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Closure Operators in Semiuniform Convergence Spaces
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Abstract. In this paper, the characterization of closed and strongly closed subobjects of an object in cat-
egory of semiuniform convergence spaces is given and it is shown that they induce a notion of closure
which enjoy the basic properties like idempotency,(weak) hereditariness, and productivity in the category
of semiuniform convergence spaces. Furthermore, T; semiuniform convergence spaces with respect to
these two new closure operators are characterized.

1. Introduction

Semiuniform convergence spaces which form a strong topological universe, i.e., a cartesian closed
and hereditary topological category such that products of quotients are quotients are introduced in [30],
[31], [32], and [14]. It is well known, [30] or [32], that the construct Conv of Kent convergence spaces
can be bicoreflectively embedded in SUConv of semiuniform convergence spaces, and consequently, each
semiuniform convergence spaces has an underlying Kent convergence space, namely its bicoreflective
Conv-modification. The strong topological universe SUConv contains all (symmetric) limit spaces as well
as uniform convergence spaces [16] as a generalization of Weil’s uniform spaces [36] and thus all (sym-
metric) topological spaces and all uniform spaces. Since topological and uniform concepts are available
in SUConv, it is shown, in [31], that semiuniform convergence spaces are the suitable framework for
studying continuity, Cauchy continuity, uniform continuity, completeness, total boundedness, compact-
ness, and connectedness as well as convergence structures in function spaces such as simple convergence,
continuous convergence, and uniform convergence. There are other known attempts to embed topological
and uniform spaces into a common topological supercategory (e.g. quasiuniform spaces by L. Nach [18],
syntopogeneous spaces by A. Csaszar [17], generalized topological spaces (=super topological spaces) by
D.B. Doitchinov [22], merotopopic spaces (=seminearness spaces) by M. Katétov [26], and nearness spaces
by H. Herrlich [23]) that have not even led to cartesian closed topological categories.

Closure operators are one of the principal topics both in Categorical Topology and Categorical Algebra.
In a category equipped with a notion of subobject and closure one may pursue topological concepts in a
context no longer confined to TOP-like categories.
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Closure operators have always been one of the main concepts in topology. For example, Herrlich [24] char-
acterized coreflections in the category TOP of topological spaces by means of Kuratowski closure operators
finer than the ordinary closure. Hong [25] and Salbany [34] used closure operators to produce epireflective
subcategories of TOP.

A comprehensive study of closure operators in an (&,M)-category and their relations with subcategories
along with a variety of examples both in topology and algebra is presented in [19] and [21]. Dikranjan
and Giuli [19] introduced a closure operator of a topological category and used this to characterize the
epimorphisms of the full subcategories of the given topological category.

Baran, in [2] and [3], introduced the notion of (strong) closedness in set-based topological categories and
used these notions in [2], [5], [6], [7], [8], [10] and [11] to generalize each of the notions of compactness,
connectedness, Hausdorffness, perfectness, regular, completely regular, and normal objects to arbitrary
set-based topological categories. Moreover, it is shown, in [9], [10], and [12] that they form appropriate
closure operators in the sense of Dikranjan and Giuli [19] in some well-known topological categories.

The aim of this paper is to give the characterization of both closed and strongly closed subobjects of
an object in category of semiuniform convergence spaces and to show that they form appropriate closure
operators (in the sense of [19]) which enjoy the basic properties like idempotency, (weak) hereditariness,
and productivity in in category of semiuniform convergence spaces.

2. Preliminaries

Let & and B be any categories. The functor U : & — Bis said to be topological or that & is a topological
category over B if U is concrete (i.e. faithful and amnestic), has small (i.e. sets) fibers, and for which every
U—source has an initial lift or, equivalently, for which each U —sink has a final lift [1] or [29]. Note that a
topological functor U : & — Bis said to be normalized if constant objects, i.e. , subterminals, have a unique
structure.

Let & be a topological category and X € &. A is called a subspace of X if the inclusion map i : A — X is
an initial lift (i.e., an embedding).

A filter & on a set B is said to be proper (improper) iff & does not contain (resp., a contains) the empty set,
¢. Let F(B) denote the set of filterson B. Let M € Band [M] = {A € B: M c A} and [x] = [{x}]. Note thataUf
isthefilter {UNV |Ue€a, Vep}],ang =[{lUUV |Ueca, Vep},andaxpB=[{UxV:UecaV Bl
If a,f € F(BX B), thena™ = {U™ : U € a}, where U™ = {(x,y) : (y,x) € U}. If Uo V = {(x, y):there exist
z € Bwith (x,z) € Vand (z,y) € U} # ¢ for every U € a and every V € f3, then a o § is the filter generated
by{UoV:U€a,V eph

Lemma 2.1. Let ¢ and 6 be proper filters on B X B and f : B — C be a function. Then

@) (f X f)(aNd) =(f x f)o) N (f X f)(©6) and (f X f)(a) U (f X /)(B) € (f X f)aUp).

(i) If 6 C 6, then (f X f)(0) C (f X f)(0), and if 6 is proper filter on C X C , then 6 C (ff~1 X ff71)(5), where
(Ff71 x ff71)(0) is the proper filter generated by {(ff~ X ff~1)(D) : D € 8}.

Definition 2.2. (cf. [30] or [32])

1. A semiuniform convergence space is a pair (B, 3), where B is a set 3 is a set of filters on B X B such that the
following conditions are satisfied:
(UCy) [x] x [x] belongs to 3 for each x € B.
(UCy) B € 3 whenever a € 3 and o C B.
(UC3) o € T implies a™! € J.
If (B, 3) is a semiuniform convergence space, then the elements of 3 are called uniform filters.

2. Amap f:(B,3) — (B, 3') between semiuniform convergence spaces is called uniformly continuous provided
that (f X f)(a) € 3 for each a € I, where (f X f)(a) is the proper filter generated by {(f X f)(D) : D € a}.

3. The consctruct of semiuniform convergence spaces (and uniformly continuous maps) is denoted by SUConv.
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2.2 Asource {fi : (B, 3) — (B;, 3)),i € I}in SUConv is an initial lift iff & € J precisely when (f;x fi)(@) € J;
forall i € I (cf. [30], [32] p.33 or [15] p.67).

2.3 An epi sink {f; : (B;, J;) = (B, J) in SUConv is a final lift iff « € J implies that there exist i € I and
Bi € J; such that (f; X f;)(B:) € a (cf. [30], [15] p.67 or [32] p.263).

2.4 The discrete semiuniform convergent structure 3, on B is given by 3, = {[¢], [x] X [x] : x € B}.

2.5 The indiscrete semiuniform convergent structure on B is given by J = F(B X B).

Note that SUConv is a strong topological universe [30].

Recall, in [32] p.31-32, that a generalized convergence space (in [28] and [35] , it is called a filter
convergence space and a convergence space, respectively) is pair (B, g), where B is a set and g C F(B) X B
such that the following are satisfied:

C1) ([x],x) € g for each x € B,

C2) (B, x) € g whenever (a,x) € gand D a.

A generalized convergence space (B, g) is called a Kent convergence space [27] (in [28] p.1374, it is called
a local filter convergence space) provided that the following is satisfied:

C3) (@ N [x], x) € g whenever (a, x) € q.

Cs) Amap f: (B,q) — (B',q) between generalized convergence spaces is called continuous provided
that ((f(@), f(x)) € g for each (a, x) € g.

Cs) The category of generalized (filter) convergence spaces and continuous maps is denoted by GConv
in [32] (resp., FCO in [35]) , whereas its full subcategory of Kent ( local filter) convergence spaces is denoted
by Conv in [27] (resp., LFCO in [28] .

Note that every semiuniform convergence spaces (B, J) has an underlying Kent convergence spaces
(B, q,4) defined as follows: 9, = {(a,x) : an[x] € yg}, where yg = {B € F(B) : B x B € 3} [32] or [30].

3. Closed Subsets of Semiuniform Spaces

In this section, we characterize the (strongly) closed subsets of a semiuniform convergence space.

Let B be set and p € B. Let B v, B be the wedge at p [2], i.e., two disjoint copies of B identified at p, or in
other words, the pushout of p : 1 — B along itself (where 1 is the terminal object in Set, the category of sets).
More precisely, if i1 and i : B — BV, B denote the inclusion of B as the first and second factor, respectively,
then iyp = ipp is the pushout diagram. A point x in B v, B will be denoted by x1(x») if x is in the first (resp.
second) component of B V, B. Note that p; = p».

The principal p—axis map, A, : BV, B — B? is defined by Ap(x1) = (x,p) and Ay(x2) = (p,x). The
skewed p—axis map, S, : BV, B — B? is defined by Sp(x1) = (x,x) and Sy(x2) = (p,x). The fold map at p,
Vp: BV, B — Bis given by V,(x;) = x fori = 1,2 [2], [3].

Note that the maps S, and Vv, are the unique maps arising from the above pushout diagram for which
Syi1 = (id,id) : B — B?, Syir = (p,id) : B — B? and V,i; = id, j = 1,2, respectively, where, id : B — B is the
identity map and p : B — B is the constant map at p [10].

The infinite wedge product V7B is formed by taking countably many disjoint copies of B and identifying
them at the point p. Let B¥ = B X B X ... be the countable cartesian product of B. Define Ay : V;’B — B® by
A;" (x;)) = (p,p, ..., . x,p,...), Where x; is in the i-th component of the infinite wedge and x is in the i-th place
in(p,p,...p,x,p,...), and V; : V;"B — Bby V;"(x,-) =xforallie€l, [2], [3]

Note, also, that the map A" is the unique map arising from the multiple pushout of p : 1 — B for which
A;"ij =,p,...p,id,p,..) : B— B®, where the identity map, id, is in the j-th place [10].

Let U : & — Set be a topological functor, X an object in & with U(X) = B. Let M be a nonempty subset
of B. We denote by X/M the final lift of the epi U-sink g : U(X) = B — B/M = (B\M) U {+}, where g is the
epi map that is the identity on B\M and identifying M with a point *.

Let p be a point in B.

Definition 3.1. (cf. [2] or [3])

1. X is Ty at p iff the initial lift of the U—source {S, : BV, B— U(X?) = B> and V, : BV, B— UD(B) = B}
is discrete, where D is the discrete functor which is a left adjoint to U.
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2. {p} is closed iff the initial lift of the U—source {Ay : VB — U(X*) = B¥ and V) : V’B — UD(B) = B} is
discrete.

3. M c X is closed iff {+}, the image of M, is closed in X/M or M = 0.

4. M c X is strongly closed iff X/M is Ty at {*} or M = 0.

5. If B=M = 0, then we define M to be both closed and strongly closed.

Remark 3.2. 1. In Top, the category of topological spaces, the notion of closedness coincides with the usual ones [2],
and M is strongly closed iff M is closed and for each x ¢ M there exist a neighborhood of M missing x. If a topological
space is T4, then the notions of closedness and strong closedness coincide [9].

2. In general, for an arbitrary topological category, the notions of closedness and strong closedness are independent
of each other [3].

Theorem 3.3. Let (B, 3) be a semiuniform convergence space and let p € B. (B, 3) is Ty at p iff for each x + p,
[xI X [p] & B and ([x] x [x]) N ([p] x [p]) ¢ T.

Proof. Suppose that (B, 8)is Ty atp. If [x]x[p] € T for somex # p, thenlet o = [x1]X[x]. Clearly, (1S, X7115,)(a) =
[x] X [p] € T, (m2Sp X maSp)@) = [x] X [x] € T, where 7; : B> — B, i = 1,2, are the projection maps, and
(Vp X Vp)([x1] X [x2]) = [x] X [x] € 8y, the discrete semiuniform convergence structure on B. Since (B, 8) is Ty at p,
we get a contradiction. Hence, [x] X [p] ¢ 3 for all x # p.

If (Ix] x [x]) N ([p] % [p]) € T for some x # p, then let &« = ([x1] X [x1]) N ([x2] X [x2]). By Lemma 2.1 (i),
(1S, X m1Sp)(a) = ([x] X [x]) N ([p] X [p]) € T, (m2S, X maSp) () = [x] X [x] € T, (V, X V,)(a) = [x] X [x] € Ty, a
contradiction since (B, 3) is Ty at p. Hence, we must have ([x] X [x]) N ([p] X [p]) & 3 for all x # p.

Conversely, suppose that for each x # p, [x] X [p] € 3 and ([x] X [x]) N ([p] X [p]) ¢ 3. We need to show that
(B,3)is Ty at p ,i.e., by 2.2, 2.4, and Definition 3.1, we must show that the semiuniform convergence structure Iy
on BV, Binduced by S, : BV, B— U((B?,3%)) = B> and v,, : BV, B— U((B, 34)) = B is discrete, where 3% and
94 are the product semiuniform convergence structure on B> and the discrete semiuniform convergence structure on
B, respectively. Let a be any filter in Sy, i.e., (1;S, X 1;S,) () € T, i =1,2and (V, X V,)(@) € T,4. We need to show
that o = [x;] X [x;] (i =1,2) or a = [p] X [p] or a = [].

If (% X 9,)(@) = [p] X [p), then a = [p;] X [pi] i = 1,2) since (7,)p} = {pi = (o, p)} (i = 1,2).

If (Vy x Vp)(a) = [¢], then a = [¢].

If (Vp X Vp)(a) = [x] X [x] for some x € B with x # p, then {x1,x2} X {x1,x2} € a. Therefore a contains a finite
set and so there is some My € a such that a = [My]. Clearly, Mo C {x1,x2} X {x1,x2} and if i # j, then by the first
condition, it can be easily shown that (x;,x;) € Mo and that My = {(x1,x1), (x2, x2)} is not possible by the second
condition.

Hence, we must have a = [x;] X [x;] i = 1,2, and consequently, by Definition 3.1, 2.2, and 2.4, (B, 3) is Ty at
p. O

Theorem 3.4. Let (B, 3) be a semiuniform convergence space and p € B. {p} is closed in B iff for each x € B with
x # p, the following conditions hold.

(1) [xx[pl ¢ 3,

2) (] x [xD) " ([p] x [p]) ¢ T,

(3) (eI x [xD) N (] x [pD) N ([p] % [xD) N ([x] x [p]) ¢ 3,

Proof. Suppose that {p} is closed in B. If [x] X [p] € T for some x # p, then let @ = [x1] X [x2]. Note that
(mAy xmAy ) (a) = [x]X[p] € I, (A X AT ) (@) = [p] X [x] € I, (LAY X AT ) (@) = [p] X [p] € T fori > 3
and (V) X V;")(a) = [x] X [x] € 34, a contradiction since {p} is closed in B. Hence, [x] X [p] € 3 for all x # p.

If ([x] x [x]) N ([p] X [p]) € T for some x # p, then let @ = ([x1] X [x1]) N ([x2] X [x2]). By Lemma 2.1(i),
(mA? X 1 AR)@) = (K] x DA [p] X [p]) € T, (AP x meAD)@) = (p] X [p]) N (x] x [x]) € 3 and for i > 3
(niA;" X niA;")(a) = ([pl x[pl) € 3 and (V;" X V;")(a) = [x] X [x] € 34, a contradiction since {p} is closed in B.
Hence, ([x]x [x]) N ([p]1 x [p]) € T forall x # p.

If (Ix] < [x]) N ([p] < [pD) N ([p] % [x]) N ([x] X [p]) € T for some x # p, then let a = [{x1, x2, ...} X {x1, X2, ...}].
It follows that for all i € I, (AT x mAR)@) = (Ix] x [x]) 0 ([p] x [pD) N ([p] x [x]) N (1] x [p]) € T and
(V;" X V;")(a) = [x] X [x] € 3, a contradiction since {p} is closed in B.
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Conversely, suppose that for each x € B with x # p, [x] X [p] € I, ([x] x [x]) N ([p] X [p] ¢ T, and ([x] X
[xD) N ([p] x [pD) N ([p] x [x]) N ([x] % [p]) ¢ 3. We need to show that {p} is closed in B, i.e., by Definition 3.1,
2.2, and 2.4, the semiuniform convergence structure 33, on V°B induced by Ay @ Vi’B — U((B*,3%)) = B
and vy VB — U((B, 34)) = B is discrete, where 3 and 3, is the product semiuniform convergence structure
on B* and the discrete semiuniform convergence structure on B, respectively. Let o be any filter in 3}5. Then
(LAY X Ay ) (@) € B, for each i € I and (V) X V°)(@) € B4. By 2.4, we need to show that a = ([x;] X [x:])(i € )
ora=|[ppp-)NxIlppp.)ora=][p]

If (v X Vi) @) = [p] X [p], then a = [(p,p, p-)] X [(p, p, p, )] since (V)1 p) = lpi = (p, p, Py ).

If(v;" X V) a) = [¢], then a = [¢].

If (v x V7)) = [x] X [x] for some point x in B with x # p, then a contains either a finite set of the form
W = {xy, xi,, ..xi,} X {xi,, Xi,, ...X;,} or an infinite set of the form W = {x1,x2, ...} X {x1,x2, ...}.

IfW = {xi, xi,, ..x0,} X {x3,, X4, .. %3, } € o, then o contains a finite set and so there is some My € a such that
a = [My]. Clearly, My C {xi,, Xi,, ...Xi,} X {xi,, Xiy, ..xi,} and if i # i for k, 1 =1,2,...,n and k # I, then by the first
condition, it can be easily shown that (x;_, x;) € Mo and that My = {(xi,, x;,), (Xi,, Xi,), ..., (Xi,, X;,)} is not possible by
the second condition.

Hence, a = [Mo] = [x;] X [x;], (i € I).

If W = {xq,x2,..} X {x1,x2,...} € a, then o contains an infinite set My such that @« = [My]. Note that
Mo C W = {x1,x, ..} X {x1,x2,..}. If Mg =W = {x1,x2,...} X {x1,x2,...}, then for each i € I, (n,-A;" X niA;")(a) =
([x]x xD N (pIx[p) N ([p] < [x]) N ([x] X [p]) € 3. Hence, by the third condition, My = W = {x1, X2, ...} X {x1, X2, ...}
is not possible. If Mo = {xx, Xie1, -} X {Xm, X1, ...} for k,m > 1 and m < k, then, in particular, (nkA;" X nkA;")(oz) =
([xIx[xD N ([p]x[PD N ([p]1x [x]) N ([x] % [p]) € 3. Hence, by the third condition, My = {Xk, Xix1, ...} X{Xm, Xms1, ...} IS
not possible. If My = {(x;, x;),i,j € I,i # j}, then for eachi € I, (71,«A;o xmA;")(oz) = ([x]x[p]) € 3 or ([x] x[p]) € 3.
Hence, by the first condition, Mo = {(x;, x;),i, ] € I,i # j} is not possible.

If Mo = {(xi,x;),i € I}, then for each i € I, (n,-A;" X niA;")(a) = ([x] x [x]) n ([p] x [p]) € 3. Hence,
by the second condition, My = {(x;,x;),i € I} is not possible. If My = {(x;,x;),i € I} U {(xk, X¢11)} or If My =
{(xi, xi),1 € I} U {(xk, Xke1), (ka3 20)} or If Mo = {(xi, x3), 1 € I} U {(xk, Xie1), (i1, Xk), (Xka3, Xke10)}, K fixed, then
(1 Ay X T A7) a) = ([x] X [x]) 0 ([p] x [p]) € 3. Hence, by the second condition, these cases of My are not
possible.

Therefore, ifa € 37, then a = [x;]1X[xi] (i € I), « = [(p, p, p-- )1 X [(p, p, p, -..)] or [P], i.e., by 2.4, the semiuniform
convergence structure 33, on V;°Binduced by Ay : VB — U((B*, 3%)) = B* and v : Vi’B — U((B, 34)) = B
is discrete. Hence, by Definition 3.1, {p} is closed in B. [

Lemma 3.5. Let (B, J) be a semiuniform convergence space, p # M C B, p € Sand q : U(X) = B - B/M =
(B\M) U {+} be the epi map that is the identity on B\M and identifying M with a point *. For all a,b € B witha ¢ M
andbe M

(i) p C [b] x [a] or p U (IM] X [a]) is proper iff (g X q)(B) C [*] X [a].
(ii) N (IM] x [M])  ([a] x [a]) N (IM] x [M]) and B U (IM] x [M]) is proper iff (q X q)(B) € ([a] X [a]) N ([+] X []).
(iii)(g % q)(B) < ([a] % [a]) N ([+] % [+]) N ([+] % [a]) N ([a] X [+]) iff the following conditions hold.
(D) B c [b] X [a] or B U ([M] X [a]) is proper,
(II) B  [a] x [b] or B U ([a] x [M]) is proper,
(I111) B N ([M] x [M]) € ([a] x [a]) N ([M] x [M]) and p U (IM] x [M]) is proper.

Proof. (i) Suppose that p € 3, ¢ # M C B, B C [b] x [a] or B U ([M] x [a]) is proper for all a,b € B with
a ¢ Mand b € M. We need to show that (g xq)(B) C [+] X [a]. If B € [b] X [a], then by Lemma 2.1 (ii),
(9% 9)(B) € (g x9) (6] x [a]) = [+] x [a] .

If BU (IM] x [a]) is proper, then forall V € B, V N (M X {a}) # ¢. Let W € (g X q) (B) . There exists U € B such
that W D (g x q) (U) . Since B U ([M] X [a]) is proper, it follows that U N (M X {a}) # ¢. Hence, (b,a) € U for some
beMand (qxq)((ba)) = (+,a) € (gxqg)(U) CcW,and consequently, W € [+] X [a] and (g x q) (B) C [+] X [4] .

Conversely, suppose that p € 3, a ¢ M and (gx q)(B) C [+] x [a]. If B & [b] x [a] and B U ([M] X [a]) is
improper for some b € M, then U N (M x {a}) = ¢ for some U in B. It follows that (c,a) ¢ U for all c € M and
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(gxq)((c,a)) = (+,a) ¢ (gxq)(U) € (gxq)(B). Hence, (g X q) (B) & [*] X [a], a contradiction. Hence, f C [b] X [4]
or B U ([M] X [a]) is proper for alla ¢ M and b € M.

(ii) Suppose that N ([M] x [M]) € ([a] X [a]) " ([M] x [M]) and U (IM] x [M]) is proper. We need to show that
(g% 4) ()  (la] x [a]) N\ ([+] x [+]) . First, we will show that (q % q) (8) € [+] % [x].. If (4 % 4) (B) & [x] X [], then,
there exists W € (q X q) (B) such that (+,+) ¢ W. Since W € (q X q) (B), there exists V € B such that (q X q) (V) € W.
B U (IM] x [M]) is proper implies that V N (M X M) # ¢ and consequently, (g xq)(VNMXM)) = (+,*) €
(g xq) (V) € W. It follows that (+,+) € W, a contradiction. Therefore, we must have (q X q)(B) € [#] X [#]. By
Lemma 2.1 (i), (9 % q) (B0 (IM] x [M])) = (9 X q) (B) N (9 x ) ([M] x [M])= (g % q) (B) " ([+] X []) = (9 X q) (B),
and consequently (4% 4) (8) =(q  7) (8N (IM]x [M]) < (7 ) (([a] x [a]) N (IM] X [MD)= (a] x [a]) (1] X [+]).

Conversely, suppose that (q % ) (8) € ([a] x [al) N (1s] X [+]). We will show that B U ([M] x [M]) is proper. If
BU(IM] x [M]) is improper, then there exists W € B such that WN(M x M) = ¢. (g X q) (W) € (g x q) (B) € [*]x[*],
and consequently, (+,+) € (q X q) (W) . Hence, there exists (x,y) € W such that (q X q) ((x, y)) = (x,*) . It follows that
(x,y) € WN (M X M), a contradiction. Hence, B U ([M] x [M]) is proper. Now, we show that B N ([M] x [M])
([a] X [a) N(IM] x [M]). If U € BN ([M] x [M]), then Mx M c U € Band (g x q) (U) € (g% g)(B) < ([a] X [a]) N
(<] % [+]) = (g x ) (([a] % [a]) N (IM] % [M])) . It follows that there exists V € ([a] X [a]) N ([M] X [M]) such that
gxq)(V) c (qxq)U). Since V € ([a] x[a]) N (M]X[M]), VA MXM) # ¢pand V. Cc VUMXM) =
@x9) (@3 a)(V) € (gx )~ (9% q) (U)) = UU M x M) = U and consequently, U € (la] x [a]) N ([M] x [M]).
Hence, g N (IM] x [M]) c ([a] X [a]) N ([M] x [M]).

The proof of (iii) follows easily from the Parts (i) and (ii). O

Theorem 3.6. Let (B, J) be a semiuniform convergence space. ¢ # M C B is closed iff for all a,b € B witha ¢ M,
beMand B € 3, the conditions (i), (ii), and (iii) hold.

(i) B € [a] X [b] and B U ([a] x [M]) is improper.

(ii) O (IM] x [M]) € ([a] % [a]) N ([M] % [M]) or B U ([M] x [M]) is improper.
(iii) B € [b] X [a] and B U (IM] X [a]) is improper, or § & [a] X [b] and B U ([a] X [M]) is proper, or B N ([M] X [M]) €
([a] x [a]) N ([M] x [M]) or B U ([M] X [M]) is improper.

Proof. M is closed iff, by Definition 3.1, {*} is closed in B/M iff, by Theorem 3.4, for each a # = in B/M, [a] X [+] ¢ T,
([alx[a)N([*]1x[*]) ¢ ', and ([a]x [a)) N ([=] X [*]) N ([a] X [*)) N ([x] X [a]) ¢ T, where T is the quotient semiuniform
structure on B/M that is induced by the map q : B — B/M iff, by definition of 3" and 2.3, for each p € 3 and a ¢ M,
%)) ¢ (alx[x]), (x9)(B) & (alx [a) N([a]x [+]), and (gxq)(B) € ([al X [a) N ([]x[<)) N ([x] x [a]) N ([a] X [+])
iff, by Lemma 3.5, for all a,b € Band p € 3 witha & M, b € M, the conditions (i), (ii), and (iii) hold. [

Theorem 3.7. Let (B, 8) be a semiuniform convergence space. ¢ # M C B is strongly closed iff for all a,b € B with
a¢ M, beMandp e 3, the following conditions hold.

(i) B € [a] x [b] and B U ([a] x [M]) is improper.

(i) p O (IM] < [M]) € ([a] X [a]) N (IM] X [M]) or B U (IM] X [M]) is improper.

Proof. M is strongly closed iff, by Definition 3.1, X/M is Ty at * iff, by Theorem 3.3, for eacha # =in B/M, [a]X[+] ¢ T’
and ([a] X [a]) N ([+] X [*]) ¢ T iff, by definition of 3" and 2.3, for each p € F and a & M, (q x q) (B) & [a] X [#] and
(gxq)(B) € ([a] x [a]) N ([*] % [*]) iff, by Lemma 3.5, for all a,b € B and p € 3 witha ¢ M, b € M, the conditions
hold. (O

Theorem 3.8. Let (B, 3) be a semiuniform convergence space and p € B. Then, the followings are equivalent.
(i) (B, 3) is Ty at p.

(ii) {p} is strongly closed.

(iii) For each x # p, [x] X [p] ¢ 3 and ([x] x [x]) N ([p] X [p]) ¢ T.

Proof. It follows from Theorem 3.3, Theorem 3.7, and Definition 3.1. [
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Note that the full subcategory SConv of SUConv whose object class consists of all convergence spaces
is isomorphic to full subcategory Convs of Conv (= the category of Kent convergence spaces) whose
object class consists of all symmetric Kent convergence spaces ( Theorem 3.2 of [31] p. 473). A functor
G : Convs — SConv is defined by G((B,q)) = (B, J,), where 3, = { € F(B x B) : dx € B,Jda € F(B) with
(a,x) € gsuch that f O (a X a)}

Let (B, q) be a Kent(local filter) convergence space and M C B. Define K(M) ={x € B : there exists (a, x) € g
such that @ U [M] is proper} [19] p.198. If K(M) = M, then M is said to be closed ( we call it as closedness in
the usual sense). M C B is closed in a semiuniform convergence space (B, 3), if it is closed in its underlying
Kent convergence space (B, qg), where g3 = {(a,x) : a N [x] € yg}, where yg = {3 € F(B) : B x € 3} [32] or
[30].

Let (B, g) be a Kent convergence space and M C B. Note that M C B is closed in the usual sense iff for all
a € Bifa ¢ M, then a U [M] is improper for all (a, x) € g ([9], 2.7(1)).

Theorem 3.9. Let (B, 3) be a semiuniform convergence space. ¢ # M C B is strongly closed iff M is closed in the
usual sense.

Proof. Suppose that M is strongly closed. We show that M is closed in the usual sense. Suppose that for all a € B with
a ¢ M, and for all (o, a) € q. Note that (a X o) € 8, C I, and in particular, by Theorem 3.7 (i), (a X a) U ([a] x [M]
is improper, and consequently, a U [M] is improper. Hence, M is closed in the usual sense.

Suppose that M is closed in the usual sense. We show that M is strongly closed. Suppose that for all a,b € B with
a¢ M beMandp e 3. Weshow that the conditions (i) and (ii) of Theorem 3.7 hold. B € 3 implies that there
exists (o, a) € q such that B O (a X a). We show that & [a] X [b]. If B C [a] X [b], then a C [a] and o C [b] since
B D (a x a). It follows that o U [M] is proper since b € M and [M] C [b], a contradiction to M is being closed in
the usual sense. Hence, € [a] X [D]. Now, we show that (B) U ([a] x [M] is improper. Suppose that it is proper. It
follows that (a X a) U ([a] X [M] is proper (since p O (a X a)}), and consequently, o U [M] is proper, a contradiction.
The condition (ii) of Theorem 3.4 follows easily. Hence, M is strongly closed. [

Remark 3.10. Let (B, 3) be a semiuniform convergence space and ¢p # M C B. Then, by Theorem 3.6, Theorem 3.7,
and Theorem 3.9, if M is closed, then M is both strongly closed and closed in the usual sense.

4. Closure Operators

Let & be a set based topological category.
Recall, (cf. [19] p.132 or [21] p.25), that a closure operator C of & is an assignment to each subset M of (the
underlying set of) any object X of a subset CM of X such that:
a)M c CM;
b) CN c CM whenever N C M ;
¢) (continuity condition). For each f : X — Y in & and M subset of Y, C(f1(M)) ¢ f~1(CM), or equivalently,
F(CM) € C(FM)).
M c X is called C-closed (C-dense ) in X if CM = M (CM = X), and an &-morphism f : X — Y is called
C-closed if f(M) is C-closed in Y for each C-closed M in X [21].
A closure operator C is called idempotent if C(CM) = CM, and it is weakly hereditary if every subobject of
any object in & is C- dense in its C-closure [19] or [21].
The discrete closure operator ¢ is defined by setting 6(M) = M for each X € &and M C X . The trivial
closure operator d is defined by setting (M) = X for each X € Eand M c X [21] p. 39 or [20] p.21.
The closure operators of & form a large complete lattice with 6 and d as bottom and top elements. For
closure operators C and D the meet C /A D and the join C\/ D are defined by (C A D)(M) = C(M) N D(M)
and ( CV D)(M) = C(M) U D(M) for each X € &and M c X . The idempotent hull of a closure operator C
is denoted by C (this is the least idempotent closure operator above C ) [19] p.134. A closure operator C is
said to be additive if for each X € Eand M and N c X, C(M\/ N) = C(M) U C(N) = C(M) \V C(N) [19] or
[21], and it is called hereditary if for each X € & and M and N ¢ X with M c N, C(My) = N A\ C(M), where
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C(My) denotes C-closure of M in N [19] or [21].
More on closure operators can be found in [19], [20] and [21].

We, now, show that the notions of closedness and strong closedness form appropriate closure operators
cl® and scl® of &, where & s the category SUConv of semiuniform convergence spaces and investigate which
of the properties idempotency, (weak) hereditariness, additivity and productivity are enjoyed by each of
them.

Definition 4.1. Let (B, J) be a semiuniform convergence space and M C B. The (strong) closure of M is the
intersection of all (strongly) closed subsets of B containing M and it is denoted by cI®(M) (resp. scl®(M)), where & is
the category SUConv.

Lemma 4.2. Let f: (A,3) — (B, J) be in SUConv.

(1) If D C B is strongly closed, so also is f~1(D).

(2) Let (B, 3) be a semiuniform convergence space. If N C B is strongly closed and M C N is strongly closed, so also
is M C B.

Proof. (1). Suppose D C B is strongly closed and for all a,b € A witha ¢ f~(D),b e f"{(D)and p € I', we need to
show that

(i) B ¢ [a] x [b] and B U ([a] x [ f~4(D)]) is improper.

@) g ([f @) x [ D)])  (al x [al) 0 ([F1D)] x [fHD)]) or pU ([£ D) x [ (D)]) is improper
Note that f(a), f(b) € Bwith f(a) ¢ D, f(b) € D, and (f x f)(B) € 3. Since D is strongly closed, by Theorem 3.7, we
have
@) (f x )B) L [f@] X [f(b)] and (f x f)(B) U ([f(@)] X [D]) is improper.

(i) (f x AIB) N (DI % [D]) € ([f@] % [f@]) N (IDI X [D]) or (f x £)(B) U (ID] X [D]) is improper.
IF(FXF)B) € [f(@)]x[f(b)], then clearly we get B & [a]x [b]. We show that ﬁu([a] X [f’l(D)]) is improper. Suppose

that it is proper. By Lemma 2.1, we have (f X f)(B) U ([f(a)] X [D]) € (f X f)(B)U ([f(a)] X [ff‘l(D)]) c(fxfu
([a] X [f~H(D)]), and consequently (f x f)(B) U ([f(a)] X [D]) is proper, a contradiction. Hence, B U ([a] X [f~1(D)])
is impropet.

IF(f % A)(B)N (D1 % [D]) & ([f@)] x [F@]) N (D] x [DI), then we get ([ f(D)] x [ F(D)]) & (lal x [aD
([f‘l(D)] X [f‘1 (D)]). It remains to show that f U ([f‘l(D)] X [f‘l(D)]) is improper. Suppose that it is proper. By

Lemma2.1,we have (Fx £)(B)U(ID] x [D]) € (FxABV([f£1D)] x [FF1D)]) < (Fx HBUAF DXL D)),
and consequently (f X £)(8) U ([D] X [D]) is proper, a contradiction. Hence, B U ([f~1(D)] X [f~1(D)]) is improper.
(2). Suppose N € Band M C N are (strongly) closed, for all a,b € Bwitha ¢ M,b € M, and f € 3. By Theorem 3.7,
we need to show that
(1) B & [a] X [b] and B U ([a] x [M]) is improper.
(@) BN ([M] x [M]) € ([a] x [a]) N (IM] x [M]) or B U ([M] X [M]) is improper.
Suppose a ¢ N. Since N C B is strongly closed, by Theorem 3.7, we have
(1) B & [a] x [b] and B U ([a] x [N]) is improper.
(i) O (INT X [N]) & ([a] x [a]) N ([N] X [N]) or B U ([N] X [N]) is improper.
Consequently, we get (i) B € [a] X [b] and B U ([a] x [M]) is improper.
(@) BN ([M] x [M]) € ([a] % [a]) N ([M] x [M]) or B U (IM] x [M]) is improper (since M C N).
Suppose that a € N. Since the inclusion map i : (N, 3') — (B, 3) is initial lift and g € 3, it follows from 2.2 that
(ixi)"YB) € I’ (note that (i x i)™(B) = U [N] x [N]and B c (i x i)((i x i)"1(B)). Since M C N is strongly closed
anda,be N,a ¢ M,b € M, by Theorem 3.7 ,
(i) (ix0)"Y(B) & [a] X [b] (and consequently, B & [a] X [b] and (i x i))"1(B) U ([a] X [M]) = BU ([a] X [M]) is improper.
(i) (i x )7'(B) N ((M]x [M]) = p N (IM] x [M]) € ([a] X [a]) N (IM] x [M]) or (i x ) (f) U (IM] X [M]) =
B U (IM] x [M]) is improper. Hence, by Theorem 3.7, M C B is strongly closed (since M C N). O

Lemma4.3. Let f: (A, 3") — (B, ) be in SUConwv.
(1) If D C B is closed, so also is f~(D).
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(2) Let (B, 3) be a semiuniform convergence space. If N C B is closed and M C N is closed, so also is Ml C B.

Proof. It is similar to the proof of the Lemma 4.2 by using Theorem 3.6 instead of Theorem 3.7. [

Theorem 4.4. Let & be SUConv. Both scl® and cl® are idempotent, weakly hereditary, productive, and hereditary
closure operators of & .

Proof. It follows from Definition 4.1, Lemma 4.2, Lemma 4.3, Exercise 2.D, Theorems 2.3 and 2.4, and Proposition
250f[21]. O

Let & be a set based topological category and C be a closure operator of &.

Eoc ={Xe&: x e C({y}) and y € C({x}) implies x = y}.

Eic={Xe&: VxeX, C({x}) = {x}}.

For & = Top, the category of topological spaces and C = K, the ordinary closure, we obtain the class of
To-spaces and T-spaces, respectively.

Theorem 4.5. Let & be SUConv and (B, 3) € &. Then, the followings are equivalent.

(1) (Br S) € 815cl~

(3) (B, 3)is Ty.

(4) (B, 8) is T,.

(5) for any distinct pair of points x and y in B, [x] X [y] ¢ 3 and ([x] X [x]) N ([y] x [y]) ¢ T.

Proof. It follows from Theorem 3.8 and Theorem 4.4, Theorem 4.6, and Remark 4.7(1) of [13]. O

Let U : & — Set be a topological functor. Recall that a full and isomorphism-closed subcategory S of & is
a) epireflective in & iff it is closed under the formation of products and extremal subobjects (i.e., subspaces);
b) quotient-reflective in & iff it is epireflective and is closed under finer structures (i.e, if X € S, Y € &,
UX) =U(Y),and id : Y — X is a E-morphism, then Y € S).

Theorem 4.6. Let & = SUConv. The subcategory Ei4 is quotient-reflective in &.

Proof. It is easy to see that this subcategory is full, isomorphism-closed, closed under formation of subspaces, and
closed under finer structures. It remains to show thatit is closed under formation of products. Let (B;, 3;) and
B = [, Bi- Suppose (Bi, 3;) € E15q. We show that (B, 3) € Eq, where T is the product structure on B. Suppose
there exist x # y in B such that [x] X [y] € 3 or ([x] X [x]) N ([y] X [y]) € J. It follows that there exists m € I
such that Xy, # Yy in By, and (1o, X 7,)([x] X [y]) = [xm] X [ym] € Tm or, by Lemma 2.1, (7, X 70,)([x] X [x]) N
[yl % [yD) = ([xm] X [xm]) O (Y] X [ym]) € B, a contradiction. Hence, for any x # y in B, [x] X [y] ¢ T and
([X] X [X]) N ([y] X [y]) ¢ S;/ Le., (Br ij) € 81scl-

Hence, the subcategory &1 is a quotient-reflective subcategory of & [

Let (B, q) be a generalized (filter) convergence space and M C B. Define K(M) ={x € B : there exists (a, x) € g
such that o U [M] is proper} [19] p.198 and K*(M) = {x € B : K({x}) "M # 0} ={x € B : (Ac € M) and ([x], c) € g}
[20] p.21. Note that K, the ordinary Kuratowski operator, and its opposite K* are closure operators. If
K(M) = M, then M is said to be closed ( we call it as closedness in the usual sense). M C B is closed in a
semiuniform convergence space (B, J), if it is closed in its underlying Kent convergence space (B, jg), where
gs = {(a,x) : a N [x] € yg}, where y5 = {B € F(B) : B x B € 3} [32] or [30].

Remark 4.7. (1) Let (B, q) be a Kent (local filter) convergence space and M C B.

(i) By (191, 2.6(4)), M is strongly closed iff M is K'\/ K*- closed (the join of K and K*) .

(i) By ([91, 2.7(1)), M is closed (in the usual sense) iff for x € B if there exists (@, x) € q such that a U [M] is proper,
then x € M.

(iit) By ([9], 2.5(1)), M is closed (in our sense) iff M is K /\ K*- closed (the meet of K and K*).

(iv) By (i), (ii), and (iii), if M is strongly closed, then M is closed (in both senses).

(v)By (ii) and (iii), if M is closed (in the usual sense), then M is closed (in our sense).
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(2) Let U : & — Set be a topological functor, X an object in & and p € U(X) be a retract of X, i.e., the initial lift
h:1— X of the U—source p : 1 — U(X) is a retract ([4], Theorem 2.6). Then if X is T;, then X is Tyat p,i = 0,1
but the converse of implication is not true, in general.

(3) Let (B, q) be a Kent (local filter) convergence space and M C B.

By ([9], Theorem 2.5(2)), if (B, q) is T, then all subsets of B are closed (in our sense) and M is strongly closed iff M is
closed (in the usual sense).

(4) By 3.4 of [10], for & = Top and C = scl€, K, K* or C = cl®, E¢ is the class of Ty-spaces.

(5) By 2.2.6 of [2], cI7ToP = K and scI=ToP = KV K, the idempotent hull of K\/ K* . Furthermore, if a topological
space X is Ty, then cI=TP = K = scI=Top,

(6) For & = LFCO, by Theorem 2.5 of [9], clé = K//\\K*, the idempotent hull of K \ K*, and sclé = KW In
particular, if X is Ty, then cl€ = §, the discrete closure operator and scl€ = K.

(7) For an arbitrary set based topological category &, it is not known, in general, whether cI® and scl® are closure
operators in the sense of [19] or not.
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