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Abstract. In this paper we introduce new notions of hybrid rational Geraghty and Suzuki-Edelstein type
contractive mappings and investigate the existence and uniqueness of PPF dependent fixed point for such
mappings in the Razumikhin class, where domain and range of the mappings are not the same. As an
application of our PPF dependent fixed point results, we deduce corresponding PPF dependent coincidence
point results in the Razumikhin class. Our results extend and improve the results of Sintunavarat and
Kumam [J. Nonlinear Anal. Optim.: Theory Appl., Vol. 4, (2013), 157-162], Bernfeld, Lakshmikantham
and Reddy [Applicable Anal., 6(1977), 271-280] and others. As an application of our results, we establish
PPF dependent solution of a periodic boundary value problem.

1. Introduction and Preliminaries

In 1997, Bernfeld et al. [2] introduced the concept of a fixed point for mappings that have different
domains and ranges, which is called PPF dependent fixed point or the fixed point with PPF dependence.
Furthermore, they gave the notion of Banach type contraction for a non-self mapping and also proved
the existence of PPF dependent fixed point theorems in the Razumikhin class for Banach type contractive
mappings. Very recently, Agarwal et al. [1], Ciri¢ et al. [3], Hussain et al. [8] and Sintunavarat and Kumam
established the existence and uniqueness of PPF dependent fixed point for different types of contraction
mappings and generalized some results of Bernfeld et al. [2] (Also, see [10]).

As a generalization of the Banach contraction principle, Geraghty [7] proved the following.

Theorem 1.1 (Geraghty [7]). Let (X, d) be a complete metric space and T : X — X be an operator. Suppose that
there exists 8 : [0, +00) — [0, 1) satisfying the condition

ﬁ(tn) -1 implies t, >0, asn — +oo.
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If T satisfies the following inequality
d(Tx, Ty) < B(d(x, y))d(x,y), forall x,y € X, (1)
then T has a unique fixed point.

Throughout this paper, we assume that (E, || - ||g) is a Banach space, I denotes a closed interval [a, b] in
R and Eg = C(I, E) denotes the set of all continuous E-valued functions on I equipped with the supremum
norm || - ||, defined by

llplle, = sup llp(E)llE-
te

For a fixed element c € I, the Razumikhin or minimal class of functions in E is defined by
Re={p € Eo: lIPllg, = llP(O)lIE}-
Clearly, every constant function from I to E belongs to R,.
Remark 1.2. Let R. be the Razumikhin class, then
(i) the class R. is algebraically closed with respect to difference, that is, ¢ — & € R, when ¢, & € R.;
(ii) the class R is topologically closed if it is closed with respect to the topology on E generated by the norm || - ||g, .

Definition 1.3 ([2]). A mapping ¢ € Ey is said to be a PPF dependent fixed point or a fixed point with PPF
dependence of mapping T : Eg — E if T = ¢(c) for some ¢ € L.

Definition 1.4 ([13]). Let S: Ey = Eqand T : Ey — E. A point ¢ € E is said to be a PPF dependent coincidence
point or a coincidence point with PPF dependence of S and T if T¢p = (S¢)(c) for some c € L.

Definition 1.5 ([2]). The mapping T : Eg — E is called a Banach type contraction if there exists k € [0, 1) such that,
IT¢p — TElle < Kl — <ll,
forall ,& € Ey.

In this paper, we introduce the notions of hybrid rational Geraghty and Suzuki-Edelstein type contractive
mappings and study the existence and uniqueness of PPF dependent fixed point for such mappings in the
Razumikhin class. As an application of our PPF dependent fixed point results we deduce corresponding
PPF dependent coincidence point results in the Razumikhin class. These results extend and generalize
some known results in the literature. An application to periodic boundary value problem is provided.

2. PPF Dependent Fixed Point Results
Let ¥ denote the class of all functions f8 : [0, +o0) — [0, 1) satisfying the following condition:
B(t,) — 1limpliest, — 0, as n — +oo. 2)

Definition 2.1. The mapping T : Eg — E is called a hybrid rational Geraghty type contraction if there exists p € F
and c € I such that,

ITp — TElle < Bl — Elle,)M(p, &) + Y (Il — &l )N(¢p, €)
forall ¢, & € Ey where y : [0, 00) — [0, 00) is a bounded function and

lip(c) = TPlellE(e) - TEIIE}
1+(T¢ - T¢|le

M@, &) = max{||q> .
and

N(¢, &) = min {II(P(C) = Tolle, lIE(e) = TElle, llp(c) — TEllg, 1€(e) — T¢|IE}.
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Now, we state and prove the following result.

Theorem 2.2. Let T : Ey — E be a hybrid rational Geraghty contractive mapping. Assume, R. is topologically
closed and algebraically closed with respect to difference. Then, T has a unique PPF dependent fixed point ¢* € R..
Moreover, for a fixed ¢o € R., if the sequence {¢p,} of iterates of T be defined by Tpp—1 = Pu(c) for all n € IN, then
{¢pn} converges to a PPF dependent fixed point of T in R..

Proof. Let ¢pg € R,. Since T¢pg € E, there exists x; € E such that T¢pg = x1. Choose ¢; € R, such that,

x1 = $1(0).
Continuing this process, by induction, we can build a sequence {¢,} in R, C E such that,

Tpn-1 = ¢ulc), forallneIN. 3)
Since R, is algebraically closed with respect to difference, it follows

Pn-1 = Pulle, = lIPn-1(c) — Pu(c)lle, forallm € N.

In view of the fact that T is a hybrid rational Geraghty contractive mapping we have

”an - ¢n+l||Eo = ”an(c) - ¢n+1(c)”E = ”Tgbn—l - T(Pn”E

< Blllpn-1 = Pulle) ) M(Pr—1, Pn) + Y(llpu-1 — Pulle) )N(Pi-1, Pn).
On the other hand,

llpn-1 = Pulle,

(4)

M(pu-1,Pn)
= maX{”(Pn—l = Oullk,,

llpn-1(c) = Tpu-1llellpn(c) — T(PnllE}
1+ [ITpn-1 — Tulle
lpn-1(c) = Pu(Ollellpu(c) = Pur1(©)llE

= max{lons =gl 2 (i+ﬁ;&>:iiha£ )

< max{|lpu-1 = Pullgy, llPn-1(c) = Pn(O)llE}

= max{llgn-1 — Pulley, lPn-1 — Pulle, }

= |lon-1 = Pullg,-
This implies, M(¢y-1, ¢n) = lPpn-1 — PullE,. Also,

N(¢n-1,$n) min {II(PH(C) = Tpnlle, lpn(c) = Tulle,

u¢w4¢>—T¢amm¢n@w—T¢wnm}

mﬂwmm—@wmmmram@m

MH@—@MMMW@—@MQ,

which implies, N(¢,-1, ¢n) = 0.
From (4) we obtain,

llpn = Pslle, < BlllPn-1 = PullePn-1 = Pulley < lPn-1 = Pull, (5)

for all n € IN. This implies that the sequence {||¢, — Pn+1llg,} is decreasing in R,.. Then there exists » > 0 such
that lir+n llpy — Purille, = r. Assume that, » > 0. Now, by taking limit as n — +oc0 in (4) we get,
n—+0o0o0

r< nlifpmﬁ(||¢n—l = Qullg,) 7
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which implies, 1 < lirP Blpu-1 = ¢ullg,)- So,

nl_i}}looﬁ(”(i)nfl - (PHHEU) = 1/
and since g € F, lirfl llpn—1 — Pulle, = 0 which is a contradiction. Hence, r = 0. That is,
n—+00
tim [lu1 = dulls, = 0. )

Now, we prove that the sequence {¢,} is Cauchy in R.. If not, then we get

Lim_ {lgm = pullg, > 0. 7)

m,n—+

Using the triangular inequality and since T is a hybrid rational Geraghty type contractive mapping, we
have

llpn = Pumlle, < Nipn = Pusalley + llPns1 = Pualley + lPm+1 = Puille,
< lpn = uaalley + BlllPn = Pulle)M(Pn, Pm)
+

YI$n = Gumlle, )N(Pn, ) + [|Pms1 — Pulle,-

Taking limit m,n — oo in the above inequality and applying (6) we have

m, },lil}-oo ||(Pn Qbm“Eo
< lim_ B(Igu ~ dulle) | lim  M(@u, ) ®)

+ lim y(idn = Pulle,) Hm  N(Pu, ).

Also we have,

Pn = Pmlle, < M{pu, Pm) lpn(c) = TPullellPm(c) — Tpull
2(0) — n m\C) — m
= max {”(Pn - (Pm”Egr (P 1+ |(|PT - qb (P E}

Tl
:maX{”(Pn ~ ulles lipn(c) — ¢n+1(C)IIEII<¢>m(C) <¢>m+1(C)IIE}

i 1+ IIﬁbnﬁl(c) qu+1||(c)||E
= max {”¢n - ¢W1I|Eor (Pn ¢”+1 fo ¢m ¢m+1 bo }

1+ l|pns1 = GmrtllE,
Letting m,n — oo in the above inequality and applying (6), we get

i M ) = il Gull ©
Also,
JJim N, pn)
= Tim_min {[9a(©) = Toulle 60 () = Tonle, 162(0) = Toull, I (@) = Toulle

10
Jimmin {16, = ua @, 16n(©) = Guaa @l 190(€) = Guer Ol l9n(©) = puer Ol o

lim mm{nqbn brasllzos s — Dusllzs, 1o — Duustlle 1w — ¢n+1||go} -0,

mmn—

Hence, from (8), (9) and (10), we obtain

lim sup ||¢n - QbmHEo <lim sup ﬁ(”qbn - (Pm“Eo) lim sup ”an - (Pm”Eg

m,n—+oo mmn—+oo m,n—+00
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and so by (7) we get, 1 <limsup,, ., B(lpn — PullE,)- That is,
lim  B(ln - dulle,) = 1

m,n—+oo

and since ‘B eF , We deduce
lim Py — P =0
n ” m ‘Vl”E(]

which is a contradiction. Consequently,

lim gy — Pmlle, =0

mmn—+oo

and hence {¢,} is a Cauchy sequence in R, C Ey. Completeness of E, yields that {¢,} converges to a point
¢" € Ey, that is, ¢, = ¢*, as n — +o0. Since, R, is topologically closed, we deduce, ¢* € R.. Now, since T is
a hybrid rational Geraghty type contractive mapping, we have

IT$* = @ ()l

<NTo* = Pu(Olle + llpn(c) = d*(©)lle

=IT¢" = Tpn-Dlle + lIPn = ¢"llg,

< Bllo" = u-illegM(P", Pu-1) + Yl = Pu-allE )N, Pu-1) + llpn = O"ll, -

Taking the limit as # — oo in the above inequality, we get

T = " ©lle < lim BUIY" = Puilley) lim MG, 1)

(11)
+ 1im y (6" = Pn-1lle,) lim N(@*, 1)
But,
* _ T * e _ T e
AI_I)TOIOM((P*r (Pn—l) = r}gl;)lo max {”(Z)’i - qbn—l”Eo/ ”(P (C) 1 +¢|)|]|_|'(I;|J(P— ;(;)Cn)_lu};(p 1“E}
L . lp™(c) = TP llellpu-1(c) — Pu(O)llE
“lmes b ¢mﬂhwn¢%> T el o) } "
1 . c)— ENlPn-1 7 PnllEy | _
= timmax {l9" - gn-lle =g o) =
and
lim N(¢", §n-1)
=EﬂmeW@—nmbmmmrT%mewrw%mewmrTmﬂ
(13)

= Jim min {¢°() = Tl Iga-1(6) = u(@le, I9°(€) = (@l ga-1(6) = Tole
= Jim min {[1¢°(©) = To'lle, Ign-1 = Gl 97 = Gl -1 = T} = 0.
Therefore, from (11), (12) and (13), we deduce
IT¢" = ¢l = 0,
that is,

T¢" = ¢'(0)
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which implies that ¢* is a PPF dependent fixed point of T in R..

Suppose that ¢* and ¢* be two PPF dependent fixed points of T in R, such that ¢* # ¢*. So,
llp" = @*lle, = llp*(c) — @*(O)lle
IT¢" = Tl < B(llP" = @"llE)M(", @) + y(ll¢™ = ¢"lle )N(§", ¢7)

where,

") = T@"llellp™(c) = TQlley _
1+ (T — Tolle }_ "= ¢l

M@, ) = max {I6" = 9"l
and N(¢*, ¢*) = 0. Therefore, we have,
6" = @"lle, < BlllP™ = @lleNP” = @7llEy <M1 = @l
which is a contradiction. Hence, ¢* = ¢*. Then, T has a unique PPF dependent fixed pointin R.. [

If in Theorem 2.2, we take (t) = r and y(t) = L, where 0 < r <1 and L > 0, then we deduce the following
corollary.

Corollary 2.3. Let T : Ey — E be a non-self mapping such that,
IT$ — TElle < rM(¢, &) + LN(¢, &)
forall ¢,& € Egwhere0<r<1,L>0,celand

llp(c) = TpllellE(e) - TSIIE}
L+T¢ - TElle

M, &) = max{||q> — &l
and
N, &) = min{||¢(c) ~Tlle, () — TElle, lb(c) — TEllz, () - T¢||E}.

Assume that R, is topologically closed and algebraically closed with respect to difference. Then, T has a unique
PPF dependent fixed point ¢* € R.. Moreover, for a fixed ¢po € R,, if the sequence {¢p,} of iterates of T be defined by
Tpn-1 = ¢ulc) forall n € N, then {¢,} converges to a PPF dependent fixed point of T in R..

If in Corollary 2.3 we take L = 0, then we obtain the following result.

Corollary 2.4. Let T : Eg — E be a non-self mapping such that,

llp(c) = TPllEllE(e) = TEIIE}
1+(T¢ - T¢|le

forall ¢,& € Eg where 0 < r < 1and c € I. Assume that R. is topologically closed and algebraically closed with
respect to difference. Then, T has a unique PPF dependent fixed point ¢* € R..

IT¢ = Tl < rmax {lig — &lle,,

Corollary 2.5. (Theorem 3.2 of [13]) Let T : Eg — E be a non-self mapping such that,

llp(c) = TPllellE(e) — TElI

T = TElle < alip = Elle, +b——7— ITo — TElle

(14)

forall ¢,& € Eg wherea,b>0,0<a+b < 1andc €l Assume, R is topologically closed and algebraically closed
with respect to difference. Then, T has a unique PPF dependent fixed point ¢* € R.. Moreover, for a fixed ¢y € R, if

the sequence {¢,} of iterates of T be defined by T¢p,—1 = ¢n(c) for all n € N, then {¢,,} converges to a PPF dependent
fixed point of T in R..
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Proof. Since,

llp(e) = TollellE(e) — TEllE
L+(T¢ - T<|le

llp(c) = TPllellE(e) - T«SIIE}

all — &llg, + b 1+ (T — T<lE

<(a+b) max{ll(i) = &llg,,

then from (14) we have,

llp(c) = TPllellE(e) - TEIIE}
1+(T¢ - T¢lle

where r = a + b. Hence, all the conditions of Corollary 2.4 hold and T has a unique PPF dependent fixed
point¢* € R.. O

IT¢ - Télle < rmax{llg — lle,,

In 1962, Edelstein [6] proved an interesting version of Banach contraction Principle. In 2009, Suzuki [14]
proved certain remarkable results to improve the results of Banach and Edelstein (see also [9, 11, 12, 15]).
Denote with W the family of all nondecreasing functions ¢ : [0, +00) — [0, +00) such that },7; ¢"(f) < +o0
for all t > 0, where ¢" is the n-th iterate of ¢.
The following Remark is obvious.

Remark 2.6. If € \V, then Y(t) < t forall t > 0.

Now, we are ready to prove the following Suzuki-Edelstein type theorem for nonlinear contractions in
Razumikhin class.

Theorem 2.7. Let T : Eg — E be a mapping. Suppose that there exists 1 € WV such that,

%II(P(C) —TPlle < 11§ = Elle, = TP = TElle < (Il = EllE,) (15)

forall ¢, & € Ey. Assume, R, is topologically closed and algebraically closed with respect to difference. Then, T has
a unique PPF dependent fixed point ¢* € R.. Moreover, for a fixed ¢o € R., if the sequence {¢p,} of iterates of T be
defined by Tp,—1 = Pn(c) for all n € IN, then {¢p,} converges to a PPF dependent fixed point of T in R..

Proof. Let ¢ € R.. Since T¢pg € E, there exists x; € E such that Ty = x1. Choose ¢; € R, such that,
x1 = P1(c).
Continuing this process, by induction, we can build a sequence {¢,} in R, C E such that,
Tpn-1 = ¢ulc), forallnelN. (16)

If there exists 1y € IN such that ¢, = ¢y,+1 then, ¢,,(c) = Ty, and so we have no thing for prove. Hence,
for all n € IN we assume, ||p,—1 — Pullg, > 0. Since R, is algebraically closed with respect to difference, it
follows

901 = Gulle, = Ipur(0) = pu(@lle,  forall ne N,
Now, we have,
S1651(0) = Towalle = 31010 = 9u(@le = 311901 = dull < ligs = Gl

and so by (15) we get,

lpn — Puslle, = llPu(c) = Pur1(©lle = ITPu-1 — Tulle < Y(llPn-1 — PullE,) (17)
and then,

lPn = Puslle, < " (lpo — Prllg,)
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for alln € IN.
Fix € > 0, there exists N € IN such that

Y v llgo - dille,) <.

n>=N

Let m,n € N with m > n > N. Then by triangular inequality we get

m—1
= Pulley < ) ok = Proalle, < Y W (ko — pulle,) < e.
k=n

n>N

1346

Consequently, linl llpr — Pmlle, = 0. Hence, {¢,} is a Cauchy sequence in R, € Eg. Completeness of E

yields that {¢,} converges to a point ¢* € E, that is, ¢, — ¢ as n — co. Since, R. is topologically closed,

we deduce, ¢* € R.. Therefore from (17) we get,

llpn = Pratlley < llpn-1 = Pulle,

for all n € IN. Suppose that there exists 19 € N such that,

1 *

§||¢n0 (C) - T(pfl()”E > ||¢1’10—1 - (P ||E0
and

1 "

5 1Png+1() = Tdupalle > llpn, = ¢7lley

then from (18) we have,

||¢Vl()—1 - (Pno ||E0

IA

||¢)Vlo—1 - qb*”Eo + ”d)no - qb*”Eo
1 1
< §||¢n0(0) = TpullE + §||¢n0+1(C) = Tppy+1llE

1 1

= EH(PH(](C) - ¢71(]+1(C)||E + §||¢n[)+l(c) - (.bng+2(c)”E
1 1

= §||<Pn0 = Qupsill, + §||<Pn0+1 = Qups2llE,

1 1
_”ang - (Pno—l“E() + _”ang - (Pn()—l“E() = ||¢n0 - (Pn()—l“E()
2 2

which is a contradiction. Hence, either,

IA

2160 = Tule < s ~ ¥l
or
260s1(©) = Tl < g = ¢l

holds for all n € IN. First, suppose that,

1 *
§|I<Pn(c) = TPulle < NlPn-1 = @'l
holds for all n € IN. Then from (15) we have,

IT¢" - @ (©Olle < NTP" = Tpulle + [ITpn — ¢*(0)lle
IT¢" = Tpulle + llPns1(c) = P (O)llg,
Pl = Pulley) + NP1 = @7l

IN

(18)
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for all n € N. Taking limit as n — oo in the above inequality we get, [|[T¢* — ¢*(¢)lle = 0. i.e.,
To" = ¢'(0)

By a similar method we can deduce T¢* = ¢*(c) when
1
S 1Pn1(€) = Tonalle < llpn = §"lle,-

Hence, we proved that ¢* is a PPF dependent fixed point of T in R...
Finally, Suppose that ¢* and ¢* be two PPF dependent fixed points of T in R. such that ¢* # ¢*. So,

25O = Toll = 0 < " = @'l
then from (15) we get,
16" = @llgy = 11¢°(c) = ")l = IT¢" = T’lle < Pllp™ = @7lley) <™ = ¢l
which is a contradictions. Hence, ¢* = ¢*. O
If in Theorem 2.7 we take 1(t) = rt where 0 < r < 1 then we deduce the following corollary.

Corollary 2.8. Let T : Ey — E be a mapping. Suppose that there exists 0 < r < 1 such that,

%II(P(C) —Tolle <l = Elle, = ITP = TEle < 7llp = EllE, (19)

forall ¢, & € Ey. Assume, R, is topologically closed and algebraically closed with respect to difference. Then, T has
a unique PPF dependent fixed point ¢p* € R.. Moreover, for a fixed ¢po € R., if the sequence {¢,} of iterates of T be
defined by Tpy—1 = ¢u(c) for all n € IN, then {¢p,,} converges to a PPF dependent fixed point of T in R..

3. PPF Dependent Coincidence Point Results in the Razumikhin Class

Definition 3.1. Let T : Eg — E and S : Ey — Eo. The ordered pair (T, S) is said to satisfy the condition of hybrid
rational Geraghty contraction if there exists p € F and c € I such that,

IT¢ = TElle < BAUISP — SElle, )M (¢, &) + Y (ISP = SElle, )N (b, €)
forall ¢,& € Ey, wherey : [0, 00) — [0, 00) is a bounded function and

1(5¢)(c) — TPIIElI(SE)(c) — Téllg}
1+(T¢ - T¢I

M5(9, &) = max{ns(p — S€l,

and

N(¢, &) = min{||(5¢)(c) = TPllE, [1(5E)(c) = TElIE, [1(Sp)(c) = TEllE, [1(5€)(c) = T¢I|E}.
Using Theorem 2.2 we deduce the following PPF dependent coincidence point Theorem.
Theorem 3.2. Let T: Ey — Eand S : Ey — Ey. Assume that (T, S) satisfy the condition of hybrid rational Geraghty

type contraction such that S(R.) € R.. Suppose that S(R.) is topologically closed and algebraically closed with respect
to difference. Then T and S have a PPF dependent coincidence point.
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Proof. As S : Ey — Ey, so there exists Fy € Ey such that S(Fp) = S(Ep) and S |f, is one-to-one. Since
T(Fo) € T(Eo) € E, we can define the mapping A : S(Fy) — E by A(S¢) = T¢ for all ¢ € Fy. Since S |,
is one-to-one, then A is well-defined. Now, since (T, S) satisfy the condition of hybrid rational Geraghty
contraction, we have,

IAS ) — ASEE = IT(@) = TE)Ile < BUISD — SElle,)MS(, £) + y(IISP — SEllg,)N° (¢, £)
for all ¢, & € Eg where

1(59)(c) = ASP)IIENSE)(c) = ASE)IE }

S — —_
M5(¢, &) = maX{II5¢ S¢llys 1+ [|AGSP) — A

and

N(¢, €)
= min {II(5¢)(C) = ASPE, N(SE) () = ASNE, N(SP) () = ASNIE, N(SE)(C) — ﬂ(Sqi))IIE}.

This shows that A is a hybrid rational Geraghty contractive mapping and all conditions of Theorem 2.2
hold. Then there exists unique PPF dependent fixed point ¢ € S(Fy) of A, i.e., Ap = ¢(c). Since ¢ € S(Fy)
then there exists w € Fj such that,

Tw = A(Sw) = Ap = ¢(c) = (Sw)(c).

That is, w is a PPF dependent coincidence pointof Sand T. [

Also, we can obtain the following corollaries.

Corollary 3.3. Let T: Ey = Eand S : Ey — Eg be two mappings. There exists ¢ € I such that S(R.) C R. and
IT$ — TElle < rM*(¢, &) + LN*(¢, )

forall ¢, & € Eg where <r <1,L >0,

I(5¢)(c) = TPlell(SE)(e) — TéIIE}

S — —_
M*($, &) = max {HS(P SElleo. 1+1IT¢ — TElle

and
N(¢, &) = min {II(S¢)(C) = Tlle, 1(SE)(e) — TEIE, I(SP)(c) — TEllE, I(SE)(e) — T¢IIE}-

Let S(R,) is topologically closed and algebraically closed with respect to difference. Then, T and S have a PPF
dependent coincidence point.

Corollary 3.4. Let T : Ey = Eand S : Ey — Ey be two mappings. There exists ¢ € I such that S(R.) C R. and

l(5¢)(c) — TPlIEl(SE)(c) - TEIIE}
1+T¢ - TElle

forall ¢,& € Eg where < r < 1. Let S(R.) is topologically closed and algebraically closed with respect to difference.
Then, T and S have a PPF dependent coincidence point.

ITé - TE|l: < rmax{||5¢> ~SEl,

Corollary 3.5. (Theorem 4.3 of [13]) Let, T : Ey — E and S : Ey — Eg be two mappings. There exists ¢ € I such
that S(R.) € R, and

I(5$) () = TPlIElI(SE)(e) — TElle
1+Tep - Tl

forall ¢,& € Ey, wherea,b > 0and 0 < a+b < 1. Let S(R,) is topologically closed and algebraically closed with
respect to difference. Then, T and S have a PPF dependent coincidence point.

IT) — TElle < allSp — SEllg, + b
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Theorem 3.6. Let T: Eg — Eand S : Ey — Ey. Assume that S(R.) C R. and (T, S) satisfy the condition

%II(qu)(C) = Tlle < 11S¢p = S&llg, = 1T = TElle < (IS — SEllg,)

forall ¢,& € Ey where p € W. Let S(R.) is topologically closed and algebraically closed with respect to difference.
Then T and S have a PPF dependent coincidence point.

Corollary 3.7. Let T: Ey = Eand S : Eg — Eq. Assume that S(R.) C R. and (T, S) satisfy the condition

%II(qu)(C) —TPlle < IS¢ = S&lle, = 1T — TElle < 7lIS¢P — SEllE,

forall ¢, & € Ey, where 0 < v < 1. Let S(R.) is topologically closed and algebraically closed with respect to difference.
Then T and S have a PPF dependent coincidence point.

4. Application
In this section, we present an application of our Theorem 2.7 to establish PPF dependent solution to a

periodic boundary value problem.
Consider the first-order periodic boundary value problem

xl(t) = f(tr X(t), xt)/
xo = ¢o € C[[-t,0, R] =C, (20)

x(0) = x(T) = ¢0(0),

wheret €[ =[0,T], f € C[[0, T] x R X C,IR] and x¢(s) = x(t + s) with s € [-£,0].
Problem (20) can be rewritten as

X' (t) + Ax(t) = f(t, x(t), x;) + Ax(t),
Xo = (P() e C[[-t,0],R] =C,

x(0) = x(T) = ¢o(0).

Consider
x'(8) + Ax(t) = o(t) = F(t, x(f), x1),
X0 = o,
x(0) = x(T) = ¢o(0),

where t € I.

Using variation of parameters formula, we get,
t
x(t) = x(0)e ™ + f e Mo (s)ds (21)
0
which yields

T
x(T) = x(0)e T + f e M=) (s)ds.
0
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Since x(0) = x(T), we get
T
x(0)1—e M= f ' ®g(s)ds
0
or
1 T
— S
x(0) = T 1 fo e**o(s)ds.
Substituting the value of x(0) in (21) we arrive at
T
x(t) = f G(t,s)a(s)ds
0

where e
ele,\T—_l, 0<s<t<T,
G(t,s) =

er1,0<t<s<T.
Let
E = {2 = (x)ier : 2 € C,x € CI[0, T], R], x(0) = x(T) = $o(0), %0 = o € C}.

This means that £ € C[[-¢,0], R].
Let

£ = llp = stIgD max [x¢(s) = ye(s)l = stlgo lIx: = yelle-
In [16], it is shown that E is complete.

Assume that there exists A > Osuch thatforallx,y : I - Rand ¢, & € Cwith, 3ll$(t)— fOT G(t, 8)F(s, x(s), p)ds|lr <
llp — &llc we have,

ILf(t, x(t), @) + Ax] = [f(t, y(£), &) + Ay]l < AY(llg = Elle)-

Then the PBVP (20) has a unique solution in a Razumikhin class.
For this define operator S : £ — R as

T
Sx(t) = f(; G(t,5)E(s, x(s), x5)ds.

Clearly, S is continuous. Further forx,y : [ - R and ¢, & € C with, %Ilqb(t) - fOT G(t,s)E(s, x(s), xs)ds||r <
llp — Ellc. We have,

T
1S2(t) — S(0) = fo Glt, 9)[F(s, %(5), %) — F(s, (), ys)ds

T
< fo G(t, s)AP(Ilxs — yslle)ds

t pMT+s—t) T oAs—t)
< AU(Ig = 0l » ——ds+ —d
< AYP(I% y”E),fo‘ T _ 1 5 ft AT — 1 S]

T
)
= AYP(IX - Dllg) ;1)(6” _ MI=t) | AT _ 1)]

AT —
= 9(lI% = 9llg)-

t
1

= M1k = 9le)| S (e"(”s_t)

+ e/\(s—t)

0
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Hence, the hypotheses of Theorem 2.7 are satisfied and so, there exists a fixed point £* € E such that

S

= (X (D)ter-
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