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Maximal Antichains of Isomorphic Subgraphs of the Rado Graph

Milos S. Kurilié?, Petar Markovié®
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Trg Dositeja Obradovica 4, 21000 Novi Sad, Serbia

Abstract. If (R, E) is the Rado graph and R(R) the set of its copies inside R, then (R(R), C) is a chain-complete
and non-atomic partial order of the size 280. A family A c R(R) is a maximal antichain in this partial order
iff (1) AN B does not contain a copy of R, for each different A, B € A and (2) For each S € R(R) thereis A € A
such that A N S contains a copy of R. We show that the partial order (R(R), C) contains maximal antichains
of size 2%, 8, and #, for each positive integer n (thus, of all possible cardinalities, under CH). The results
are compared with the corresponding known results concerning the partial order ([w]”, C).

1. Introduction

The object of our study is the Rado graph (the countable random graph) introduced by Erd6s and Rényi
[3] and characterized as the unique (up to isomorphism) countable graph (R, E) such that the set

REUK={re R\(HUK):Vhe H (rh€ E) A Vk €K (rk ¢ E)}

is non-empty, for each pair of disjoint finite subsets H, K of R. This rich combinatorial structure and various
related structures (for example the automorphism group and the endomorphism monoid of (R, E), various
topologies on R etc.) were extensively explored (see [1]).

Since for each partition of the Rado graph R into two pieces at least one of them is isomorphic to R, one
of the structures naturally related to the Rado graph (and providing additional information about it) is the
partial order (R(R), C), where R(R) is the set of all isomorphic copies of R contained in R, that is the set of
all subsets A of R such that (A, E N [A]?) is a countable random graph. It is easy to see that (R(R),C) is a
chain-complete and non-atomic partial order with the largest element R and of the cardinality continuum.
Concerning the question of how “tall” is this partial order, we note that, by [4], the class of order types
of maximal chains in the poset (R(R), C) is exactly the class of order types of linear orders of the form
K\ {min K}, where K is a compact subset of the real line, IR, having the minimum non-isolated. Thus, for
example, there is a maximal chain of isomorphic subgraphs of the Rado graph (R, E) order isomorphic to
the interval (0, 1]r.
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Our main goal is to determine how “wide” is the partial order (R(R), C), that is to find one of its order
invariants - the set of cardinalities of maximal antichains in (R(R),C). So we will show that under the
CH there are maximal antichains in (R(R), C) of all possible cardinalities x (1 < x < 2%). We note that,
in contrast to this result, in the poset ([R]”, C) of all infinite subsets of R, which contains our poset as a
sub-order, countable maximal antichains do not exist. In this paper we use the terminology of set theory,
rather than lattice theory, so our antichains are what some authors call strong antichains; we will define all
our terminology in the next section to avoid confusion.

Ultimately, the motivation for this paper comes from set theory, since the study of posets and their
antichains is closely related to the study of possibilities for a forcing construction.

2. Preliminaries

Our notation is mainly standard. So w = {0,1,2,...} is the set of non-negative integers and, also, the
minimal infinite cardinal (w = 8p). ¢ = 2% is the cardinality of the continuum. For a set X, by |X| we denote
its cardinality and, for a cardinal x, [X]* = {A € X : |A| = x} and [X]** = {A C X : |A| < «}.

If (IP, <) is a partial order, the elements p and q of IP are said to be incompatible iff there is no r € IP such
that r < pand v < g. A subset A of P is called an antichain iff each two elements of A are incompatible
and A is a maximal antichain iff it is not properly contained in any antichain of IP. By Zorn’s Lemma each
antichain in IP is contained in some maximal antichain. Chains in I are its linearly ordered subsets. A
partial order ([P, <) is called: chain complete iff each chain in P has a least upper bound; non-atomic iff
below each element of P there are incompatible elements of IP.

We will compare our results with the corresponding known results concerning the partial order ([w]“, C)
(isomorphic to ([R]”, C)) where maximal antichains are called maximal almost disjoint families or, shortly,
mad families. So, A C [w]” is a maximal antichain in the poset {[w]?¥, C) (that is, a mad family) iff

-|A N B| < w, for each different A, B € A;

- For each S € [w]® thereis A € Asuch that|AN S| = w.

Let a = min{|A| : A C [w]? is an infinite mad family}. Then we have (see [2]).

Fact 1. In the partial order {(w]®, C)
(a) There are maximal antichains of size n, for each positive integer n;
(b) There are no maximal antichains of size 8, so Ng < a < ¢;
(c) There are maximal antichains of size c.

A pair (R, E) is a graph if R is a non-empty set and E C [R]* or, equivalently, E C R? is a symmetric and
irreflexive relation. In order to simplify notation, instead of {r,s} € E or (r,s) € E we will write rs € E. We
will use the following known facts concerning the Rado graph (see [1]).

Fact 2. Let (R, E) be a Rado graph and F a finite subset of R. Then
(@) R\ F € R(R);
(b)RE={reR\F:{ueF:urecE})=S}eRR),foreach S CF, and R = FU sy RE is a partition of R.
() IfR = X1 U -+ U Xy is a partition, then X; € R(R), for some i < k.
(d) The union of a chain of copies of R in R(R) is a copy of R.

Concerning the partial order (R(R), C) preliminarily we have

Proposition 1. Let (R, E) be a Rado graph. The partial order (R(R), C) is a non-atomic, chain complete suborder of
the order {[R]?, C) (isomorphic to the order {{w]“, C)), has the largest element, R, contains all cofinite subsets of R
and, hence, has countably many co-atoms: R\ {v}, v € R.

Proof. If A € R(R) and v € A then, by Fact 2(b), the sets {1 € A:av € E} and {a € A : av ¢ E} are incompatible
elements of R(R) below A, so the poset is non-atomic. It is chain complete since the union of a chain of
copies of R is a copy of R and, by Fact 2(a), it contains cofinite subsets of R. [
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3. Finite and Countable Maximal Antichains in (R(R), C)

Now, for a Rado graph (R, E) we investigate the size of maximal antichains of its copies. Clearly,
A C R(R) is a maximal antichain in the poset (R(R), C) iff

- AN B does not contain a copy of R, for each different A, B € A;

- For each S € R(R) there is A € A such that A N S contains a copy of R.
First we show that the analogue of Fact 1(a) holds in the poset (R(R), C).

Theorem 1. For each integer n > 2 there is a partition of the Rado graph, (R, E), into n random subgraphs and in
(R(R), C) it is a maximal antichain of size n.

Proof. First, using induction we show that for each n > 2 the graph R can be partitioned into # elements of
R(R). Letw € R. Then, by Fact2(b), R{[zw”; and Rg”} are random subgraphs of R and, clearly, R = {w} UR%?;]} UR({;’}

is a partition of R. According to Fact 2(a), the graph R is isomorphic to its subgraph R; = R{[Z; U R({le and,
consequently, R can be partitioned into two random subgraphs.

If R is partitioned into # elements of R(R), R = Ry UR, U --- U R, then partitioning R, into two random
subgraphs as above we obtain a partition of R into # + 1 elements of R(R).

Now, let R = R{ UR, U --- UR,, be a partition of R, where R; € R(R), for all i < n. Clearly {Ry,Ry, ..., Ry}
is an antichain in the ordering (R(R), C) and we prove its maximality. Let S € R(R). Then S = U;,, SN R; is
a partition of S into finitely many pieces so, by Fact 2(c), at least one of them, say S N R;,, belongs to R(R).
Hence S and R;, are compatible elements of R(R). Thus each element of R(R) is compatible with some R;,
which proves the maximality of {Ry,Ry,...,R,}. O

Now we show that, in contrast to Fact 1(b), the poset (R(R), C) contains maximal antichains of size 8.
For this we need the following lemma. In the sequel, if F € [R]*“, then instead of R? we will write RF.

Lemma 1. If (R, E) is the Rado graph and S, T € [R]<“, where T ¢ R° U S, then RS \ R°T is a random graph.

Proof. Letw € T\ (RS U S). Then thereis 7 € R\ (SU {w}) such that 7w ¢ E and rs € E, for all s € 5. So
r € RS and r ¢ R%VYT, which implies R® \ R°VT # 0. Let H,K € [R® \ R°VT]<¢ be disjoint sets. Then H' = HU S
and K’ = K U {w} are disjoint finite sets, so there is v € R\ (H’ U K’) such that (i) Yr € H U S(vr € E) and (ii)
Vr € KU {w}(vr ¢ E). By (i) we have v € R® and, by (ii), vw ¢ E, so v ¢ R°YT, hence v € R° \ RVT. Also vr € E
forallr € Hand vr ¢ E for all r € K. So, R® \ R%"T is a random subgraph of R. [

Theorem 2. If (R, E) is the Rado graph, then there exists an 1-1 enumeration R = {ak : k,n < w} such that

(a) Each column A, = {a’,‘, : k < w} of the matrix [a’; : (k,n) € w X w] is a random graph. Also, for each n € w,
By, = Uyysn Am is a random graph.

(b) A ={A, : n € w}is a maximal antichain in the partial order (R(R), C).

Proof. (a) Let us fix an element w of R and for each infinite subset B of R let us fix a bijection ap : w — B. Let
the sets B, C R, n € w, be defined recursively by

By =R\ {w},

B; = R® and, forn > 2,

B - R{w}u[ug,\gi+1 (k) = i+k<n-2} if Vi<n—2 |B1 \ Bi+1| =w,
" 0 otherwise.

Claim 1. For each n € w we have ¢(n), where @(n) is the conjunction of the following conditions:

(Pl(n) = B, D Byi1;

@2(n) = B, \ By € R(R).
Proof of Claim 1. We prove the claim by induction. Clearly R \ {w} > R, that is By D By, thus ¢1(0) holds.
According to Fact 2(b) we have By \ B = (R \ {w}) \ R = R({DW} € R(R) and ¢,(0) is proved.
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Let m > 0 and suppose ¢(i), for each i < m. Then for each i < m we have B; \ B;41 € R(R), which implies
B; \ Bix1| = @ so, according to the definition, B,, = RV s, 0 :itk<m=2) gnq B\ = RIwIV@sm,, (0 iksm-1)
which implies B,, D By,4+1 and ¢1(m) is proved.

According to Lemma 1 and since B, \ By41 = R® \ R%YT, where

S ={w} U {agpp,, (k) : i +k <m -2} and

T= {aBi\BM (k) itk=m-— 1},
for a proof of ¢a(m) it is sufficient to show that T ¢ R° U S. Clearly we have ag\s,(m — 1) € T and

apy\p,(m —1) € By \ By, 1)

which implies ag,\, (m—1) ¢ {w}. Suppose thatag,\g, (m—1) = ap,p,,, (k) for someiand k satisfying i+k < m—2.
Then i = 0, since i > 0 would imply ag,\p,.,(k) € B; C By, which is impossible by (1). Now, since ap\p, is a
bijection, agy\p, (m — 1) = ap\p, (k) implies k = m — 1, but k < m — 2, a contradiction. Thus ag,\p,(m — 1) ¢ S.

According to the induction hypothesis we have B,, C B, which, together with (1) implies ag\p, (m — 1) ¢
B, = R®. So ag,\p,(m —1) € T\ (R° U S) and ¢y(m) is true. Claim 1 is proved.

For convenience, let the element ap,p,,, (k) be denoted by ai.‘ . Then, according to Claim 1, for each n € w
we have

Bn — R{w}U{a?:i+kSn—2} e R(R), (2)

Ap =aef By \ Bus1 = a1 k < w} € R(R). @3)
Claim 2. (eq Bn = 0.
Proof of Claim 2. Suppose that there exists u € (), By. Let v be an element of R satisfying

uv ¢ E and agv ¢ E. 4)

Since u € B; = R'™ we have uw € E and, by (4), v # w, which implies v € By. Since v € B, would imply
agv € E, which contradicts (4), we have v ¢ By. So, nyp = min{n € w : v ¢ B,} € {1,2} and v € B,,,_1 \ B,;, which
implies that v = aﬁi’)_l, for some ko € w. But, since u € By 114k, = Rl@Viakirksno—1+ko} we have yp = uaﬁ%_l €E.
A contradiction to (4). Claim 2 is proved.

By Claim 2, R = {w} U ,;c, Ax is a partition of R. By the uniqueness of the Rado graph and Fact 2(a),
the graphs R and R \ {w} are isomorphic so we can identify R and | J,,c,, A» and (a) is proved.

(b) Since the sets A,, 1 € w, are disjoint elements of R(R), A = {A, : n € w} is an antichain in the ordering
(R(R), C). Suppose that A is not a maximal antichain. Then some S € R(R) is incompatible with each A,,
that is

Vnew -ACeRR) CCSNA,. )

Letip = min{i € w : SN A; # 0} and let ky = minf{k € w : a* € S}. Then ”i‘? € SN A;, and we prove that

io

C= (U snA)\ () ¢ RR). (6)

i=iy

Suppose C € R(R). Then, by Fact 2(c), S N A; \ {ai.‘o“} € R(R), for some i € {ig,ip + 1,...,ig + ko + 1}, which
contradicts (5).

HUKU[2}
By (6) there are disjoint finite subsets H, K c C such that RgUK N C =0 and, moreover, R, “NC=0.
. . HuKu{af“] .
Since S € R(R) there exists v € R, ®NS. Sincev ¢ Cand v # afo“ we have v € Bj4k,42 NS C Bjjsky2 =

ks e VKUY -
RlwMafitksivtkol which implies Uai.:’ €E.ButveR, ° implies vai.‘[;) ¢ E. A contradiction. [J
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4. Uncountable Maximal Antichains in (R(R), C)

In this section we show that the poset (R(R), C) contains maximal antichains of size ¢ (so the analogue
of Fact 1(c) is true).

For reader’s convenience we list some definitions and facts from set theory. The sets V,,, n € w, are
defined recursively by: Vy = 0 and V.1 = P(V,,). The union V,, = U,,c,, Vi is the collection of hereditarily
finite sets (the combinatorial universe) and, for n € w, the set Lev,, = V41 \ V,, is the n-th level of V. The
rank of a set x € V,, is defined by rank(x) = min{n € w : x € V,,41}. So V,, = {x € V,, : rank(x) < n} and it
is easy to check that Lev,, = {x € V,, : rank(x) = n} and rank(x) = sup{rank(y) + 1 : y € x}. The transitive
closure of a set x is the set trcl(x) = |,,c,, U"x, where Ux = x, and U"1x = | U"x.

Fact 3. (a) V,, is a countable transitive set (i.e. x € V,, implies x C V).

(b) The structure (V,, €) satisfies all the axioms of set theory ZFC except the Axiom of Infinity (Inf). In particular,
ifx,y € V,, then {x},x Uy € V,, etc.

(c) Vy,NOrd = w.

(d) x € V, iff x is a finite subset of V,.

(e) Vi = {x : trcd(x)] < w}.

In the sequel by ¢ we will denote the binary relation on the class of all sets defined by: xey if and only if
x € yor y € x. Also, instead of (x,y) € ¢ we will write xy € ¢ and, if H is a set, instead of (H, ¢ N H?) we will
write (H, ), whenever confusion is impossible.

Fact 4. The structure (V, €) is a Rado graph.

Proof. Let H and K be disjoint finite subsets of V,,. Then H,K € V,, and n = rank(K) < w. Since V,, E ZFC -
Infand H,n € V,, we havev = HU {n} € V,,. Now, for each 1 € H we have h € v, thus hv € ¢. On the other
hand, for k € K there holds k ¢ H (since H N K = () and k # n (since rank(k) < n = rank(n)) so k ¢ v. Since
rank(v) > n+ 1, wehavev ¢ k, thuskv ¢ ¢, forallk e K. O

Lemma 2. If A is an infinite subset of w, then Sy = \U,ea Lev, is a random subgraph of the graph (V,, €).

Proof. Let H,K € [54]°* be disjoint sets. The set {rank(x) : x € H U K} is a finite subset of w, hence
m = max{rank(x) : x € HUK} +2 < w. Clearly n = min(A \ (m+ 1)) e Aand n > m. Letv = HU (n \ m).

We prove v € S54. Since H,n \m € [V,]**, wehave Hn\m € V,and HU (n \ m) € V,, (because V,, E
ZFC - Inf) so v € V,,,. Moreover rank(v) = sup{rank(x) +1: x e HU (n \ m)} = n € A, thus v € Lev,, C S4.

Foreachh €e Hwehaveh e v,sovh € e forallh € H.

Letk € K. Then k ¢ H (since HN K = () and k ¢ n \ m (because rank(k) < m and for l € n \ m we have
rank(l) = | > m) thus k ¢ v. On the other hand, rank(v) = n > m > rank(k) implies v ¢ k so vk ¢ ¢, for all
keK. O

Theorem 3. Let A be an almost disjoint family in w. Then
(a) Ay, =1{Sa : A € A} is an almost disjoint family on V, consisting of random subgraphs of (V,, €).
(b) In (R(R), C) there exists a maximal antichain of size c.

Proof. (a) By Lemma 2, for each A € A the set Sg = U,ecaLev, € R(V,). If A, B € Aand A # B, then
|ANB| <8 s0S54NSp=,eans LeVy is a finite set, since the sets Lev,, are finite.

(b) By Fact 1(c), there are mad families on w of size ¢. If A is one, then, by (a), Ay, is an antichain in
(R(Ay,), C) of size ¢ and, by Zorn’s Lemma, it is contained in a maximal antichain of the same size, because

Vol“l=¢ O
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