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Almost Increasing Sequences and Their New Applications II
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Abstract. In this paper, we generalize a known theorem dealing with | C, a |, summability factors to the
| C a, B; 6 |, summability factors of infinite series. This theorem also includes some known and new results.

1. Introduction

A positive sequence (b,,) is said to be an almost increasing sequence sequence if there exists a positive
increasing sequence (¢,) and two positive constants A and B such that Ac, < b, < Bc, (see [1]). Let ) a, be a
given infinite series with the sequence of partial sums (s,). We denote by £3* the nth Cesaro mean of order
(o, B), with a + > =1, of the sequence (na,), that is (see [5])

1 v .
foh = =7 Y AxlAboa,, (1)
n v=1
where
A% = O(neh), Ag+ﬁ =1 and A" =0 for n>0. )

The series )’ a, is said to be summable | C,a, ;0 |,, k > 1 and 6 > 0, if (see [3])

(o)

Z 7ok-1 | tﬁ’ﬁ

n=1

k< 0. 3)

If we take 6 = 0, then | C, «, ;0 |, summability reduces to | C, &, f |, summability (see [6]). If we set f =0
and 6 = 0, then | C, a, § 6 |, summability reduces to | C, a |, summability (see [7]).
Also, if we take p = 0, then we get | C, a; 0 |, summability (see [8]).

2. Known result

The following theorems are known dealing with an application of almost increasing sequences.
Theorem 2.1[11] Let (¢,) be a positive sequence and (X,,) be an almost increasing
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sequence. If the conditions

(9]

Y 1A, X, < o, @)
n=1

[Aal X5 = O(1) as n — oo, (5)
@n=0(1)asn — oo, (6)
nA@, = O(1) asn — oo, (7)
i tal =0(X,)asn — oo (8)
£~ ’()Xig_l n 7

are satisfied, then the series ), a,1,¢, is summable |C, 1|;, k > 1.
Theorem 2.2 [4] Let (¢,) be a positive sequence and let (X,;) be an almost increasing sequence.
If the conditions (4), (5), (6) and (7) are satisfied and the sequence (w{) defined by (see [10])

e a=1
s ’ n|’s 7
= 9
@n { maXi<p<n )t;" , O<ax<l, ©)
satisfies the condition

n a\k

(wﬁl =O(X,)asn — oo, (10)
p— X,

then the series ), a,A,¢y is summable | C,a |, 0 <a <1, (a -1k >-land k > 1.
Remark 2.3 It should be noted that if we take a = 1, then we get Theorem 2.1. In this case, condition (10)
reduces to condition (8) and the condition (& — 1)k > —1’ is trivial.

3. The main result

The aim of this paper is to generalize Theorem 2. 2 in the following form ;
Theorem 3.1 Let (p,,) be a positive sequence and let (X,,) be an almost increasing sequence. If the conditions

(4), (5), (6) and (7) are satisfied and the sequence (wz”g ) defined by

i, a=1p>-1
(wy”) = s (11)
maxi<o<n |t," |, 0<a<1,p>-1
satisfies the condition
n a,B\k
ok (@)
Z v oXET = O(Xy), asn — oo, (12)

v=1

then the series }’ a,4,¢, is summable | C,a, ;6 |,, 0 <a <1,6>0, (a+pf-0-1)k> -1,
and k > 1.
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We need the following lemmas for the proof of our theorem.
Lemma3.2[2])If0<a<1,f>-1and 1< v <n,then

(4 m
Y AxiAGa,| < max |} Ax Ala,
=0 p=0

1<m<v

Lemma 3.3 [9]) Under the conditions (4) and (5), we have that

nX, |AA,l = O(1) as n — oo,

an IAA,| < oo.

n=1

4. Proof of Theorem 3.1 Let (TZ’ﬁ ) be the nth (C, a, f) mean, with0 <@ < 1
and $ > -1, of the sequence (na,A,@,). Then, by (1), we have that

T = a+ﬁ ZA“ LA va, Ay

‘Vl
Thus, applying Abel’s transformation first and then using Lemma 3.2, we have that

n

-1
T = o Z v(Pn)ZAa 1Appap njjg A1 APy
” v= [4n v=1
1 n—1 ¢
5 n n c
=~ 2 (A A(pv+(pv+1AAv)ZAg Abpa, + = Z AT 4P
n v=1 p=1
atp 1 v a-1 1 v a-1
T < MﬁZMDA(pvuZA 1A a,| + MﬁkamAAanA 1A a,|
A” = An v=1 p=1
Mn(Pn a1 AB
e |ZA,,_Z,AUWU|
11
n—1
< MZA“*’S e ||A<pv|+Aa+ﬁZA‘”ﬁ 03 1ot llAA] + Al oy
n v=1 n v=1

— ap ap ap
= Th+T,+T5.
To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show that

Z n T < oo, forr=1,2,3.

n=1

437

(13)

(14)

(15)

(16)



When k > 1, we can apply Holder’s inequality with indices k and k’, where } + £ = 1, we get

m+1

Z Ok— 1|T“ﬁ|k

n=2

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.3. Again, we get that

}k
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k=1 [k
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n=2
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m (a+ﬁ)k( B\ 0o
3 v w," Y| AA| dx
= O(l) Z -1 ; xlH(a+p-0)k

v=1 Xi(’
( ﬁ)k
- 0(1)ZU|AA 0% X
m Bk
_ bk( ) Sk (wy")
- o(1)ZA(v|AA |)Z —- O(l)mIAAmIUZ:;v ﬁ
m—1 m—1
= 0(1) ) 0lA*A,|X, + O(1) 2 XolAol + OVl ANy X
v=1 v=1

= 0O(1), asm — oo,

by hypotheses of Theorem 3.1 and Lemma 3.3. Finally, as in T:f , we have that

m m
Z nékfllT:ﬁ ko_ Z 1A, @n wg/ﬁlk
n=1 n=1
PYiA
- omz o nx)k|1 |~ 01), asm - oo.

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.3. This completes the proof of Theorem 3.1. It
should be noted that, if we take =0, 6=0 and a=1, then we get Theorem 2. 1. If we set 6=0, then we get
a result concerning the | C, &, § |, summability factors of infinite series. Also, if we take =0 and 6=0, then
we obtain Theorem 2. 2. Finally, if we take k = 1, 6=0 and = 0, then we get a new result dealing with the
| C, o | summability factors of infinite series.
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