit, any strictly positive element
of B must be invertible. On the other hand, it is clear that 27" is in the spectral set of T for any i € N, so T can not be
invertible.

The following results show that (EI) can imply (MC).

Proposition 2.8. Let E be a Hilbert B—module. If A is a C*—subalgebra of IL (E) acting essentially irreducibly on E,
then C[A,IL(E)] = C[IL(E), IL(E)] = C - idg where idE is the identical operator on E.

Proof. It is enough to prove that each element of (C[A, IL (E)])s, has only one spectral point.

Let a be a non—zero element of (C[A, L (E)])s,. Denote by o(a) the spectral set of a. If a has more than two
spectral points, by Urysohn’s lemma, there are two non-zero bounded continuous real-valued functions
fi, 2 ono(a) with f1 - fo = 0. Set a; = fi(a) and a, = f,(a) and they are still in (C[A, L (E)])s;. It is obvious
that a1(E) and a;(E) are two non-zero closed submodules of E with < a;(E), a2(E) >g= 0, which contradicts
the assumption. [J

In the next example, 8 is not simple and we will show that (MC) can not imply (EI) when IL (E) satisfies
(EI).

Example 2.9. Let H be an infinite-dimensional Hilbert space. Set B to be the unitization of K (H & H), namely
M,(K (H))~. Let A to be the set {T & T|T € K (H)}. Clearly, Ais a C'—subalgebra of B and

CAB]=C-1=C[8B, 8]

Now consider B as a full Hilbert C*~module E over itself. Since B has a unit, K(E) = L (E) = B. We still denote
by I the isomorphism from B to IL (E). Hence I(A) has minimal commutant. Puta = 0&® T and b = T & 0, where
T € K(H). It is easy to see < [(A)(a),b >g= 0, which means I(A) does not satisfy (EI). However notice that IL (E)
does act essentially irreducibly on E.
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Conjecture 2.10. When 8 is simple, (MC) can not imply (EI).
The strict topology on IL (E) ([2]) is defined to be the topology given by the seminorms
te ikl = lIE@)I, (8 € L(E), x € E).

When 8 is C, the strict topology is just the strong * topology.

If A is a strictly dense C*-subalgebra of IL (E), then for any x € E \ {0}, we have % = IL (E)(x). Since
we assume 8B is simple, A(xB) = L (E)(xB) = E. (SD) must imply (TI).

[1, Theorem 1.13] showed that the Cuntz algebra O, [1] is a simple C*—algebra when 7 is a finite positive
integer. In fact the proof of that theorem can show a stronger result. For the reader’s convenience, we give
a short proof of the next lemma and we will follow standard terminology and notation in [1].

Lemma 2.11. Let n be a finite positive integer. For each X € O, \ {0}, it holds that
F'XO, :=span{A-X-BI[Ae€ F", B€ O,} = O,,
where F" is a UHF C*-algebra contained in O, which has the unit of O,,.

Proof. Replace the element X*X with XX* in the proof of [1, Theorem 1.13]. Define ¢, S1, Y, Q, A;, and U in
the same way they were defined in [1, Theorem 1.13]. Remember UU" is a non-zero projection of ¥". Set
A =UQ € ¥" instead of SJUQ. Then we have AYA" = A;,UU" and

JAXX'A* — ULT|| < JAXX'A* — AYA"|| + |JAYA" — UL|| < 2¢ < 1.

This shows that AXX*A* is invertible in the C*-algebra (UU*)O0,(UU*), so there is B € (UU*)O0,(UU*) such
that AXX"A*B = UU" € ¥". Note that ¥" is algebraical simple, namely #" without any non-trivial ideal.
Thus F"UU*F™", the ideal generated by UU" of " must be ¥". Hence the unit of O, is in F"XO,.
Consequently, 7" XO, contains all the elements of O,. [

Example 2.12. Let B be O, where n is a finite positive integer and consider it as a full Hilbert C*~module E over
itself. Since B has a unit, K(E) = IL(E) = O, and the strict topology on IL (E) coincide with its norm topology.
Denote by | the isomorphism from 8B to IL (E). Let A be ¥". The preceding lemma shows that I(A) acts topologically
irreducibly on E and clearly I(A) is not strictly dense in IL (E).

It is well known [3] that if A is a C*—algebra acting irreducibly on a Hilbert space H which has non-zero

intersection with K (H), the set of all compact operators on H, then A must contain K (H). This result can
be generalized to Hilbert module case. First we need do some preparations. By the polarisation identity

3
1 y )
Gx,y = Z E Z](6x+i/y,x+ify)/ X,y € E (where 12 = _1)/
=0

the following lemma is clear.

Lemma 2.13. Suppose that E is a Hilbert 8—module. If T € IK(E)s,, then for any € > 0, there exist x1,X2, ..., Xy,

Yi,Y2, ..., Ym € E such that
”T - [Z Qx,-,x, - Z Qy,-,y,-]” < E&.
i=1 j=1

Theorem 2.14. Let E be a Hilbert B—module. If A is a strictly dense C*—subalgebra of 1L (E) which has non-zero
intersection with K (E), then A must contain K (E).
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Proof. Setl = ANIK(E) and let {u,} be an approximate unit of I. Since I is an ideal of A, by the assumption
A acts topologically irreducibly on E, I(E) must be a non-zero closed A-invariant submodule of E. Thus,
I(E) = E, which implies {u,} is also an approximate unit of K (E).

Set T € K(E); and assume ||T|| = 1. For ¢ > 0, we have shown that there exists u € I with ||u|| < 1 such
that||T—-T-u|| < %s. By Lemma 2.13, we have x1, X2, ..., Xu, Y1, Y2, ..., Ym € E with

[Ju - [Z O = Z Oyl < %gl
i1 =1

Setv =)0y — 271:1 0y,y,- By [2, Proposition 1.4], there is a € A with [a]| < 1 such that

£ €
IT -2 < ——, i=1, .., m;, [(T-a)y)l|l< ———, j=1, .. m.
( )( 1) 5n||x,-|| ( )(]/]) 5m”y]” ]
Hence
“(T - a) : 9x,-m|| = ||9(T—a)(xi),x,||
< T = a)Ceall - [l
< £ i=1 n
s 5 b

Similarly, we also have |(T —a)- 0, Il < 5., j=1, ..., m. By those two inequalities, we get ||T-v—a-0|| < %s.
Finally,

I T—a-ul| < |IT-T -ul|+||T-u=T-9|+||T-v—a-v||+]|la-v—a-ul
1 1 2 1
< 5€+§”T”'€+ 564‘5“&”'6
< e

Notice I'is closed and a-u € I, so T € I. Consequently K(E) C 1. O

Remark 2.15. Notice that Theorem 2.14 will fail if we remove the condition B is simple. Here is an example.
Let (H, m) be a non-zero irreducible representation of O,. The C*—algebra m(Oy) is strictly dense in 1L (H) and
(O0,)NK(H)=0. Let B=Ca®C. Set

E=HoeC={hMNheHAecC}
which is a Hilbert B—module with the B—valued inner product

< (h1, A1), (o, A2) >g:=< hy, hy >i ®A1Ag, (1, A1), (ha, A2) € E

and the operation
(h/ /\) : (0[1/ aZ) = (hall AO{Z)/ (h/ A) € E/ (alr 0[2) € B

It is easy to see K(E) = K (H) @ C (notice that Oy, 1,),41,,02) = Omj, ® Oa0,) and IL(E) = IL(H) & C. Now set
A = n(0,)®C C LL(E). It is clear that A is strictly dense in IL (E) and ANK(E) # 0. However A does not contain
K (E).

Remark 2.16. Example 2.12 also shows only (SD) can make Theorem 2.14 work.
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3. Hilbert K-modules

Throughout this section, we put K to be the set of all compact operators on an infinite—dimensional (not
necessarily separable) Hilbert space.

Except the strict topology, there exists another useful topology on IL (E), which we call the ultra—strict
topology. The ultra—strict topology on IL (E) is defined to be the topology given by the seminorms

te |ltkll, ¢ [IEKl, (¢ € L(E), k € K(E)).
In [2], Lance showed there is some difference between the strict topology and the ultra—strict topology.
Fortunately, by [2, Proposition 8.1] the next two conditions are equivalent for any C*—subalgebra A of IL (E):

(1) Ais strictly dense in IL (E);
(2) Ais ultra-strictly dense in IL (E).

Let A, A, be two C*-algebras. We write A; ~y Ay, and call A; and A, are Morita equivalent [4] if
there exists a full Hilbert A,-module E with A; = K (E). Morita equivalence is an equivalence relation and
clearly K ~y; C.

Proposition 3.1. Let E be a Hilbert K—module and A be a C*—subalgebra of IL (E). If A has minimal commutant,
then A must be strictly dense in IL (E).

Proof. First notice that K(E) and C are Morita equivalent, so there exists a Hilbert space H such that
K(E) = K(H). Denote by ¢ the isomorphism from K (E) to K(H). By this isomorphism we also have
IL (E) = IL (H). For convenience, we still put ¢ to be the isomorphism. A has minimal commutant, so does
¢(A). Then ¢p(A) is ultra-strongly * dense in IL (H). Namely for any T € IL (H), there exists anet {11} C ¢(A)
such that

I(ar — )kl — 0O, |I(a}, — Tk — 0, Yk € K (H).

By ¢!, we get that for any S € IL (E), there exists a net {b,} € A such that
[1(0r = S)kIl = 0, [I(b; = Skl — 0, Yk € K(E).
Equivalently A is ultra—strictly dense in L (E). [

The following two conclusions are easy and useful.

Lemma 3.2. Let E be a Hilbert B—module and A be a C*—subalgebra of IL (E). The next two conditions are equivalent:

(1) Aacts topologically irreducibly on E;
(2) ATK (E) := span{aTkla € A,k € K(E)} = K(E), VT € L(E) \ {0}.

Proof. 1If 'y and I'; are two sets of E, we denote by Or, r, the set span{Oy, x,|x1 € I'1,x, € I;}. Particularly
O = F(E).

(1) = (2). Set T € L(E) \ {0}. There is a x € E such that T(x) # 0. Since A acts topologically irreducibly
on E, we have A[T(x)B] = E, which follows

ATOrp = ATOrps = ATOwsE = Oars)e = O = K (E).

Thus ATK (E) = K(E).

(2) = (1). Let x and y be two non-zero elements of E. By [4, Proposition 2.31], there exists a unique
e € E such that y = 0,,(e). Since A0y, FF (E) = AO, K (E) = K(E), 6, can be infinitely approximated by the
elements of the form )", 400, where a; € A,and z;,z; € E, i = 1, ..., n. Hence y can be approximated

by the elements of the form )} ; a;(x < x,z; >< z;, e >). This proves that y € A(xB). O

Lemma 3.3. Let E be a Hilbert 8-module and ‘A be a C*—subalgebra of IL (E). The next two conditions are equivalent:
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(1) A acts essentially irreducibly on E;
(2) {AeL(E)JA'B=0,YBe AT} =0, VT € IL(E) \ {0}.

Proof. (1) = (2). For convenience, put (AT)*" = {A € L(E)|A'B = 0,YB € AT}. Set T € L(E) \ {0}. There
is a x € E such that T(x) # 0. If T € (AT)*, the rang of T" must be contained in [AT(x)]*. Since A acts
essentially irreducibly on E, T' has to be 0.

(2) = (1). It is easy to see that if x € E \ {0} and y € [A(x)]*, then 0,,,AO, , = 0. By assumption, 0, , = 0,
soy=0. 0O

Proposition 3.4. Let E be a Hilbert B8—module and A be a C*—subalgebra of IL (E). If the following conditions are
equivalent, then B ~p; C.

(1) Aacts topologically irreducibly on E;
(2) A acts essentially irreducibly on E.

Proof. It suffices to show K (E) ~u C. By the Rieffel Correspondence ([4]), K (E) is simple. Let (H, ) be a
non-zero irreducible representation of K (E). Since IL (E) is the multiplier algebra of K (E), 7 can be extended
to a faithful irreducible representation of IL (E) into IL (H). We still put it (H, 7). Sete € H with |le]l = 1 and p
the projection from H onto spanie}.
If there exists q € IL (E) such that 71(g) = p, then clearly g is a minimal projection in IL. (E), i.e. gL (E)q = Cq.
Thus
0# K (E)g C gL (E)q = Cq,

which follows g € K (E) and 7t[K (E)] contains a compact operator. By [3, Theorem 2.4.9], n[KK (E)] 2 K (H).
Since those two algebras are simple, K (E) is * isomorphic to K (H) through 7.

Now suppose that p is not in n[IL (E)]. We claim that for any T € K(E) \ {0}, there must exist some
element y of (1 — p)H with n(T)(y) # 0. In factif T € K(E) \ {0} and n(T)[(1 — p)H] = 0, then =(T*T) has to be
ITII? - p, which will cause p € n[LL (E)].

Set A be the set {a € IL (E).|n(a) < 1 - p} and let A be the hereditary C*—subalgebra of IL (E) generated by
A. By Kadison’s theorem ([3, Theorem 5.2.2]), for each x € (1 — p)H \ {0}, there exists a € IL (E), such that
ni(a)(e) = 0 and m(a)(x) = x, which follows A is non-zero and n(A)H = (1 — p)H. Moreover by [3, Theorem
5.5.2], n(A) acts irreducible on (1 —p)H. Let T € IK(E) \ {0}, there exists y € (1 —p)H such thatz = n(T)(y) # 0.
Then nt(A)z = (1 — p)H. Now if T" € (AT)*, then (T )(1 — p)H = 0, which means T has to be 0. Thanks
to Lemma 3.3, we have shown A acts essentially irreducibly on E. By hypothesis, A acts topologically

irreducibly on E. As a result of Lemma 3.2, AK (E) = K(E). Then

(1 -pH = n(A)H = n(A)r[K(E)]H = n[AK(E)]H = n[K(E)]H = H,
which is a contradiction. So p must be contained in 7t[IL (E)] and thus 8 ~y; C. O

Combining Proposition 3.1 and Proposition 3.4, finally we get a characterization of Hilbert modules
over compact operators.

Theorem 3.5. Let E be a Hilbert B—module and A be a C*—subalgebra of IL(E). The following conditions are all
equivalent if and only if B ~p C.

(1) Ais strictly dense in IL (E);

(2) A acts topologically irreducibly on E;
(2) A acts essentially irreducibly on E;
(4) A has minimal commutant.
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