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Abstract. A result of Pélya states that every sequence of quadrature formulas Q,(f) with n nodes and
positive Cotes numbers converges to the integral I(f) of a continuous function f provided Q,(f) = I(f)
for a space of algebraic polynomials of certain degree that depends on n. The classical case when the
algebraic degree of precision is the highest possible is well-known and the quadrature formulas are the
Gaussian ones whose nodes coincide with the zeros of the corresponding orthogonal polynomials and the
Cotes (Christoffel) numbers are expressed in terms of the so-called kernel polynomials. In many cases
it is reasonable to relax the requirement for the highest possible degree of precision in order to gain the
possibility to either approximate integrals of more specific continuous functions that contain a polynomial
factor or to include additional fixed nodes. The construction of such quadrature processes is related to
quasi-orthogonal polynomials. Given a sequence {P,},5, of monic orthogonal polynomials and a fixed
integer k, we establish necessary and sufficient conditions so that the quasi-orthogonal polynomials {Q,},so
defined by

k-1

Qu(x¥) = Py() + Y binPoi(x), 120,
i=1

with b;, € R, and b1, # 0 for n > k — 1, also constitute a sequence of orthogonal polynomials. Therefore
we solve the inverse problem for linearly related orthogonal polynomials. The characterization turns out
to be equivalent to some nice recurrence formulas for the coefficients b;,. We employ these results to
establish explicit relations between various types of quadrature rules from the above relations. A number
of illustrative examples are provided.
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1. Introduction

Some results obtained during the early development of the theory of orthogonal polynomials were
motivated by the desire to build quadrature formulas with positive Christoffel numbers whose nodes
are zeros of known polynomials. Nowadays these quadratures are succinctly denominated as positive
quadrature formulas. The study of this kind of problems was inspired by the Gauss’ theorem on quadrature
with the highest algebraic degree of precision with nodes at the zeros of the polynomials orthogonal with
respect to the measure of integration as well as by the result of Pélya [38] on convergence of quadrature rules.
This led Riesz, Fejér and Shohat to search for the properties of certain linear combinations of orthogonal
polynomials and the further developments resulted in deep outcome. The most convincing example is the
Askey and Gasper [7, 8] proof of the positivity of certain sums of Jacobi polynomials which played a key
role in the final stage of de Branges’ proof of the Bieberbach conjecture. We refer to the nice survey of Askey
[6] for the motivation to study positive Jacobi polynomial sums, coming from positive quadratures, and for
further information about these natural connections.

The construction of positive quadrature rules is connected with the so-called quasi-orthogonal poly-
nomials. Let {P,},>o be a given sequence of monic orthogonal polynomials, generated by the three-term
recurrence relation

xpn(x) = pn+1(x) + ,Bn Py(x) + Vn Pn—l(x)r n=0, Yn F 0, (1)
with P_;(x) = 0 and Po(x) = 1. Then, given k € IN, the polynomials defined by

k-1

Qu(x) = Pu() + Y biuPyi(x), forn >k, 2)

i=1

are said to be a sequence of quasi-orthogonal polynomials of order k —1 or, simply, (k — 1)-quasi-orthogonal
polynomialsif by_q,, # 0. Hereb;, forn > 0, arerealnumbers. By conventionwesetby,, =1, b_1, = b_r,, =0,
bi, = 0 when i > n, and also b;, = 0 when n > k and i > k. Notice that for k = 1 we have the standard
orthogonality. This notion was introduced by Riesz while studying the moment problem and the reason for
this nomenclature is rather simple: Q, is orthogonal to every polynomial of degree not exceeding n — k with
respect to the functional of orthogonality of {Py},>0. M. Riesz himself considered only the case k = 2 while
Fejér [22] concentrated his attention on the specific case when k = 3, P,, are the Legendre polynomials and
by, < 0. It seems that Shohat [41] was the first who studied the general case. The renewed recent interest
on the quasi-orthogonal polynomials brought a large number of interesting results. Peherstorfer [34-36]
and Xu [44] obtained results concerning the location of the zeros of the quasi-orthogonal polynomials and
the positivity of the Christoffel numbers when {P,},>¢ are orthogonal on [-1, 1] with respect to a measure
that belongs to Szeg®’s class. Xu [45] established general properties of quasi-orthogonal polynomials and,
under the assumption that Q,, is also orthogonal, studied the relation between the Jacobi matrices associated
with both sequences. The zeros of some quasi-orthogonal polynomials were studied recently by Beardon
and Driver [9] and Brezinski, Driver and Redivo-Zaglia [12].

Motivated by the relation between positive quadrature rules and quasi-orthogonal polynomials, we
provide necessary and sufficient conditions in order that the sequence of polynomials {Q,},-0, obeying (2),
is also orthogonal. The latter problem is purely algebraic in nature. We solve it via a constructive approach
by taking into account classical results on Sturm sequences. It becomes evident then that one may look at
the solution in terms of a relation between the Jacobi matrices associated with the sequences of orthogonal
polynomials. As a result the solution is explicit in the sense that we establish the connection between
the three term recurrence relations that generate the sequences {P,},>0 and {Q,},>0 as well as between the
linear functionals related to them. These results allow us to judge about the nodes of two Gaussian type
quadrature formulas whose location coincides with the zeros of the polynomials P, and Q,. Moreover, the
Christoffel numbers of the quadrature rules are obtained explicitly as a consequence of the closed forms of
the corresponding kernel polynomials which are also derived from our general approach.

The structure of the paper is as follows. In Section 2 we state the necessary and sufficient conditions of
the orthogonality of a sequence of quasi-orthogonal polynomials of order k — 1 as well as the expression of
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the polynomial & associated with the Geronimus transformation of the initial linear functional. In Section
3, the proofs of those theorems are given as well as an algorithm to deduce the sequence of connection
coefficients. Section 4 is focussed on the relation between the corresponding Jacobi matrices. Thus, we have
a computational approach to the zeros of Q,(x) since they are the eigenvalues of the nth principal leading
submatrices of the corresponding Jacobi matrix. The Christoffel numbers are their normalized eigenvectors.
We also prove some results concerning the zeros of the polynomial Q,(x) as well as the expression of the
kernel polynomials in terms of the initial ones. In Section 5 we analyze some examples illustrating the
problems considered in the previous sections. First, the case when u is a symmetric linear functional is
considered. The results are implemented for Chebyshev polynomials of the second kind. Second, the
non-symmetric case is studied and implemented for Laguerre polynomials. Finally, we study the case of
constant coefficients. In such a case, we solve a problem posed in [3] for k > 3 in such a way in a symmetric
case, periodic sequences for the parameters of the three term recurrence relation appear.

2. Orthogonality of quasi-orthogonal polynomials

The characterization of those quasi-orthogonal polynomials (2) which form a sequence of orthogonal
polynomials themselves can be approached from a general point of view. Let # be the linear space of
algebraic polynomials with complex coefficients. Then (u, f) denotes the action of the linear functional
u € P’ over the polynomial f € , where P’ denotes the algebraic dual of the linear space . The sequence of
monic orthogonal polynomials (SMOP) {P,},-, with respect to the linear functional u obeys the conditions
{u,P,P,) = K,0pm, where K,, # 0 for all n > 0, and 0,,, is the Kronecker delta. A linear functional u is
said to be regular or quasi-definite (see [16]) when the leading principal submatrices H, of the Hankel

matrix H = (u,-+]-) composed by the moments u; = <u, xi>, i > 0, are non-singular for each n > 0. When

i,j20
the determinants c]>f H, are positive for all nonnegative integers n the functional is called positive-definite.
If the linear functional u is regular, then the SMOP {P,},5, satisfies the three-term recurrence relation (1)
with y, # 0 and if u is positive-definite then f, are real numbers and y,, > 0. Conversely, if a sequence of
polynomials is generated by the recurrence relation (1) and y, # 0, then there is a linear functional u € #”,
such that {P,},»0 is a sequence of polynomials orthogonal with respect to u and this is the statement of
Favard’s theorem ([16]). Moreover, if f, are real numbers and y, > 0 for every n € N, then the linear
functional u is positive-definite and it has an integral representation (u, f) = f]R fdu, f € P, where du is a
positive Borel measure supported on an infinite subset of R (see [16]).

The linear functional v € P’ is called a rational perturbation of u € #’, if there exist polynomials p and
g, such that

qlx)o = p(x)u.

Detailed information about the direct problems studied from several points of view can be found in
[2, 13, 23, 30, 46]. In particular, the connection formula between the polynomials orthogonal with respect
to v and u is called the generalised Christoffel’s formula (see [23]). The relation between the corresponding
Jacobi matrices was studied in [20].

Let {P,},>0 be a SMOP, m and k are positive integers. Let consider another sequence of monic polynomials
{Qulnso related to {P,}y>0 by

m—1 k-1
Qu(x) + Y anQu-j(x) = Pu(x) + Y bipPoi(®), 120, 3)
j=1 i=1

with a;,,b;n € R, @y-1,,bx—1,, # 0. Then the problem to find necessary and sufficient conditions so that
{Qnluzo is also a SMOP and to obtain the relation between the corresponding regular linear functionals is
called aninverse problem. Observe that we adopt the convention that when either m or k is equal to one, then
the corresponding sum does not appear, that is, we interpret it as an empty one. A vast number of interesting
results have been obtained on topics related to the inverse problem (see [1, 3-5, 10, 11, 25, 26, 32, 37]).



C. F. Bracciali et al. / Filomat 32:20 (2018), 69536977 6956

In the present contribution we also focus our attention on the quasi-orthogonal polynomials defined
by (2) under the only natural restriction and b1, # 0 for n > k — 1. This corresponds to a very general
situation when we set m = 1 and k € IN in (3). Therefore, in what follows we consider this setting. Many
particular results, when one looks for the relation between the functionals u and v, with respect to which the
polynomial sequences {P,},>0 and {Q,},>0 are orthogonal, are known [13, 15, 18, 19, 29, 46] but the general
case that we discuss in the present contribution has not been approached in the literature yet. In this paper
we provide necessary and sufficient conditions so that the sequence of monic polynomials {Q,},>0 is also
orthogonal.

Let {P,},50 be a SMOP corresponding to a regular linear functional #. Now we give the necessary and
sufficient conditions ensuring the orthogonality of the monic polynomial sequence {Q,},», that satisfies the
three-term recurrence relation

xQn(x) = Que1(x) + ,gnQn (x) + )7nQn—l(x)/ n=0,
with the initial conditions Q_1(x) = 0 and Qp (x) = 1, and the condition ¥, # 0, for n > 1.

Theorem 2.1. Let {Q,},5 be a sequence of monic polynomials defined by (2). Then {Qu},so is @ SMOP with
recurrence coefficients {En}nzo and {Pulns1 if and only if the coefficients by, = 1, {biylns1, 1 <1 < k—1, satisfy the
following conditions

Vn + bZ,n - b2,n+1 + bl,n (ﬁn—l - ﬁn - bl,n + bl,n+l) * O/ forn > 1/ (4)
3 bk-2,n-1 br-2,n
bl,n+1 - bl,n + ,Bn - ﬁn*k+1 + T Vn-k+1 — 7T Vn-k+2, N > k/ (5)
bk—l,n—l bk—l,n
bi-1,n
bZ,rH—l = b2,n + Vn — bkkll/ 17/11—k+1 + bl,n (ﬁn—l - ﬁn - bl,n + bl,n+1)/ nz k/ (6)

and
bi+2,n+1 = bi+2,n + bi+1,n (ﬁn—l—i - ﬁn - bl,n + bl,n+1) + bi,nYn—i
_bi,n—l [7/:1 + bZ,n - b2,n+1 + bl,n (ﬁn—l - ﬁn - bl,n + bl,n+1)] s (7)

for1<i<k-3andn>i+1.
Moreover, the recurrence coefficients of {Qn}, are given by

ﬁNn = ﬁn + bl,n - bl,n+1/ n>0, (8)
7771 = yn + bZ,n - b2,n+1 + bl,n (ﬁn—l - ,Bn - bl,n + bl,n+1)/ nz= 1/ (9)
and the coefficients y, also satisfy
~ bk—l,n
Vn = b—)/n—k+1/ nxk. (10)
k—1,n-1

The above relations provide a complete characterization of the orthogonality of the polynomial sequence
{Qnluz0. Whenb;, =bj,j=1,..., k-1, yourecover Theorem 1 in [3].

On the other hand, a natural question arises about the relation between the regular linear functionals
u and v such that {P,},>0 and {Qn}.>0 are the corresponding SMOP. In this case, the functional v which
describes the orthogonality of the sequence {Q,}.>0 is a Geronimus spectral transformation of degree k — 1
of the linear functional u. In other words, u = h(x)v, where / is a polynomial of degree k — 1 (see [32]). Our
next result furnishes a method to determine .

Theorem 2.2. The coefficients of the polynomial
h(x) = ho + hix + - + heox™™2 + K (11)

such that u = h(x)v, are the unique solution of a system of k linear equations, where the entries of the corresponding
matrix depend only on the sequences of connection coefficients {b;}ysk-1,1=1,2,...,k—1.
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A detailed description of the linear system and about the explicit form of the coefficients will be done
in the sequel.

It is worth pointing out that an alternative way to compute the coefficients of / is via a relation between
the Jacobi matrices related to the sequences {P,},>0 and {Q,},>0. We discuss this method in Section 4.

Since the quasi-orthogonal polynomials arise naturally in the context of quadrature formulae of Gaussian
type, many properties that can be classified more than as analytic rather than algebraic, such as the behaviour
of their zeros and the positivity of the Christoffel numbers have been analysed. Most of these results deal
with rather specific particular cases when either k is a small integer or the orthogonal polynomials belong
to classical families. In Section 4.2 we obtain some results about the zeros of the polynomials P, and Q.

Many illustrative examples are analysed when the linear functional u is a symmetric one, as well as
when one deals with constant connection coefficients. The latter problem is motivated by a result in [24]
where {P,},50 is the sequence of Chebyshev polynomials.

3. Proofs of Theorems 2.1 and 2.2 and the direct problem

3.1. Proof of Theorem 2.1

The core of the overall approach is a classical result of Sturm [42] on counting the number of real zeros
of an algebraic polynomial. We refer to [39, Section 10.5] and [33, Sections 2.4, 2.5] for detailed information
about various versions of Sturm’s result as well as about the historical background. We state the general
version of Sturm’s theorem in the setting we need. Let R,4+1 and R, be polynomials of exact degree n + 1
and n, respectively, with monic leading coefficients. Execute the Euclidean algorithm

Rip1(x) = (x — cp)Rye(x) — dyRy—1(x), k=n,n-1,...,1. (12)

A careful inspection of the general version of Sturm’s theorem shows that the following holds:

Theorem A. (Sturm) Under the above assumptions, the polynomials R,+1 and R, have real and strictly interlacing
zeros if and only if dy, k = n,n —1,...,1, are positive real numbers. Furthermore, the zeros of the polynomial
Ry, k=n,n-1,...,1, are all real and the zeros of two consecutive polynomials are strictly interlacing.

It follows immediately from Theorem A and Favard’s theorem that, given two polynomials R,.; and
R, with monic leading coefficients and with real and strictly interlacing zeros, the Euclidean algorithm
(12) generates the sequence Ry, k = 0,...,n + 1, such that these are the first 7 + 1 terms of a sequence of
orthogonal polynomials, which can be constructed by using the standard three term recurrence relation.
In other words, any two polynomials of consecutive degrees and interlacing zeros may be “embedded”
in a sequence of orthogonal polynomials. This straightforward but beautiful observation was pointed
out by Wendroff [43] and the statement is nowadays called Wendroff’s theorem. Observe that R, and
R, generate Ry, k = n—1,...,0, uniquely “backwards” via (12) while the sequence Ry, k = 0,...,n + 1,
of all the polynomials can be extended “forward” in various ways. The complete characterization of the
sequences of orthogonal polynomials P, and Q, that are related by the relation (2) is obtained via Theorem A.

Proof of Theorem 2.1. Applying the Euclidean algorithm (12) with “initial” polynomials R.+1(x) = Qps1(x)
and R,(x) = Qu(x) and setting c,, = fn, we obtain

Qua1(x) = (x = B)Qu(x) = Rya (x),
where R,_1(x) is a polynomial of degree at most n — 1. Using (2) together with the recurrence relation (1)
we conclude that

k
Ry-1(x) = Z [bi,n(,Bn—i = Bn) = bix1ps1 + bisip + bifl,nyn—(i—l)] P_i(x), (13)

i=0

where b_;,, = 0 and by, = 1. Moreover, when n > k, we have b;,, = 0 for all i > k.
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Now we can determine necessary and sufficient conditions in order to the polynomial R,_1(x) coincides
with the polynomial 7,,Q,-1(x), i.e.,

k-1
Ruct(®) = 7| Pact @) + Y biet Paa—i(¥) | (14)
i=1

Comparing the coefficients that multiply P,(x) and P,_1(x) in (13) and (14) we derive the conditions
Bn—PBn—bips1+b1, = 0, n>0,
b1u(Bu1 = Pn) = bops1 + o +yn = Fu, 121,
and the latter obviously correspond to (8) and (9). This means that
Vn = Vn+bon = bansr + b1 (Bu-1 = Bn = bin +bius1), n>1. (15)
Since 7, # 0, we obtain the constraint
Vu+bou —boue1 + b1y (Bu-1 = Pu — b1y + b1y1) 20, forn>1,

which is exactly (4).
Similarly, comparing the coefficients of P,_»(x),..., P,—(x) in (13) and (14), we obtain the following
conditions:

bin-17n = binVn-i + bison = bisopsr + bisin Bu-1—i = Pn = bip + 1), 1<i<k-3, n>i+1, (16)

bk—Z,n—l?n = bk—Z,nyn—k+2 + bk—l,n (,Bn—k+1 - ,Bn - bl,n + bl,n+l) , nz k- 1/ (17)

bi-1,0-17n = bi-1nVn-k+1, n 2k (18)

Now (5) follows from (17) and (18) while (6) is a consequence of (15) and (18). Finally, (15) and (16)
imply (7).

It is important to check that at the last step the coefficient b1 ,+1 must be different from zero in order to
be consistent with the quasi-orthogonality condition. This completes the proof.

Theorem 2.1 provides also a forward algorithm to compute the coefficients b;, for n > k + 1. Starting
with coefficients b;x_1,i=1,2,...,k — 1, from the linear combination

Qk-1(x) = Proq(x) + by g1 Pr—2(x) + - -+ + b1 4-1Po(x),
we choose the coefficients b fori =1,2,...,k — 1, and write
Qk(x) = Pr(x) + b1 xPra(x) + -+ - + b1 4 P1(x).

Then we compute by 41, for n > k, using equation (5) and by, bx—24-1, bk—1,1-1, bk—2,n and byx_1 , (see the first
scheme in Fig. 1). We compute b, .11, for n > k, using equation (6) and by, b1,1, b1,n+1, bk-1,,» and by_1 1 (see
the second scheme in Fig. 1).

We compute by 41, for n > kand 1 < i < k — 3, using equation (7) and b4 4, bic1,, bin, bin-1, and also
bin, bin+1, boy, and by ,41. This is illustrated as the first scheme in Fig. 2. Alternatively, b2 11, for n > k and
1<i<k-3,isgiven by

by

n
T Vn—k+1s

bi+2,n+1 = bi+2,n + bi+1,n (ﬁn—l—i - ,Bn - bl,n + bl,n+1) + bi,nyn—i - bi,n—l b
k—1n-1

using bii2 5, bis1n, bin, bin-1, and also by ,, b1 41, bk—1,n-1, bk-1,n, (See the second scheme in Fig. 2).

Aswehave pointed out above, after the computations at level n+1, it is necessary to verify if by_1 41 # 0,
forn > k.

The initial coefficients by, = 1, b1, bou, ..., bun, for 1 <n < k-2, starting from Qy and Qk—1, are uniquely
determined by the “backward” process described by the Euclidean algorithm and by Theorem A.

Let us notice the key role played by the connection coefficients for the polynomials Q_; and O as initial
data to run the above algorithm.

As a summary, you can generate the coefficients of quasi-orthogonal polynomials in a recursive way,
assuming some initial conditions.
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Figure 1: Scheme for the calculation of by ,,+1 and by 11, 1 > k.

21 — = k-1 . .
i+1 p
i+24 —n
i ——s
i+1 p
i ——o
2 [ .
1 . . 11 ° °
n-1 n n+l n-1 n n+1

Figure 2: Alternative schemes for calculation of b, 41, 1 > k.

3.2. Proof of Theorem 2.2
The dual basis {w,},50 € P of {P,},s¢ is defined, as usual, by the conditions (see [31])
{wWn, Pu) = Oum.

It is easy to see that the elements of the basis, dual to SMOP {P,},-, with respect to the regular linear
Pt Let us define the left-multiplication of a linear functional u € ' by any

(wPi)

functional u, are w, =

polynomial f € P via
(fupy = fp), peP.

Let {Qu},50 be given by relation (2), be a SMOP with respect to a regular linear functional v. According to

[31], if we use the expansion of the linear functional u in terms of the dual basis {Q—’Qz;} j=0 of the SMOP
o j

{Qu} 0, In view of orthogonality properties and relation (2), we obtain the following relation between the
corresponding linear functionals.
Lemma 3.1.

Qju, ie, u=h(x)o, (19)
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where h(x) = hg_1 X" + hg_ox*2 + -+ + hyx + hy is a polynomial of degree (k — 1) because its leading coefficient is
i1 = b (u, 1) /<0, Q) # 0.

Proof of Theorem 2.2. For n > k we have
U, PuQn) (h(x)v, P Qn)
o (0, PuQu) + Iy (0, xPyuQu) + - + 1 (0,67 Py ).
Form=n,n-1,...,n— (k- 1), we obtain
W, PiQu) = ho (0, PuQu) + I 0, xPuQu) + -+ + iy (0,571, Q)
(U, PiaQu) = ho (0, PucaQu) + Iy (0, 3Py 1 Qud + -+ + iy (0,71P,1Q, )

: (20)
<M, Pn—(k—l)Qn> = ho <U, Pn—(k—l)Qn> +hy <U, xpn—(k—l)Qn> +oee <U, xk_lpn—(k—l)Qn>-
Since, for j =0,1,...,k-1,

0, if 1<},
<U,len—an> = { <v, Qﬁ>, ;f I=j,

assuming by, = 1 and using (2), we derive

k-1
(u,P,jQu) = <u, Pui) ] b,-,,,Pn_i> = by (1, P2_), forj=0,1... k-1.
i=0

Now we write the equations (20) as a system of k linear equations Th = b, where

(0.@) @xP,Q) - (027?PQ) (0 P.Q)
0 <U/ Q%l> e 0, xk72pn_1 Qn 0, xkilpn—l Qn
T 0 0 o0, xk_zpn—ZQn o, xk_lpn—ZQn
6 0 e <v, Qﬁ> <v, xkilpr'l—(k—Z)Qn>
0 0 ce 0 <ZJ, Q%,>
bo, <u, P2>
Z? bl:”n u, Pi:
_ hy bz,n u, Pi_Z
h= : and b= .
Fi b2 <“'.P o)
it br-1,n <”’ P ﬁf(k—l)

The latter can be rewritten in the form

k-1
hi(o,Q2)+ Y (o, x'PyjQu) = by (P2, forj=0,1,...,k=1.

I=j+1

Using the backward technique for solution of systems of linear equations, we obtain, for j = k-1,k-2,...,1,0,

k-1
h; = m bin <u, Pfl—j> - l:ZjJ;l hy <v, x’Pn,J-Qn> , for n>k. (21)
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In order to simplify (21), let Jp be the tridiagonal matrix corresponding to the SMOP {P,},»0, that is,
xP = J,P,

where P = (Py, Py, ...)T and

o 1 0 0 0 0
»n B 10 0 0
0 V2 ‘32 1 0 0
=10 0 0 0 . g 1
0 0 0 0 ... Vn-1 ,Bn—l

Notice that, for j=0,1,...,k—1,and [ > j we have

n+l—j

len_j(x) = Z (Jéa)n—j,ipi(x)r

i=0

where (Jé)n_ ;i denotes the (n — j, i) entry of the matrix ]ﬁ). Then the equalities

n+l—j
(U/ len—]’Qn> = <Ur Z (Ji?)n—j,ipiQn> (22)

i=n
n+l-j

Z (Jéﬂ)n—j,i (v, P;Qn)

i=n

hold for ! > j.
Now it is clear that the inner products (v, P,+Qn), ¥ = 0,1,2,...,1 — j, can be expressed in terms of the

coefficients b; 44,1 =1,2,...,1 — j, and from the value of <v, Qﬁ) Indeed, we rewrite (2) in the form

k-1
Prir(x) = Quer(x) = Z bi,n+rPn+r—i(x)r
i=1

which implies

>,~

—1

0, Py Q)

0, [Qn+r bl,n+rpn+r—i] Qn>

I\
—_

i

<

= - i,n+r <U/ Pn+r—iQn> ’
=1
forr=1,2,...,1—j,so that

r—1
0, PucrQuy + Y Biner © Pusr-iQud = =brner (0, Q2). (23)
i=1

Using equations (23), forr = 1,2,...,1 - j, and including the equation (v, P,Q,) = <v, Qﬁ> , we obtain the
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following system of (I — j + 1) equations:

0 0 0

o) X X O T CR el 1
O b 1 0 0 0 <U/ Pn+1 Q?l> _bl,l’H—l
L+2 (0, Pp2Qn) _ —b 110 <Z) Q2> (24)
0 b2,n+3 bl,n+3 1 0 0 . - " r&nf
’ ’ ) ) <U, pn+l—an> _bl—j,n+l—j
0 brjausi-j bijousi-j bijsmsi-j  bips-j 1

Let us denote by A;_j;1 the matrix of the latter system. Then the solution (v, P+,Qn), 7 =0,1,2,...,1-j,
is obtained in terms of the coefficients b;,, i = 1,2,...,1 — j, and <U, Qﬁ>
Replacing the solution of (24) into (22) we conclude that

1
_bl,n+1

(0,9 PuciQu) = (TDdamis Gpdairsts -, Ohujoni=) Ay | 72202 | (0, Q0),

=bi-jn+i-j

where Al‘_lj . 1s the inverse of the matrix A;_j;1. Finally we solve the system (21) and find all coefficients £;,
j=0,1,...,k—1, of the polynomial & as functions of ,, y, and b;,. Thus, Theorem 2.2 is proved.

The above result shows that the sequences {b;,,},>r, j = 0,1, ...,k—1, defined in Theorem 2.1 must satisfy
the constraints on the coefficients of the polynomial i(x) given in Theorem 2. In other words, the sequences
{bjntuzk, ] = 0,1,...,k — 1, together with the coefficients of the three term recurrence relation, determine
uniquely the polynomial /i(x). Moreover, since the matrix T is nonsingular, any polynomial k(x) of the form
(11) determines uniquely the coefficients bg , b1, .. ., bk-1,4, for n > k. We discuss this question thoroughly
in the next section.

Notice that the latter observations provide not only an algorithm to calculate k(x), but also an alternative
proof about the relation between the Geronimus transformation and the quasi-orthogonal polynomials.

It is easy to see from (21) that the leading coefficient of ii(x) is given, in an alternatively way, by

My = — - , forn>k-1. (25)

Considering n = k — 1 and the normalization (1, 1) = 1, we obtain

b1 _ be141 0
<z], QI%_1> P2 Prer1 (o, 1)

hyq =

where 71, 72, ..., Pk-1 are given by (9).
The second coefficient of i(x) can also be obtained in an explicit form. Indeed, it follows from (21) that
(0, Q) e = by (1, P2 ) — (0,7 Py Qu ) i (26)
Now (22), withl =k —-1and j = k - 2, yields

n+1

Z(]’fa_l)n—(k—Z),i (v, P;Qy)

i=n

= U5 Dumte=21 <0 PuQu) + U5 o)1 <0, Prs1Qn)

<v, xk_lpn—(k—Z)Qn>

k-2
= 2 Bui <v, Qfl> + (0, Py1Qn) -
i=0



C. F. Bracciali et al. / Filomat 32:20 (2018), 69536977 6963

Since
Qua1(x) = Pry1(x) + b1 us1 Pu(x) + b1 Pro1(x) + -+ + b1 pi1 Pr—e—2) (%),

then (v, Py41Qn) = —b1u41 <v, Q%> . Therefore (26) becomes

k-2
(0,2 = o (P2 ) - [Z Buoi — bl,m] (0, Q2) i,
i=0

- 2
heo b “ bron <u, p n—(k—2)>
I’l_ - 1n+l — Z ﬁn—i + n > .
k-1 i=0 k=1 <T), Qn>
Then (25) implies
hk_z =l bk*2,7l <u/ Pi—(k—2)>

— = bipr1— ) Puri-it+
hk_l ; bk—l,]’l <ur P721—(k—1)>

k-1
bk—Z,n

bipne1 — ) Prer-i+ b Vnke2-
=1 k—1,n

The computations of the remaining coefficients of h(x) are rather involved and yield extremely complex
explicit expressions so that we omit them.

Remark 3.1. Notice that the above result shows that you can find a direct relation between the coefficients
of the polynomial #, the connection coefficients of the sequences {P,},>0 and {Q,},5¢ and the coefficients of
the three term recurrence relation of the sequence {P,},;¢.

4. Gaussian type quadrature formulas

4.1. An interpretation in terms of Jacobi matrices

In this section we provide an alternative approach to the above problems based on the matrix form of
the three-term recurrence relations as well as of the connection coefficients between the two sequences of
polynomials. Let Jp and Jg be the tridiagonal matrices corresponding to the SMOP {P,},»o and {Q,},,5o, Te-
spectively. Then the three-term recurrence relations satisfied by the SMOP {P,.},;5¢ and {Q,},,»¢ are equivalent
to

xP = JPP/ xQ = JQQ/ (27)

where P = (Py, Py,..)" and Q = (Qo, Q1 ...)".
On the other hand, (2) reads as

Q=APp, (28)

where A = (115,1)5,,21 is a banded lower triangular matrix with entries 4;; = 1 and 4;; = 0, s =1 > k- 1.
Combining (27) and (28) we obtain

xAP = JoAP
and then
A, =]J0A, ie, Jo=AJ,A™L (29)

These represent a succinct matrix form of the relations obtained in Theorem 2.1.
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On the other hand, Christoffel formula [23] is equivalent to
h(x)P = BQ, (30)

where B= (55,1)5,121 is a banded upper triangular matrix with entries Es,5+k_1 =1, Es,l =0,l-s>k-1,and
h(x) = h(x)/hi-1, where h(x) is the polynomial defined in (19).
Substituting (27) and (28) into (30), we obtain

h(Jp) = BA, (31)
where 1 (Jp) is a diagonal matrix of size (2k —1). It is clear that the matrix Bis uniquely determined from
(31). Since equalities (29) and (31) yield

i(Jo) =AR() AT = AB, (32)

the matrix Jg can be determined from (32). Notice that (32) is the LU factorization of the matrix h (JQ) while
(31) is a UL factorization of the matrix / (Jp).
We also describe relations between the corresponding finite dimensional tridiagonal matrices which

appear in the three-term recurrence relations (27) as well as on (28). If (P), = {Po, P1, .., P} and (Q), =
{Q0, Q1 -, Qu}", then (27) and (28) reduce to

X (P)n = (JP)n+1 (P)n + Pn+1en+1/ (33)
x(Q), = (JQ)n+1 (Q),, + Qu+1€ns1, (34)
Q) = A)si(P), (35)

where (), denotes the leading principal submatrix of size n X  of the corresponding infinite one, while here
and in what follows, ¢; is the j-th vector of the canonical basis in R"*! with all entries zeros except for the
j-th one, which is one. Replacing (35) and (2) in (34) yields

k-1
(JQ)H+1 (A)ps1 + e [Z bi,n+1e£+2_i]

i=1

X (A)n+1 P), = (P),, + Pus1ens1.

Having in mind (33), the latter simplifies to

k-1
Rt Udur = (To).,, Bhnst + A)irena (Z bi,mezﬂ_i] .

i=1
Thus, we obtain

k-1

(]P)n+1 —€n+1 (Z bi,n+1e£+2_i

i=1

A),1-

(JQ)n+1 = (A)n+1

This result means that (JQ) is a rank-one perturbation of the matrix (Jp),,1-

n+l1

Remark 4.1. The particular cases k = 2, k = 3, and k = 4 of the above matrix method are considered in [13],
and [29], respectively.

Remark 4.2. Having in mind that the zeros of the polynomial Q. are the eigenvalues of the matrix (JQ)n+1’

the above expression means that they are the eigenvalues of a rank one perturbation of the matrix (Jp),,;-
Therefore, one may estimate them using the classical theory of eigenvalue perturbations (see [45]). On the
other hand, the corresponding Christoffel numbers are the first component of the normalized eigenvector
associated with each eigenvalue.
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4.2. Results on the zeros of orthogonal polynomials

In this section we discuss some properties of these zeros and of their location with respect to those of P,
provided that both {P,},>¢ and {Q,},>0 are sequences of orthogonal polynomials and they are related by (2).

In order to obtain inequalities for the number of zeros of Q, which are greater than the largest zero of
P, we need a theorem on Descartes rule of signs for orthogonal polynomials due to Obrechkoff. Given a
finite sequence ay, ..., a, of real numbers, let S(ay, ..., a,) be the number of its sign changes. Recall that
S(ao, ..., ay) is counted in the following natural way. First we discard the zero entries from the sequence
and then count a sign change if two consecutive terms in the remaining sequence have opposite signs. By
Z(f;(a, b)) we denote the number of the zeros, counting their multiplicities, of the function f(x) in (g, b).

Definition 4.3. The sequence of functions fy, ..., f; obeys the general Descartes’ rule of signs in the interval
(a,b) if the number of zeros in (g, b), where the multiple zeros are counted with their multiplicities, of any
real nonzero linear combination

ap fo(x) + -+ + ay fu(x)
does not exceed the number of sign changes in the sequence ay, ..., a;.

More precisely, this property states that

Z(agfo(x) + - + a fu(x); (a,b)) < S(ao, ..., an)

for any (ag,...,an) #(O,...,0).
Theorem B (Obrechkoff [33]) If the sequence of polynomials {p,},>o is defined by the recurrence relation

xpn(x) = AnPu+1 (x) + bnpn(x) + Cnpn—l(x)/ n=0,
with p_1(x) = 0 and po(x) = 1, where a,, by, ¢, € R, a,,c, > 0 and z, denotes the largest zero of p,(x), then the

sequence of polynomials py, .. ., pn, obeys Descartes’ rule of signs in (z,, o).

Since, by Favard’s theorem [21], the requirements on py(x) in Theorem B are equivalent to the fact that
{Pnln=0 is a sequence of orthogonal polynomials, we obtain

Corollary 4.4. Suppose that the orthogonal polynomials pi(x), k = 0,1, ...,n be normalized in such a way that their
leading coefficients are all of the same sign and let z, be the largest zero of p,(x). Then, for any set of real numbers
Qo, - . ., &y, which are not identically zero, we get

Z(agpo(x) + -+ + anpu(x); (zn, ) < S(ag, . .., an).

Some applications of Theorem B and Corollary 4.4 to zeros of orthogonal polynomials were discussed
in [17]
Now we are ready to formulate a result concerning inequalities for largest zeros of the polynomials Q,,.

Theorem 4.5. Let {Py,},»0 be a sequence of monic orthogonal polynomials and let {Q,},>k be defined by (2). If the
zeros of Py(x) are x,1 < -+ < Xy, then

Z(Qn(x)/ (xn,n/ OO)) < S(lr bl,f’ll ey bk*l,n)'

Despite that in this paper we are interested in the situation when {Q,},>0 is another sequence of or-
thogonal polynomials, the above result about the largest zeros of Q, does not depend on the fact that the
sequence of polynomials obeys an orthogonality property or not.

Corollary 4.6. If the zeros of Q, are also real and simple, denoted by y,1 < -+ < Ypn, and S(1, by, ..., beo1n) =€,
then

Ynn-t < Xnn-

In particular Yy p-k+1 < Xnn independently of the signs of b;,, > 0 fori =1,...,n—k+ 1. Moreover, if b;,, > 0 for

i=1,...,n—k+1, then y,, < Xy, which means that all zeros of Q,, precede x,, ,,.
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Finally, we obtain a relation between the Stieltjes functions of # and v. Indeed, let define

(e8] (o]

uTl U?’l
S@=) o and  S=) o

n=0 n=0

where u,, = (u,x") and v, = (v, x™").

Since (u, x") = (v, h(x)x") then u,, = Z hjvjy, and
=0

o0 1 k-1 k-1 (& Uj+n
Su(z) = Z e th‘%n =) hZ [Z Zj+n+1]
n=0 j=0 j=0 n=0
k-1 j—1 -
= hjz! [SU(Z) - Zsil]
j=0 5=0
k-1 1 ()7L "
= Y n@S@ =) hi [Z — ]
j=0 j=0 5=0
k=1 j-1 -
Therefore, S, (z) = h(z)Sy(z) — T(z), where T(z) = Z hiz! [ - ] is a polynomial of degree at most k — 2,
z5+
j=0 s=0
and
5,(2) = Su@ | T@)
’ ERE)

Since the Stieltjes function S, is a linear spectral modification of S, ([46]), assuming that u is a positive
definite linear functional and / is a positive polynomial on the support of a positive Borel measure du
associated with u, it is well known (see [27] and [28]) that for n large enough each zero C of h with
multiplicity j attracts j zeros of Q,. On the other hand, for every fixed 7, at most k — 1 zeros of Q, can lie
outside supp(u). These facts allow us to judge about the location of the zeros of 1 that lie outside the support
of du .

4.3. Kernel polynomials and Christoffel numbers

In [14] quadrature formulas on the real line with the highest degree of accuracy, with positive weights,
and with one or two prescribed nodes anywhere on the interval of integration are characterized. Next we
will consider a more general problem when we deal with more prescribed nodes. We are interested in the
study of Christoffel numbers assuming they are positive numbers, i.e., by choosing those nodes outside the
interval of orthogonality of the initial measure.

Let K, (x, y;u) and K,(x,y;v) be the kernel polynomials associated with the positive definite linear
functionals u and v, respectively, i.e.

n p.( )p( ) - Q( )Q( )
Ka(x, v 1) = Z(; ]HJ;;—]H]zy and K,(x,y;0) = Z(; %]”;y
= =

where ||Py|* = (1, Pu(x)Py(x)) and [|Qul* = (0, Qu(x)Qu(x)) -

First of all, we will find an algebraic relation between K, (x, y; u) and K, (x, y; v).
Writing K, (x, y;v) as

n

Kl 1;0) = ) (1)),

m=0
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we get

(1K, y0)Pu ()
Gnl¥) = "p |

If m <n—k+1,then (u, K, (x, y;0)Pp(x)) = (v, Ku(x, y; 0)h(x)Pp(x)) . From the reproducing property of
the kernel polynomial we get

h(y)P
Anm(y) = %, for 0<m<n-k+1
On the other hand,
(u, K (%, ¥; 0) P2 (%))
i) Pyl
(o [Kin ;o) - 2L h@)Py-ka())
B IPy—s2ll?
_ h(y)Pn—k+2(]/) _ Qn+1(y) bes
IPackal®  1IQuealP

(1, K (%, 13 0)Pp—s3(x))

Ay n—k+3 (y) =

IPy—ks3ll?
{0 [Kunalo yo) - IR - LogB )P, ()
B 1P—k+3ll?
_ WY)Pu-rs3(y)  Quea(y) Bty — Qu+1(y) I
IP—ks3l? 1QuaalP " QP
Finally,
<u/ K (x, Y, U)Pn(x»
annly) = 1P,
n+k—1
Qi()Qj(y)
<U, Kyik-1(x, y;0) = Z ]||Q—||j2 h(x)P,(x)
_ j=n+1 ]
- (1P,

hy)Puly) _ "il oW,
PP e TIQP ™
In other words,
Ku(x, y;0) = h(y)Ko(x, y;w) — [PY) 00 T 1Dk Q1 (),
where
P () = (Packi2(®), Puckss (), ..., Pa(0),

QY ) = (Quir @), Qua®), -+, Quaia (W),

br-1,n41 0 0 .. 0
bk—Z,n+1 bk—l,n+2 0 0
Ty =| Ok-amrt brapez beines o 0 ,

biner  bonez bzues oo Decipsk
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and

I QP 1QuealP” ™ 1Queal?)

By setting IL,, -1 = T}, x—1IDy—1 we get

Ka(®, y;0) = h(y)Ka(x, y; 1) = [P}, (0] L1 QU5 (1). (36)
If we commute the variables in (36),

Ka(y,%;0) = h@)Ka(y, x10) = [P, ()] L1 QU5 (), (37)

since the kernel polynomials are symmetric with respect to the variables, then subtracting (37) from (36),
we get

P4 I L Q) - P ()] L @ ()

Ki(x, y;u) = =) (38)
Substituting (38) in (36) we obtain
K0y = O eI L1 QW) — BP0 @ L1 @ ) o)

h(x) = h(y)
In particular, the confluent formula holds

[h)PY ()T L1 Q% () — )P Y, ()] L gt [QY ()1

Ki(x, x;0) = )

or, alternatively from (36)

Kou(x, x;0) = h(x)Ky (x, x; 1) = [P*" ()] L, 1Q% D ().

n—k+2 n+1

On the other hand, from (36) and taking into account that

[P ) Tyt = QY @ = [P ()] Z, s,

where
1 bipsz bones - brousk-1
0 1  biws - bizpera
0 0 1 - branka
Zng1=| . : : : ’
0 0 0 bl,n+k—1
0 0 0 1
we get

Keke1 (x, ;0) = h(y)Ka(x, y; 1) + [P0 (0] Z,, D1 QY (w),

and using the same arguments as above to obtain formula (39), we get the following compact expression
for the kernel polynomial.
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Proposition 4.7.

he)PY D ()™M, QY (1) = )IPE (1) ™M1 Q% ()
h(x) = h(y) ’

Ky (x, y;0) =
where My, -1 = Z,, j-1Dj_1.
Remark 4.8. Proceeding as above one has the expression for the confluent formula K, ¢—1(x, x; v).
Remark 4.9. If h(x) = x —a, then Z,,; = 1. Thus

(x— a)Pn+1(x)Qn+1(y) - (]/ - LZ)P,,+1(]/)Q,,+1(X)
(x = IQu+1ll? '
If we denote by y11,,j =1,2,...,n + 1, the zeros of the polynomial Q,+1, we deduce in a straightforward

way the value of the Christoffel numbers in the quadrature formula by using the above zeros as nodes.
Indeed,

Ky (x, y;0) =

1 1
Kn+1(yn+1,j, Yna1,j v) B bl,n+1(]/n+1,j _a)Pn(]/nH,j)Q:Hl(]/nH,j).

5. Examples

In this section we analyze some examples which illustrate the problems considered in the previous
sections. First we focus our attention on the symmetric case which is less complex than the general one.
The case when the connection coefficients are constant real numbers is also studied.

5.1. Symmetric case

Let us consider the symmetric SMOP {P,},>o, that is the case when 8, = 0 for n > 0. According to
Theorem 2.1, equations (5), (6) and (7) become

bk_ n— bk— il
b1p+1 = by + #Vn—k+1 -2 Vn-k+2, N2k, (40)
bk—l n—-1 by— n
bk—l,n
bops1 = by +yn — —1)/n—k+1 + b1 (bipsr — b)), n 2k, (41)
andfor1<i<k-3
bi+2,n+1 = bi+2,n + bi+1,n (bl,n+1 - bl,n) + bi,n‘)/n—i
—bin-1[yn + boy — bopar + b1y (b1par — b1n)]. (42)
Equations (8) and (9) become
En = bl,n - bl,n+1/ n >0,
Vn = Vnt boy = bops1 + b1y (bl,n+l - bl,n)/ n>1,
or alternatively
~ bk_z, bk—Z,n—l
ﬁn = b_nyn—k+2 - b Y-k, N2 k,
k—1n k—1n-1
~ bk— n
Vn = Yy n =k (43)

bkfl,nfl
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Step 1. If we fix by, = by for n > k, then from (40)

br-2,n _ bran ==
_b Vin-k+2 = b Vn—k+1 ="
k—1n k—1,n-1

= 1
b1 1

and it is easy to conclude that 3, = 0, for n > k.
Relation (41) yields

br_
S VY (44)

b2,n+1 = b2,n + Vn — b
k—1,n-1

Step 2. If we impose the restrictions by , = by and by, = by, for n > k, then from (44) and (43), we obtain

bk—l,n

Vn Vn-k+1 = Pn, for n >k.

" bioi
Proposition 5.1. If b1, = by and by, = by, for n > k, then
B = 0, nxk,
Vu = Yn nzk
This means that Q¥ (x) = P (x).

Here, for a fixed positive integer number s, we denote by {PE1} .50 the sequence of polynomials satisfying
the three-term recurrence relation

P51 (x) = PEL () + Bas P () + 7P (1), 120,

with initial conditions P[_S} (x) =0, PES] (x) = 1. It is said to be the sequence of associated monic polynomials
of order s for the linear functional u (see [16]).

Step 3. We keep b1, = b1 and by, = by, for n > k, and we add the constrain b3, = b3, for n > k. Since from
(42), withi =1,
b3,n+1 = b3,n + b (7/11—1 - )/n)/ nxk+1,

then b1(y,-1 — yn) = 0. Thus, either b; = 0 or y,, remains constant for n > k, that is, y, = yx forn > k.
If the coefficients y, are constants for n > k, then {P,},>¢ is the sequence of anti-associated polynomials
of order k for the Chebyshev polynomials of the second kind (see [40]).

Step 4. The other possibility is that by =0, by, = by and b3, = b3, for n > k + 1. Now we add the restriction
by = by, for n > k + 1. Since, from (42) with i = 2,

bansi = bang+ba(Yua—yn), n2k+1,
we obtain

bo(Yu-a =) =0, n2k+1,

and, again, either b, = 0 or the sequence {y,},s«-1 is a periodic sequence with period 2. Thus {P,},0 is the
sequence of anti-associated polynomials of order k — 1 of a 2-periodic sequence (see [40]). We refer to [16,
p-91] for the explicit expression of symmetric orthogonal polynomials defined by recurrence relations whose
coefficients are 2-periodic sequences. Let S,(x) = x5,-1(x) — ¥»Su-2(x), where Y5, =a > 0 and 2,41 = b > 0.
Then

SZn(x)
52n+1(x)

(@b)"?|Un(z) + VolaUya(2)],
(ab)"xU,(z),
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where z = (x> — (a + b))/ (4ab)'/%.

Step 5. Yet another possibility is by =0, b, = 0, b3, = b3 and by, = by, for n > k + 1. Following the previous
reasoning let to add the restriction bs,, = bs, for n > k + 1. Then (42), for i = 3, reads

bspe1i = bsy+b3(Yu—z—yn), n>k+1
Hence,
bs(Yu-3 —yu) =0, n>k+1.

Then either b3 = 0 or the sequence {y,},>k-1 is a 3-periodic one.
We can proceed in this way up to i = k — 3 using (42), and periodic sequences appear in a natural way.
We will illustrate the above method in the case of Chebyshev polynomials of the second kind.

Example 5.2. Let {P,},>0 be the sequence of monic Chebyshev polynomials of second kind {U,} 0 orthog-
onal with respect to du(x) = (1 — x?)/2dx on (-1,1). Then B, = 0, y, = 1/4, n > 1 and (40), (41) and (42)
become

bk—2 n—1 bk—2 n
by = bin+ (— - , n>k,

—_

4\br10-1 broag
1 bkfl,n
bopii = boy+—[1- + b1 (bipsr — b)), n 2k,

4 bi_1u1

1
bivone1 = Dbiuon+ Zbi,n + biv10 (D101 — b1n)
1
—bina [Z + b2 — bops1 + b1y (b1 — bl,n)] ,

forl<i<k-3.
Assume that by, = by for n > k, and by, = by for n > k. Then we have

1 .
bi+2,n+1 = bi+2,n + Z (bi,n - bi,n—l)l 1<i<k- 3/ n>k.

In particular, according to the fact that by, = by and by, = b, for n > k, then

b3pen = bzn, n2k+1,
binsr = bay, n2k+1,

and, as a consequence, for every 1 <i <k -3,
bivoner = bioy, n2k+1.

On the other hand, if you assume, instead of b1, = b; and b,, = b, for n > k, that by_1,, = by—; and
bx_on = bx_p for n > k, a reverse situation in terms of the connection coefficients, then

binsr = b, n2k+1,
b2,n+1 = bz/n, n>k+1,
and
1

bisone1 = bigon + 7 (bin —bip-1), 1<i<k-3, n>k+1,

In particular, this means that

bisone1 = biyp, 1<i<k-5 n>2k+1
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Notice that in this case

b _ sl (bk—z,k—l bk—z,k)
1 = bip+— - ,
’ 4\br1k-1 b1k
1 b1k
IR el
1 .
bivogr1 = bk + 1 (bix —bik-1), 1<i<k-3.

In other words, we have constant connection coefficients, but they appear for n > k + 1.

Proposition 5.3. Let assume that {Qn}ux0 is a sequence of quasi-orthogonal polynomials of order k — 1 with respect
to the sequence {Uy,}u»0. If either by, = by and by, = by for n > k, or by_1,, = bx—q and by_p,, = by_p for n > k,
then all the remaining connection coefficients are constant for n > k + 1. Notice that if the initial conditions are

br—1x = br—1 41 and by_p . = bx_o k-1, then all coefficients are constant for n > k. In this case,

B = 0, nxk,

1
Yn = Zl n>k+1.

This means that the SMOP {Q,,},,>0 has the same sequence of (k + 1)-associated polynomials that the SMOP
{UI,} 0. In other words it is an anti-associated SMOP of order k + 1 of the Chebyshev polynomials of second
kind.

5.2. Non-symmetric case

Notice that key information for the sequence {Q,},>0 is given by the sequences {1 ,}n>0 and {02, },>0 oOF,
alternatively, by the sequences {bx_2,}nsk-1 and {bx_1 4 }n>k—1 because

Bn = ﬁn + bl,n - bl,n+1/ n>0,
)711 = Vn + bZ,n - b2,n+1 + bl,n (ﬁn—l - ,Bn - bl,n + bl,n+1)1 nz= 1/
- by-1,
Vn = Vn-k+t b—n, n>k.
k—1,n-1

If for n > k the coefficients b; , and b, , do not depend on n, i.e. by, = by and by, = by, we have
ﬁn = ﬁn/ n 2 k/
771 yn + bl (,Bn—l - ﬁn)/ nz= k.

On the other hand, if by_; ,, and by, , are constant coefficients, for n > k, i.e. by_1, = bx—1 and bx_o, = by, it
follows from (8), (17) and (18) that

~ by_

ﬁn = ﬂn—k+l + bk_z()/n—k+2 - Yn—k+1)r nz k/
k-1

)711 = VYn-k+l, N2 k.

Example 5.4. Let {P,},>0 be the sequence of either monic Chebyshev polynomials of third kind (Vi)uso,
orthogonal with respect to du(x) = (1 + x)/?(1 — x)"2dx on (=1, 1), or monic Chebyshev polynomials of
fourth kind {W,},;0, orthogonal with respect to du(x) = (1 — x)/2(1 + x)"/2dx on (-1, 1). In both cases there
exists a representation

Py(x) = Un(x) + aan—l(x)r nx1,

where the coefficient 2 depends on the choice of P;. For the Chebyshev polynomials of the third kind, with
Vi(x) = x = 1/2,a = —=1/2, and for the Chebyshev polynomials of the fourth kind, with Wi(x) = x +1/2,
a=1/2, (see[16, p.89]).
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Then
Qn(x)

Pn(x) + bl,nPn—l(x) t+--+ bk—l,npn—k+1(x)
l:l,,(x) + (ﬂ + bl,n)ljln_l(x) + (llblln + bz,n)an_z(x) + .-
+(abk—2,n + bk—l,n)an—k+1(x) + abk—l,n an—k(x)'

Thus, this problem is reduced to the one concerning Chebyshev polynomials of the second kind.
Notice that if b1, = by and by, = by, for n > k, according to Example 5.2, this yields

abiy + by = b 2<i<k-2,
abe_1, = b
The same analysis applies when we assume by_1, = bx_1 and bx_, = by, forn > k.
Example 5.5. Let {P,},>0 be the sequence of monic Laguerre polynomials {LY,50, orthogonal with respect

to du(x) = x*¢™*dx on (0, ), @ > —1. In this situation, f, =2n+a+1forn > 0,and y, = n(n + a) forn > 1.
Consider the case when by, = by and b, ,, = by, for n > k. It follows from (6) that

b1
b"—l'yn_kﬂ =y b Q-1 +a+1)—Qu+a+1), n>k
k—1n-1
b1 _In- 2by
bk—l,n—l Vin—k+1
Step 1. If b; =0, then

Dty = ( " )(" - “)A(k, ), nxk

, n>k

k—1\k-1

where A(k, a) does not depend on n. Therefore by_, , is a polynomial of degree 2k — 2 in 1.
Step 2. If b; # 0, then

bein (n—a)(n—a)
byoin,  (m—k+Dn—k+1+a)

where a1, a, are, in general, complex numbers such that (n — a1)(n — a) = n(n + a) — 2b;. Thus,

n—-aq n—ap
bin GG 0>k
bk—l 1 - (n—k+1+a ¢ =
4 n—k+1

Then by_; , is a rational function.
From (5) we have

bk—Z n bk—2 n—1
b Vnk2 =g Vnk+1 +2k = 2.
k—1,n k-1n-1

Then

b
bki‘)/n—k+2 =2k —=2)n +cy,
k—1n

where ¢; does not depend on 7, and

(kaz (thazz bk 1,k-1
_ _ n—k+2/\n—k+ —1k—
Bon = (@e=Zn+e) () (k—1-a)k-1-a)

Then by, , is also a rational function.
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Now we look at the behaviour of the coefficients b;, for 3 <i<k—-3,and n > k.
From (10) and (7) with i = 1, we have

b3,n+1 = b3,n + bZ(ﬁn—Z - ﬁn) - b%(ﬁn—l - ﬁn) + bl()/n—l - )/n)
= b3,n - 4b2 + b1(2b1 + (n — 1)(1”1 -1+ CV) — n(n + (X)),

we see that b3, = 03,2712 +¢311 + ¢3 is a polynomial of degree two in n.
Also, from (10) and (7) with i = 2, we have

b4,n+1 = b4,n + b3/n (,871—3 — ﬁn) + bZ)/n—Z -by ()/n _ Zbl)
= b4,n - 6b3,n + by (Vn—Z - ]/n) + 2b1by
b4,n -6 (C3,2n2 +c31n + Cg,o) + bz [(Vl — 2)(71 -2+ a) - Tl(?l + (X)] + Zblbz,

and by, = 64,3713 + C4,21’12 + ¢411 + ¢4 is a polynomial of degree three in n.

Suppose that k = 5. If by = 0, then the above relations yield that bx_1, = b4, is a polynomial of degree
eight. On the other hand, b, is a polynomial of degree three, which is a contradiction. Otherwise, if b; # 0,
according to the above calculations, by_1, = by, and by_p, = b3, are rational functions of the variable n.
However, b3, and by , are polynomials of degrees two and three, respectively. This is a contradiction again.

We conclude that it is not possible that b, , # 0 and by, # 0, n > k, are constant real numbers when you
deal with Laguerre orthogonal polynomials.

5.3. All constant coefficients

Now we consider the special case when all the coefficients in (2) do not depend on n. Let us apply
Theorem 2.1 to obtain the necessary and sufficient conditions for the orthogonality of the monic polynomial
sequence {Qy},so- Let {Py,},>0 be a SMOP with respect to a linear functional # and

Qn(x) = Pu(x) + b1Ppa(x) + -+ + b1 Pygs1 (x), n 2k, (45)
where {bi}i-:ll are real numbers, and bx_; # 0. The above necessary and sufficient conditions become

Vikt1 = Vn = b1 (Bu1 = Bn), n2k+1, (46)
bit Vnois1 = Vueix1) =bi Bu=i = Bn), n2k+1,2<i<k-1, (47)
Bn=Pn, n=k+1,

Vn=Vn-ks1, n2k+1,

Vn=Vn+b1(Bu-1—Pu) #0, n >k,

where {En}nzo and {},},>1 are the coefficients of the three term recurrence relation satisfied by the SMOP
{Qu}nzo, for n > k.

These results were obtained [3]. In that paper the authors provide also a detailed study of the case k = 3
with constant coefficients. The case k = 4 with constant coefficients was analysed thoroughly in [29].

Now we focus our attention on the case when the sequence {P,},>0 is symmetric, i.e., §, = 0, foralln > 0.
The conditions (46) and (47) yield the necessary and sufficient conditions, forn > k + 1,

Vn-te=1) = Vn = 0, (48)
bi ()/n—(k—1) - Vn—(i—l)) = 0, 2<i<k-1 (49)

Then, as a consequence of Theorem 2.1, we obtain

Corollary 5.6. Let {P,},5q be a symmetric monic polynomial sequence and let {Q,},,s be a monic polynomial sequence
defined by relation (45), for n > k. Then {Qy},so is a SMOP with recurrence coefficients {Bu}u=o and {74}, if and
only if the sequence {y, )2 satisfies (48) and (49). Furthermore, the recurrence coefficients of SMOP {Qy},50 satisfy
B = 0and J, = yy, for n > k + 1. In other words, Q¥ (x) = PI*U(x), where Q¥ and P are the associated
polynomials of order k + 1 for the SMOP {Q,},,s0and {Py}ns0, respectively (see [16]).
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Our next result characterizes {y,},>2 as a periodic sequence and we also discuss its possible periods.

Theorem 5.7. Under the hypothesis of Corollary 5.6, the sequence of the coefficients of the three-term recurrence
relation {y,}n>2 must be a periodic sequence with period j, where jis a divisor of k—1. Furthermore, if |bj|+|bx-1-j| = 0,
for1 < j < |(k—1)/2], then the period of the sequence {yn}ns2 is k — 1. If

(1] + 1bg=1-)(Ibs] + 1bx—1=s1) - - - (1be] + be-1—]) # 0,

foranyr,s,..., t,suchthat1 <v,s,..., t <|(k—1)/2], then the period of the sequence {y,},>2 is the greatest common
divisor of 1,s,...,t, and k — 1.

Proof. Conditions (48) and (49), for n > k + 1, tell us that if any coefficient b; # 0, for 1 < j < k — 2, then
Vn-j = Vn-(k-1) = Vn. Hence, we conclude that

e if any coefficient b; # 0, for 1 < j < [(k—1)/2], then y,,_; = y,, implies that {y,},>2 is a periodic sequence
with period j;

e if any coefficient by_1-; # 0, for 1 < j < [(k — 1)/2], then y;_(-1-j) = Yn--1) implies that {y,},>; is a
periodic sequence with period j.

As a summary, if [bj| + |br_1-;| # 0, forany 1 < j < [(k — 1)/2], then {y,},>2 is a j-periodic sequence.

The condition (48), i.e., Y,—(—1) = ¥n, for n > k +1, tell us that the sequence {y,},> is also a k — 1-periodic
sequence.

It is easy to see that a periodic sequence with both period k — 1 and j < [(k — 1)/2] has, in fact, period
equals to the greatest common divisor of k — 1 and j. Since all divisors of k — 1 but itself are included in
1 <j <[(k—1)/2], all choices of b; such that |bj| + |br-1-j| # 0 yield the divisorsin 1 < j < [(k —1)/2]. Also
the choice [bj| + |bx-1-j| = 0 for 1 < j < |[(k — 1)/2] yields k — 1 as the period. [

Remark 5.8. i) If |bj| + |bx-1-j| # O for only one j such that 1 < j < [(k — 1)/2], then if k — 1 is a multiple of j,
the period of the sequence {y,},>2 is exactly j.

ii) Observe that to choose values for |b,| and |b;_1_,| one needs k > 2r + 1.

iii) Notice that the coefficient y; > 0 is free.

Remark 5.9. If we consider a SMOP {P,,},,»0, such that 8, = , for n > 0, the conditions (46) and (47) yield
the same behaviour for {y,},>> as in Theorem 5.7 taking into account that it represents a shift in the variable
for a symmetric SMOP.

For the case k = 4, when the sequence {P,},>0 is not symmetric, in [29] the authors also consider the
choice by = b, = 0 and they prove that both sequences {y,}>", and {,};", must be 3-periodic. When one
considers either only b; # 0 or only b, # 0, the behaviour of {y,}” , and {8,}” , is one-periodic. Finally, with

both by # 0 and b, # 0 the behaviour of {y,}’, and {8,}", depends on the values of by, b, and bs.

Remark 5.10. Grinshpun [24] showed that Bernstein-Szeg6’s orthonormal polynomials of i-th kind, i =
1,2,3,4, and only them, can be represented as a linear combination of Chebyshev orthonormal polynomials
of i-th kind, respectively, with constant coefficients, namely

k-1
Q@) = Y tiPuj(x), n2k,
j=0

where {Q”},,ZO denote the Bernstein-Szeg® orthonormal polynomials of i-th kind and {P,)s0 are the Cheby-
shev orthonormal polynomials of ith kind.
Sequences of Bernstein-Szeg® polynomials are orthogonal with respect to the weight functions

P pix) .
wi(x) = —ok,l(x)’ i=1,2,3,4,



C. F. Bracciali et al. / Filomat 32:20 (2018), 69536977 6976

where 1;(x) is the Chebyshev weight function of the ith kind, i = 1,2, 3,4, and 01 () is a positive polynomial
of degree k — 1 on (—1,1). The constants ¢; are given as the real coefficients of a polynomial ¢(z) of degree
k — 1, that appears as the Fejér-normalized representation of the positive polynomials ox_1(x). Moreover,
Grinshpun proves that if {P,},5( are the classical Chebyshev orthonormal polynomials of one of the four

kinds, Qn(x) = ):]]:é bjpn_j(x),n > k, with boby—1 # 0, and the polynomial g(z) = Z’]:é bz eith?r does
not have any zeros in the unit disc or all its zeros are located on the unit circle, then either Q,(x) or
Q; (x) = Z;‘;é b /Pn_k+1+ j(x),n > k, are Bernstein-Szeg® polynomials of the corresponding kind.
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