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On Generalized Absolute Cesaro Summablity Factors

Hiiseyin Bor®

P. O. Box 121, TR-06502 Bahgelievler, Ankara, Turkey

Abstract. In this paper, we prove a known theorem dealing with ¢— | C, a, B |, summability factors under
more weaker conditions. This theorem also includes several new results.

1. Introduction

A positive sequence (b,) is said to be an almost increasing sequence if there exists a positive increasing
sequence (c,) and two positive constants M and N such that Mc, < b, < Nc, (see [2]). A sequence (d,)
is said to be 6-quasi-monotone, if d, — 0, d, > 0 ultimately and Ad, > -0,, where Ad,, = d,, — d,1 and
0=(0y) is a sequence of positive numbers (see [3]. A positive sequence X = (X,) is said to be a quasi-f-power
increasing sequence, if there exists a constant K = K(X, f) > 1 such that Kf,X,, > f, X, foralln > m > 1,
where f = (f,) = {n(logn)’, y 2 0, 0 < n < 1} (see [14]). If we set y=0, then we get a quasi-n-power
increasing sequence (see [13]). Let ) a, be a given infinite series. We denote by tff’ﬁ the nth Cesaro mean of
order (a, f), with a + > —1, of the sequence (na,,), that is (see [9])

IR w
= — ; ZAﬁ_},Aﬁvav, 1
An v=1
where
AYP = Ome*h), Ag+ﬁ =1 and A% =0 for n>0o. )

Let (¢,) be a sequence of complex numbers. The series }’ a, is said to be summable ¢ — | C,a, 8 |,, k > 1,
if ( see [5])

)

Z nk| (pntz’ﬁ [F< oo. (3)

n=1

In the special case when ¢, = ni=i, ¢ — | C a,p |, summability is the same as | C, a, § |, summability (see
[10]). Also, if we take @, = n””’%), then ¢ — | C, a, f |, summability reduces to | C, , ; 0 |, summability (see
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[6]. If we take B = 0, then we have ¢ — | C, a |, summability (see [1]) If we take @, = n'=t and B =0, then

we get | C, a |, summability (see [11]. Finally, if we take ¢, = n+1-t and B =0, then we obtain | C, a; 0 [,
summability (see [12]).

2. The known results

The following theorems are known dealing with ¢— | C, @, $ |, summability factors of infinite series.

Theorem 2.1[7] Let (X,;) be an almost increasing sequence such that | AX, |= O(%) andletA, —» 0asn — co.
Suppose that there exists a sequence of numbers (B,) such that it is 6-quasi-monotone with }’ nX,0, < o,
Y. B, X, is convergent and | AA, |<| B, | for all n. If there exists an € > 0 such that the sequence (ne7k | ©n <)

is non-increasing and if the sequence (04%) defined by

a,p

o _ ty' ‘, a=1,8>-1 “
! maXi<p<n tz,ﬁ , O<ax< 1,,3 > -1
satisfies the condition
m
8
Z K | 05 = O(X,) as m — oo, 5)

n=1

then the series )’ a,A, is summable p— | C,a,f |, k>1,0<a <1,>-1and (a + Bk +€ > 1.

Theorem 2.2 [8] Let (X,;) be a quasi-f-power increasing sequence and let A, — 0 as n — co. Suppose that
there exists a sequence of numbers (B,) such that it is §-quasi-monotone with AB,, < 8,, Y, n6,X, < o,
Y. B, X, is convergent and | AA, |<| B, | for all n. If there exists an € > 0 such that the sequence (k| On 5y
is non-increasing and the condition (5) is satisfied, then the series )’ a,A, is summable ¢o— | C,a, B |,, k > 1,
O<a<l,f>-land (a+pPk+e>1.

3. The main result

The aim of this paper is to prove Theorem 2.2 under more weaker conditions. Now, we shall prove the
following theorem.
Theorem 3.1 Let (X,,) be a quasi-f-power increasing sequence and let A, — 0 as n — oco. Suppose that there
exists a sequence of numbers (B,) such that it is 6-quasi-monotone with AB,, < 0y, ), 16,X, < o0, Y, B, X,
is convergent and | AA, |< | B, | for all n. If there exists an € > 0 such that the sequence (x| ©n 5y is
non-increasing and the condition

= (Lo | oy
Y S = O(X,) as m oo ©)
—
= kX 1

satisfies, then the series }’ a,1, is summable p— | C a,f |, k>1,0<a <1,f>-1land (a+p -1k +e>0.
Remark 3.2 It should be noted that condition (6) is the same as condition (5) when k=1. When k > 1
condition (6) is weaker than condition (5), but the converse is not true. As in [15] we can show that if (5) is
satisfied, then we get that

X (L a | 0,7 ( qonw“ﬁ)k
= = 0O(X,,
; nkxl’;fl Xk 1 Z ( )

If (6) is satisfied, then for k > 1 we obtain that
(I pul 6F) | 9 M N e Lpu | 0 ey v (o | 677)F ‘
X, ——— = 0(Xj, —— = 0(X},) # O(Xy).
2 =) e ( ;:1 e (X)) # O(X,n)

n=1
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We need the following lemmas for the proof of our theorem.
Lemma3.3[4]If0<a<1,f>-1and1<v<n, then

| Z A3 Ay I< max | Z AT Aba, | ?)

Lemma 3.4 [8] Under the conditions regarding (1,) and (X,) of Theorem 3.1, we have
| An | X = O(1) as n— oo. 8)

Lemma 3.5 [8] Let (X,,) be a quasi-f-power increasing sequence. If (B,) is a 6-quasi-monotone sequence with
AB, <6, and Y 1n6,X, < oo, then

(e8]

Y nX, | AB, |< oo, 9)
n=1
nB,X, =0(1) as n — oo. (10)

4. Proof of Theorem 3.1 Let (Ta ﬁ) be the nth (C, a, ) mean of the sequence (na,A,). Then, by (1), we have

T,l = Mﬁ ZA“ 1A’gvav Ay

1’1

Applying Abel’s transformation first and then using Lemma 3.3, we have that

af  _ 148 148
Tof = a+ﬁZA)\ ZAg 1A pa, + MZA” 1Aboa,,
n v=1 n
1 n— v
T < Aa+ﬁZ|M” 1Y A ;Aﬁpa,,u o ZA“ 1APva, |
n = ‘Vl
n—-1

IA

MﬁZA“Aﬁ 057 | Ado |+ An | 637
A

n
a,p a,ﬁ
Ti+T5
To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to show that

Z n* | uTo f< 00 for r=1,2,

n=1
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Now, when k > 1, applying Hélder’s inequality with indices k and k', where  + £ = 1, we get that

m+2 m+1 “k n—1
T W e D WA
n=2 n=2
m+1 n-1 1
< Y P g, Y o PR B, 'k{ 1}
n=2 v=1 o=1
m ; . m+1 nfk | ¢ |k
— (DH—ﬁ)k a,pyk —l’l
= O(]-) Z % (60 ) | Bv | Z n1+(0(+/3—1)k
v=1 n=ov+1
" @Bk, pBk k ek | ©n |k
_ a+p &, - -
= O(l) Z 0 (Gy ) | Bv | Z n1+(a+ﬁ,1)k+g
v=1 n=v+1
m m+1 1
k Bk k, e~k k
= 0(1)Zv<a+ﬁ> (03°Y| B, [F0°7 | g, | Z THarp ke
=1 n=v+1

— O(]_)Zv(a+ﬁ)k(6aﬁ)k c—k | ®o |k I B | f W

= O<1>2| By Il Bo (057 | o 1)t

= O<1>Z|B| k1(9aﬁ|¢v|)k
90‘[3 . 9"‘[5 v
- O<1>ZA(|B |>Z( kX'(k’i') Oy |Bm|2( k;fl
m—1
= 0(1) Y | Al By 1) | Xy + O] By X
v=1
m—1
= O Y 1@+1DA|By | =By | Xy + O(1ym| By X,
v=1
m—1 m—1
= O()) 01 ABy | X, +0(1) Y By [Xo + Ol By [X,,
v=1 v=1

= 0(1) as m— oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.5. Finally, we have that

in‘kl(pn

n=1

ZM 1A F 508 | o )

@, k
—n7 0y | g )

gvf k
= o(1)ZA|)\ |Z( 2 I%D +O(1)I)\m|2%
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m—1

= 0(M) Y 1 A4y | Xy + O) | Aw | Xy
n=1
m—1

= O(l) | By 1X, + O(l) | Ap | Xim
n=1

= 0(1) as m— o,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4. This completes the proof of Theorem 3.1. If
we take (X,) as an almost increasing sequence such that | AX,, |= O(%), then we get Theorem 2.1. In this
case the condition ” AB,, < 0, ” is not need. If we take e = 1 and ¢, = nl‘%, then we obtain a new result
for | C,a, B |, summability. If we takee =1, = 0and ¢, = n"”‘%, then we get a new result for | C, a; 0 [,
summability. Also, if we take § = 0, then we get another new result dealing with ¢— | C, a |, summability
factors. Finally if we take y=0, then we get a new result dealing with quasi-n-power increasing sequences.
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