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Abstract. Motivated from the recent work of Srivastava et al. (H.M. Srivastava, O. Altintas, S. K.
Serenbay, Coefficient bounds for certain subclasses of starlike functions of complex order, Appl. Math.
Lett. 24(2011)1359-1363.), we aim to determine the coefficient estimates for functions in certain subclasses
of close-to-convex and related functions of complex order, which are here defined by means of Cauchy-

Euler type non-homogeneous differential equation. Several interesting consequences of our results are also
observed.

1. Introduction

We denote by A the class of functions f(z) which are analytic in the open unit disc E = {z : |z| < 1} and
of the form

f2) =Z+ian z", (1.1)

n=2

Let S denote the class of all functions in A which are univalent. Also let S"y, C,, K, and Q, be the subclasses
of A consisting of all functions which are starlike, convex, close-to-convex and quasi convex of complex
order y (y # 0) respectively, for details see [3-5]. We note that for 0 < y < 1, these classes coincide with
the well known classes of starlike, convex and close-to-convex of order 1 — y. Recently Altintas et al.[1]
considered the following class of functions denoted by SC(y, A, §) and defined as:

) 1 (A= D AR
SC()/,/\,ﬁ)—{f(z)eﬂ.Re[1+y( A= D@+ @) 1)]>ﬁ,zeE}, (1.1)

where 0 < f<1,0<A <1, y € C—{0}. Note that SC(y,0,0) = S;‘,, SC(y,1,0) = C,. Throughout the entire
paper onward we assume the restrictions 0 < < 1,0 <A <1, y € C — {0} unless otherwise mentioned.
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Now we denote KQ(y, A, B) be the class of functions f(z) € A if there exists a function g(z) € SC(1, A, B)
such that

1(z[(1- /\)f(z) + /\zf'(z)]’
%F+?( =9 + 120 )

As special choices we have the following relationships

KQ(y,0,0) = K,, KQ(y,1,0)=Q

- 1)] >pB,z€E. (1.2)

Motivated from the recent work of Altintas et al. [2] and Srivastava et al. [7] the main purpose of our
investigation is to derive coefficient estimates of a subfamily 8K(y, A, ; ) of A, which consists of functions
f(z) in A satisfying the following Cauchy Euler type non homogenous differential equation

d2
Sy
where w = f(z), h(z) € KQ(y, A, B), 4 € R — (—00,—1], for details we refer to [2, 6-9].

The following result which is due to Altintas et al. [2] is essential in deriving our main results.

Lemma1 [2].
Let f(z) € SC(y, A, B) and be of the form (1.1). Then

s [i+2h]a-p)
S m-DM+An-D]’

+2(1+ y)z— +ul+pw =1+ w2+ wh(z), (1.3)

|2n| <

N*=1{2,3,4,...).

2. Coefficient Estimates for Functions in the Class KQ(y, A, f)

We first establish the below result for the functions in the class KQ(y, A, f).
Theorem 1. Let f(z) € KQ(y, A, B) and be defined by (1.1). Then

[T li+20-p1  2p|a-p & o [i+201-p)]
ol < = Am=1] T 1+/\(n—1)zll n—k-1 "

eN' =1{2,3,4,..}. @.1)

Proof. Since f(z) € KQ(y, A, B), then there exists g(z) = z + )., byz" belonging to the class SC(1, A, )
such that

‘R[1+ (% )]>ﬁ, forz€E,

where F(z) =z + ) ;5 Ayz" and G(z) = z + )1, Byz", with

Ap=[1+ A0 =Dlan, By = [1+A(n—1)]by, n>2. 2.2)
Let
1+1 (58 -1)- o
(2) _ _ n
-5 —q(z)—1+nZ:1‘cnz,forz€E. (2.3)
Since Rq(z) > 0, z € E, we find that
leal <2, neN. 2.4)

Then from (2.3), we obtain

=
N

Cu-1+ Can—k}/ nxz2,
1

nA, =B, +y1-p)

P
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Now using Lemma 1 together with (2.2) and (2.4), we have

|Anl <

155 [ +20 - p] L2 ly|a-p) i T2 [ +2(1 - p)]

n! n (n—k-1) ’

k=1
and hence from the relation between F(z) and f(z) as in (2.2), we obtain the desired result. B
By assigning different specific values to the involved parameters g, y, A in Theorem 1, we deduce the
following interesting results.
Corollary 1. Let f(z) € KQ(y, A, 0) and be defined by (1.1). Then

la,| <

1 o
m[“(ﬂ—bly], neN =1{2,3,4,...}

Corollary 2 [3]. Let f(z) € KQ(y,0,0) = K(y) and be defined by (1.1). Then

ol <1+ (= D)y

,neN"={2,3,4,...}.

Corollary 3 [4]. Let f(z) € KQ(y, 1,0) = Q(y) and be defined by (1.1). Then forn € N°'=1{2,3,4,...}.

eN =1{2,3,4,...).

1+(n-1
|an| S (—)|‘)/|’ n
n
For y = 1in Corollary 2 and Corollary 3, we obtain the well-known coefficient estimates for close-to-convex
and quasi convex functions.
Corollary 4. Let f(z) € KQ(1 — a, A, B) and be defined by (1.1). Then forn e N* = {2,3,4,...}

TS +20-p]  2(1-a)1-p) 21 I 2 [+ 20 -]

lan| < L+ A(n—1)] + n[l+ A —1)] n-k-1)!

k=1

Corollary 5. Let f(z) € KQ(1 — ,0,0) = K(1 — a) and be defined by (1.1). Then
la, <n(l—a)+a, neN"=1{2,3,4,...}.

Corollary 6. Let f(z) € KQ(1 — «,1,0) = Q(1 — a) and be defined by (1.1). Then

Ianlsl—a+%, neN' =1{2,3,4,.. ).

3. Coefficient Estimates of the Class BK(y, A, §; )

The theorem below is our main coefficient estimates for functions in the class BK(y, A, ; ).
Theorem 2. Let f(z) € BK(y, A, B) and be defined by (1.1). Then for n € N*={2,3,4,...}

la,| <

(+we+u [IDH+20-p1 2pla-p &5 [+20-p)] a1
St ot | Al A -1 +n[1+A(n—1)]Z : 1)

L (n—k-1)!

Proof. Since f(z) € BK(y, A, B; 1), then there exist h(z) = z + Y., 2, by2" € KQ(y, A, B), such that (1.3) holds
true. Thus it follows that

(1+w2+p)
m+1+pmn+p) "

Vl:

neN, ueR—(—co,—1].

Hence, by using Theorem 1, we immediately obtain the desired inequality (3.1). m



W. Ul-Haq et al. / Filomat 28:6 (2014), 1139-1142 1142

References

(1]

[2

(3]
[4]
[5]
(6]
[7]
(8]
191
[10]

O. Altintas, O. Ozkan, H.M. Srivastava, Neighborhoods of a class of analytic functions with negative coefficients, Applied
Mathematics Letters 13 (1995) 63-67.

O. Altintas, H. Irmak, S. Owa, H.M. Srivastava, Coefficient bounds for some families of starlike and convex functions of complex
order, Applied Mathematics Letters 20 (2007) 1218-1222.

H. S. Al-Amiri, T. S Fernando, On close-to-convex functions of complex order, International Journal of Mathematics and Mathe-
matical Sciences 13(1990)321-330.

0. S. Kown, S. Owa, .On quasi convex functions of complex order, Soochow Journal of Mathematics 20 (1994)241-250.

K. I. Noor; Quasi-convex functions of complex order, PanAmerican Mathematical Journal 3(2)(1993)81-90.

H. M. Srivastava, S. Owa, Certain classes of analytic functions with varying arguments, Journal of Mathematics and Applications
136(1988)217-228.

H.M. Srivastava, O. Altintas, S. K. Serenbay, Coefficient bounds for certain subclasses of starlike functions of complex order,
Applied Mathematics Letters 24(2011)1359-1363.

H.M. Srivastava, Q.-H. Xu, G.-P. Wu, Coefficient estimates for certain subclasses of spiral-like functions of complex order, Applied
Mathematics Letters 23 (2010)763-768.Tokyo, 1983.

H.M. Srivastava, S. Owa (Eds.), Current Topics in Analytic Function Theory, World Scientific Publishing Company, Singapore,
New Jersey, London and Hong Kong, 1992.

P. Wiatrowski, On the coefficient of some family of holomorphic functions, Zeszyty Naukowe Uniwersytetu Lodzkiej
Matematyka-Przyrod 39(2)(1970)75-85.



