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Abstract. We introduce a concept of convergence of order o, with 0 < a < 1, with respect to a summability
matrix method A for sequences (which generalizes the notion of statistical convergence of order a), taking
values in (£)-groups. Some main properties and differences with the classical A-convergence are investi-
gated. A Cauchy-type criterion and a closedness result for the space of convergent sequences according
our notion is proved.

1. Introduction

The notion of statistical convergence was introduced in [16, 24]. In the literature there are several
extensions of this concept: indeed, statistical convergence can be viewed as a particular case of convergence
with respect to a summability matrix method (see for example [21]) as well as ideal and filter convergence
(see for example [3, 19, 20]).

Several properties of summability matrices, matrix convergence and their various applications to ap-
proximation theory can be seen from [2] where many important references can be found.

For different works on the statistical and ideal convergences one can see, for example, [1, 10,12, 13] where
many more references can be found. In [8] the notion of ideal convergence in (£)-groups was introduced
and the main properties were examined, while in [6-8] there are some versions of basic matrix theorems
and limit theorems for ideal pointwise convergent measures taking values in an (£)-group R.

In [4] (also independently in [11]) a natural extension of statistical convergence is presented, by replacing
n with a non linear term n%, 0 < a < 1, in the definition of asymptotic density. This is motivated by the
investigation of different kinds of densities, and by the problem of comparing them with the natural density.

Since the notion of A-density (density with respect to regular summability matrix A) is a natural
extension of asymptotic density, it seems natural to investigate different kinds of A-densities and associated
convergence in line of [4]. In this paper we precisely do that and extend the statistical convergence of order
a to convergence of order a with respect to matrix methods, and we deal with the (£)-group setting. One
must note that though our definition is very similar to the notion of A-statistical convergence with the rate
o(a,) for a given sequence of non-increasing positive reals (a,) [14], (from where also our inspiration came)
but it is not similar to that notion. We prove a Cauchy-type criterion, some main properties and some
fundamental differences of the behavior of this kind of convergence between the casesa =1land 0 < a < 1.
Furthermore we present a property of closedness for the space of sequences, converging according our
definition.

2010 Mathematics Subject Classification. Primary 28A20, 28B15, 54A20.

Keywords. (£)-group, summability matrix, A*-convergence.

Received: 07 February 2014; Accepted: 05 April 2014

Communicated by Eberhard Malkowsky

Email addresses: antonio.boccuto@unipg.it (Antonio Boccuto), pratulananda@yahoo.co.in (Pratulananda Das)



A. Boccuto, P. Das / Filomat 29:9 (2015), 2069-2077 2070
2. Preliminaries

We begin with recalling some notions about densities and summability matrix methods, which will be
useful in the sequel.

Definitions 2.1. (a) Let IN be the set of all natural numbers and B ¢ IN. If m, n € IN, m < n, we denote by
B(m, n) the cardinality of theset BN {m,m+1,...,n}.
(b) Let 0 < a < 1 be a real number. The lower and upper asymptotic density of order a of the set B are
defined by
1 —a 1
d%(B) = lim inf y, d'(B) = lim sup y. (1)

a a
n

B(1,n)

If the limit lim —— exists in R, then the common value in (1) is said to be the asymptotic density of the set
n

B of order @ and is denoted by d“(B) ([11], [4]).

(c) If (x)x is a sequence of real numbers, we say that (x); converges statistically of order a to xg € R (shortly,
S* limy x = xg) iff for each ¢ > 0 we have d*(A(¢)) = 0, where A(¢) := {k € N : |xx — xo| > €} ([11], [4]).

(d) Let A := (ajx);x be an infinite summability matrix. For a given sequence x = (x¢)x in IR, the A-transform
of x, denoted by (Ax);, is given by

]

(Ax); =) s, 2)

k=1

provided that the series in (2) converges for each j € IN (see [2]).
We say that A is regular iff lim(Ax); = L whenever lim; x; = L with L € R.

The following characterization of regularity of a matrix A is known in the literature as the Silverman-Toeplitz
conditions (see also [2, Theorem 1.6]).

Theorem 2.2. An infinite summability matrix A = (ajx);x is regular if and only if the following conditions are
satisfied:

(i) sup(i |‘1j,k|) < +0o,

I k=
(ii) limaj, =0 foreachk € N,
j

(i) lim(i aj) =1
I &

Using regular matrices, Freedman and Sember ([17]) extended the idea of the statistical convergence to
A-statistical convergence as follows.

Definitions 2.3. (a) Let A = (a;1);x be a non-negative regular summability matrix. The A-density of a subset
K c N is defined by

6a(K) = lim )" ap, 3)
I keK

provided that the limit in (3) exists in R. Similarly it is possible to define the concepts of A-upper density
and A-lower density of K C N as follows:

54(K) := lim sup 2 ajx, 0,(K):= lim‘infz ajj
i keK / keK

respectively.



A. Boccuto, P. Das / Filomat 29:9 (2015), 2069-2077 2071

(b) A sequence (xi); of real numbers is said to be A-convergent to xo € R if 04(A(e)) = 0 or equivalently

lim Y aj =0,

T reAe)

where A(¢) is as in Definitions 2.1 (c). Note that, when A := C; = (cj);x is the Cesaro matrix, defined by

1 if1<k<,
C j,k = ] .
0 otherwise,

the A-density and A-convergence become the usual asymptotic density and statistical convergence respec-
tively.

In [14] the following notion was introduced.

Definition 2.4. Let A = (ajx);x be a non-negative regular summability matrix and let a = (ay,) be a non-increasing
sequence of positive real numbers. We say that x = (xi) is A-statistically convergent to L with the rate of o(ay,) if for
each e > 0,
1
lim= Y au=0

a
" kolxe—Ll>e

We now recall some concepts about (£)-groups (see for example [22]).

An (£)-group R is said to be Dedekind complete if every nonempty subset A C R, bounded from above,
has a supremum in R. A Dedekind complete (£)-group R is said to be super Dedekind complete if for any
nonempty set A C R, bounded from above, there exists a countable subset A* C A, such thatsup A = sup A™.

From now on, we always suppose that R is a Dedekind complete (£)-group.

An (O)-sequence (o), in R is a monotone decreasing sequence, such that /\ o, =0.

2
A (D)-sequence or regulator in R is a bounded double sequence (a;);, such that for every i € IN the

sequence (4;j); is an (O)-sequence.
An (£)-group R is weakly o-distributive if

A QWﬂJ =0 @

@eNN \ i=1

for every (D)-sequence (a; )); ;.
A sequence (xi); in R is (O)-convergent to x € R (and we write (O) limy x = x) if there is an (O)-sequence
(0p)p such that for each p € IN there exists k € N with

lxx —x| <o, forallk> k.

A sequence (xi); in R is (O)-Cauchy if there exists an (O)-sequence (7,), with the property that for every
p € N there is k € N such that
Xy — x| <1, whenever i, k > k.

An (£)-group R is (O)-complete if every (O)-Cauchy sequence in R is (O)-convergent in R. Note that every
Dedekind complete (£)-group is (O)-complete.

We now fix an exponent 0 < @ < 1, and introduce the concepts of A-density and A-convergence of order
« for a summability matrix A = (a;) j-
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Definition 2.5. The A-density of order a of a subset K C IN is defined by

.1
05 (K) == lim — Z ajk, )
7] keK

provided that the limit in (5) exists in IR. Analogously we define the upper A-density of order a and lower
A-density of order a as follows:

—a 1 1
04(K) :=limsup — ajr, 05 (K) := liminf — ajk,
P @ A kz;‘

respectively. Note that for A = Cy, A-density of order a reduces to density of order a (see Definition 2.1 (b)).

Remark 2.6. At a first glance though it appears that Definition 2.5 is a special case of Definition 2.4 but
that is not the case. Because in our definition we have actually considered the sequence a = (a,) where
a, = n®! but it is a strictly increasing sequence whereas in Definition 2.4 the sequence a4 = (4,,) must be
non-increasing.

Remark 2.7. Observe that, if 0 < a < 1and E C IN is such that 6 (E) = 0, then 6} (IN \ E) = +co. Indeed we
get

[

. 1 . 1
h;fn],a—_lZﬂj,k = ll?lja_—lzaj’k-i_ (6)

k=1 keE

1
+ lim— Z aj; = 8%(E) + 83(N \ E),
T ENE

provided that the limits involved exist in [0, +oo]. Since 64 (E) = 0, from (6) and regularity of A we obtain

[

1
OGN\ E) =lim — ) ajx = +oo. (7)
! P

Definitions 2.8. (a) A sequence (x¢)r in an (£)-group R is A-convergent of order a or A*-convergent to xy € R
(shortly, A limy x; = xo) if there exists an (O)-sequence (0;,), such that, for every p € N, 6% (B,) = 0, where

By = {k e N: [xy — xo| £ 0}, (®)

or equivalently

. 1
h?’l ]a_—l Z Cl]',k =0.

keB,

In this case we write A% lim,, x,, = xp.
(b) A sequence (xi)x in R is A%-Cauchy if there is an (O)-sequence (7,), such that for every p € IN there
exists n € N with

8% (fk € N : |xg — x4l £ 7,)) = 0.

Remark 2.9. For A = C;, the Cesaro matrix, A*-convergence reduces to statistical convergence of order a
(see [4]). Furthermore, if (xy)x is A-convergent of order « when a = 1, we see simply that (x;) is A-convergent.
The collection of all sequences in an (£)-group R which are A-convergent and A“-convergent are denoted
by Amg and Amg respectively.
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3. The Main Results

We begin with a Cauchy-type criterion, which extends (see also [18]) [8, Proposition 2.13] to A*-
convergence in the (£)-group setting.

Proposition 3.1. A sequence (xi)i in R is A*-convergent if and only if it is A*-Cauchy.

Proof. We begin with the sufficient part. Let (,), be an (O)-sequence, related with the Cauchy condition.
There is a sequence (11,), in IN with 65(IN'\ F,) = 0 for all p € IN, where

Fp ={kelN:|x— xnp| < Op}' (9)

We now claim that F, N F; # @ whenever p # 4. Otherwise we have F, C N \ F;. But 6% (IN \ F;) = 0, while
0% (Fp) = +co or T according as 0 < @ < 1 or @ = 1 (see also (7) ). This is a contradiction, which proves the
claim.

Letnow p # q. There exists k, ; € N with Xk, —Xn,| < 0p and Xk, , —Xn,| < 4. So we get |x,, — x| < 0p+0g,
and hence (x;,), is an (O)-Cauchy sequence. As every Dedekind complete (¢)-group is (O)-complete (see
[9]), there is y € R with (O)lim x,, = y. So for each p € N we get

p

{ke]N:|xk—y|,;<_2ap}c{ke]N:|xk—xnp|+|xnp—y|,;<_20p}
C {keN:|xy, —yl £opt Uik €N :|xg — x| £ 0p},

and hence
0%(fk € N : |xx — y| £ 20,}) = 0.

So, A* h;fn X = y, which proves the sufficient part.

We now turn to the necessary part. We know that there exist an (O)-sequence (0,), and y € R with
d4(By) = 0 for every p € N, where
B, :={k € IN: |x; — yl £ 0p}.

Observe that IN'\ B, # 0 for all p € IN, because d¢(B,) = +oo or 1 according as 0 < a < 1 or a = 1 (see also (7)
). Iftk, n € N\ By, then

Xk = xul < |k =yl + Ixy — Y| < 20,. (10)

Let V}, := {k € N : |xx — x,| £ 20,}, p € N. From (10), for any p € N we get V, C B, and thus dff‘(Vp) =0,
since d} (B,) = 0. Thus the assertion of the necessary part follows. This concludes the proof. [J

We now prove uniqueness of the A%-limit in the (£)-group setting.
Theorem 3.2. Let (xi)x be an A“-convergent sequence. Then, its A*-limit is unique.

Proof. Let (xx)k be a sequence in R, with A* 1il£n xx = xp and A” lilrcn % = yo. Then there are two (O)-sequences
(0}’7)}7/ (Tp)p Such that

0% (tk € IN : |xx — xol £ 0p}) = 6%({k € N : |x — yol £ 7p}) = 0 forall p € N.
Fix now p € N, and let

Dy:={ke€IN:|xx —xo| <0p}, Dz:={keIN:|xx —xo| < 1p}.

If D; N D, = 0, then Dy € N\ Dy, and hence 54(D1) < 64(N \ Dy), but (N \ Dy) = 0, while 5,(D;) = +o or
1 according as 0 < a < 1 or a =1 (see also (7) ), a contradiction. Hence, D; N D, # 0. Letk € D1 N Dy, then

Ixo — yol < |xo — x| + |xk — yol < 0p + Tp.

Since (0p)p, (7p)p are (O)-sequences, by arbitrariness of p we get xo = yo. [
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The next result is a fundamental property of A%-convergence in the case 0 < @ < 1, and extends [4, Theorem
1] to the (£)-group context.

Theorem 3.3. Let A be a regular and lower triangular summability matrix. If a sequence (xi)x in R is A*-convergent
toxg (with0 < a < 1), then thereisasetC :={ky <k < ... <k, < ...} C leithSZ(C) = +ooand (O) lim x;, = xo.
n

Proof. Suppose that (x,), is A®-convergent to xo. Then there exists an (O)-sequence (o), with 65(B,) = 0 for each
p € IN, where By, is as in (8). Set C, = N\ B,,. Since 69(B,) = 0, then 6(C,) = +oo (see also 7) ). Moreover, it is
easy to see that the sequence (Cp), is decreasing.

Let now (G;); be a strictly increasing sequence of positive real numbers. Choose arbitrarily v; € Cy1. Since
05(Ca) = +o0, thereis vy € Cy, va > vy, with

'Dl*l .
Z ajp > Gy j foreach j > vy
keCy

In particular, we get

a-1
Z Ay, k > Gz %) .

k€C2

At the next step, since 69 (C3) = +oo, we can find an element v € C3, v3 > va, with
Z Ay k > Gs- '03“_1.
keCs
Proceeding by induction, we construct a strictly increasing sequence (v;); of positive integers, with v; € C; and
Z Ay x> Gj - 07! forall j€N.
keC;

Put now

C:=[1,v]uU [U([vjl,v]-] N C])]

j=2
Since A is lower triangular, we get
ay,x =0 forall j€ Nandk > v;. (11)
As CN[1,0;] o CjN[1,0] for every j € N, from (11) we get

-1

keC keC;

that is

Za%k > Gj, forall jeN. (12)

a=1
Yj keC

From (12) it follows that

. 1
hmsup o E Ay k = +09,
J ) keC

namely EZ(C) = +00,
Now, to show that the sequence (xy)xec (O)-converges to xo, it is sufficient to observe that for all j € N and k > v;
we have |xx — xo| < 0}, where (0); is an (O)-sequence. This completes the proof. [
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Remarks 3.4. (a) Some examples of lower triangular non-negative regular matrices, whose C; is a particular
case, are the matrices which generate the Erd6s-Ulam ideals (see [15, Example 1.2.3 (d)]).

(b) Observe that, for & = 1, A*-convergence reduces to A-convergence, that is the convergence generated
by the ideal of those subsets of IN having A-density zero. From this (see [8, Proposition 2.8]) it follows that
in a Dedekind complete (£)-group R, a sequence (xi); is A-convergent to xo if and only if there is a subset
CcN,C={k<...<k,<..},withdos(C)=1and (O)liyrlnxkn = Xg.

(c) For 0 < a < 1, the converse of Theorem 3.3 is in general not true, as can be seen by taking

e1 2
™ ::{ (4,4), ifk=n*nelN. (13)

(0,0), otherwise.
1 —
Indeed, for a = T 6Z(C) = 400, where C = {n? : n € N}, but it is not true that A% limy x; = (4, 4).

From now on we do not require lower triangularity of the summability matrix involved, but only non-
negativity and regularity.
We now check the following inclusion, extending [4, Theorem 2].

Theorem 3.5. Let 0 < a < <1. Then Amg C Amg.

Proof. Let (xx)x € Amj and with A® lilfn xx = Xo. Then there is an (O)-sequence (0,), such that for all p € N

.1
h§n F Z ajk,

keB,

we get 6 (By) = 0, namely

where By, := {k € N : |x; — xo| £ 0,}. Since

. 1 . 1
0< hmjsup ],3_—1 Z ajr < limsup ]“—_1 Z ajx =0,

keB, ] keB,

then we get 6i(Bp) = 0, which shows that (x)x € Amg . O
If we take f = 1 in Theorem 3.5, then we obtain the following result.

Corollary 3.6. If a sequence (xi)i in R is A%-convergent to x, for some 0 < o < 1, then it is A-convergent to x, that
is Amgy C Amy.

We now prove a closedness property for the space of A%-convergent sequences, extending [4, Theorem 3]
to the (£)-group setting.

Theorem 3.7. Let a € (0,1], (xX®) be a sequence in Am§, where x® = (xi,k))j and for every k € N (x;k))j is
A%-convergent with respect to a common (O)-sequence (0,)p, independent of k. If x = (x;); is such that

(0)lim {v b le] =0, (14)
j

then x € Amy.
Proof. Let (xV), satisfy (14), where x® € Amy for all k € N. Suppose that

AY li?n xﬁ.’“ =y, forallkeN. (15)
By (15) there is an (O)-sequence (0,), with

S2(neN: X —yl¢o,)=0 forallkpelN.
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Fix now p € N, and put
Eri={neN: ¥ -yl <o) (16)

forallk € N. If Ext N E, = 0, then Ex ¢ IN \ E, and hence 84(Ex) < 64N \ E;) = 0. But 54(E¢) = +co or 1
according as 0 < @ < 1 or @ = 1 (see also (7) ), and so we obtain a contradiction. Thus for every k, r € IN
there exists n € Ex N E,.

By (14) there is an (O)-sequence (7,), such that for all p € N there is 19 = 19(p) € IN with

\/ IxE,k) —xjl <7, forallk2ny.
=1
Then

k)

K — 2 < 2 — i + 1 = x|
j j j ] j ]

k
< \/le,) - xjl + \/ng.r) —xj| <27,
j=1 j=1
for every j € N and k, r > ny. Thus we get

k k k
Iy = vl < i — 290+ B =20 4y — 29

(o] (o]
< 20+ \/ 1K —xjl+ \/ ¥ - x| <20, + 27,
1 1

whenever k, ¥ > ng. This shows that (yx)x is an (O)-Cauchy sequence in R. Since R is Dedekind complete,
then R is (O)-complete too (see also [9]), and so the sequence (vx)x is (O)-convergent to some element y € R.
Hence there is an (O)-net (1), such that for each p € IN there exists n* = n*(p) with

lyk —yl <mnp forallk>n".

Choose k > max({ng, n*}. Then for all j € N we have

IA

k k
=yl < =2+ =yl + -y

IA

T+ + K =yl (17)

Observe that, if Ey is as in (16) and j € Ej, then |x; — y| < w,, where w, = 0, + 7, + 1. So (wp), is an
(O)-sequence, and

E:=={jeN:|xj—yl £ w)} CIN\Ey.

Since by hypothesis 6 (N \ Ex) = 0, we get also & (E) = 0, which completes the proof. []

We now recall a condition, under which it is possible to replace a countable family of (O)-sequences with
one (O)-sequence ([5, Lemma 2.8]).

Lemma 3.8. Let R be a super Dedekind complete and weakly o-distributive (€)-group. If (a;,k)),, is an equibounded
family of (O)-sequences, then there is an (O)-sequence (b,), with the property that for every k, r € IN there exists

7 = p(k, r), with a? <b,.
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Remark 3.9. Observe that, if R is a super Dedekind complete and weakly o-distributive (£)-group and
%) j-k € N, are as in Theorem 3.7, A%-convergent for every k and order equibounded in R (namely with a

j
positive element 1 € R with Ixﬁ,k)l < u for all j, k € N), then the (xﬁ,k)
same (O)-sequence (b,),, independent of k. Indeed, let (yx)x be a sequence in R such that for all k € IN there

exists an (O)-sequence (o;,k))p with &9 (B;k)) =0 forallk, p € N, where

);’s are A%-convergent with respect to a

BY = (jeN: |x§.k) -yl £ 0P}, (18)

Note that order equiboundedness of the double sequence (xi.k) — Yx);x is a consequence of order equibound-

edness of (xi.k)) jk- So, without loss of generality, we can assume that a;,k) <2uforeachk, p e N.
By Lemma 3.8 there exists an (O)-sequence (b;), such that for every k, r € IN there exists p € IN with
Og ) < b,. From this and (18) it follows that Dﬁk) C B;k), where Dik) ={jeN: |x§.k) -yl £ b,}. Hence we get

6Z(D§k)) = 0, since 61[2(3;( )Y = 0. This proves the claim, by virtue of arbitrariness of r.
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