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Abstract. In the present paper the authors introduce two new subclasses R,x(A,A,B) and T,x(A, A, B)

of multivalent analytic functions. Some properties such as distortion inequalities, inclusion relation and
partial sums are given.

1. Introduction

Throughout this paper, we assume that

N={1,2,3,---},ke N\{1},-1<B<0,B<A<land0<A <1 (1.1)
Let A(p) denote the class of functions of the form
f@) =2+ Z a,z2" (p €N), (1.2)
n=2p

which are analytic in the unit disk U = {z : |z] < 1}. For functions f and g analytic in U, we say that f is
subordinate to g in U and write f(z) < g(z) (z € U), if there exists a Schwarz function w(z) in U such that

lw(z)| < |z| and f(z) = g(w(z)) (z € U).

Recently, several authors obtained many important properties and characteristics of multivalent analytic
functions in A(p) (see, e.g., [1] to [6] and [13] to [18]; see also the recent works [7], [9], [10] and [12]). Inspired
by these works, the authors will define two new subclasses of A(p) in the present paper. Some properties
of these subclasses such as distortion inequalities, inclusion relation and partial sums are derived.

We first define the following two subclasses of A(p).

Definition 1. A function f € A(p) defined by (1.2) is said to be in the class R, (A, A, B) if and only if it
satisfies the coefficient inequality

Z [n(1 = B) = p(1 = A)(1 = A + Ad,,,)llaul < p(A — B). (1.3)
n=2p
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Definition 2. A function f € A(p) defined by (1.2) is said to be in the class T, (A, A, B) if and only if it

satisfies the coefficient inequality

(o]

Z n[n(l = B) = p(1 = A)(1 = A + A8, ,0)]lan| < p*(A - B).
n=2p

It is obvious that

f(z) € T,x(A, A, B) if and only if 276 R,x(A, A, B).
If we write
n(1-B) —p(1—=A)1 = A+ Ad, k) n
an = p(A—DB) and = an (n22p),
then it is easy to verify that
8,3;1 — Eaafn > O,
dA  pdA
9P
B _ n day, <0
JdA pdA
and 5
ﬂ = Eaa” > 0.
dB pJdB

Thus we obtain the following inclusion relations. If
0<A<A<1,-1<B;<B<0,B<A<land A<A; <1,
then
Tyx(A, A, B) C Ryi(A, A, B) € Ryi(A1, A1, Br) € Ryr(0,1, 1)

and
Tp,k(/\/ A/ B) g Tp,k(AllAll Bl) g Tp,k(o/ 1/ _1)

(1.4)

(1.5)

(1.6)
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2. Main Results

The following lemma will be required in our investigation.
Lemma. Let f € A(p) defined by (1.2) satisfy the condition (1.3). Then

(1—A);Zz;(i)Afp,k(z) <Viig§ zel) 1)
where

for(2) = kz;, D), e = e () 02)
and

s ={ 3 () =

Proof. For f € A(p) defined by (1.2), the function f, x(z) in (2.2) can be expressed as

fox(z) =2 + 2 O p kAnZ" (2.4)
n=2p
with
k=1 n—p
k_lz op _ [ 0 (FeN),
Oupk = 1 (=2 en).
In view of (1.1) and (2.3), we see that
PA(l = A+ Adppx) —nB 2 =B[n —p(1 = A + A0upx)] 20 (n > 2p). (2.5)

Suppose that the inequality (1.3) holds. Then from (2.4) and (2.5) we deduce that

2f'(2) 0 -
Thf@ @ P | ‘ Yool = p(L = A + Ay p i) Janz"™"
Bzf'(2) N - 0 - - np
pA — WM P(A = B) + Loy [PA(L = A + Ady k) — nBlanz

< Z:IO:Zp[n - P(l -A+ Aén,p,k)]lan|
= DA = B) - Loy [PA(L = A + A8,,,) — nBlla,]
<1 (2 =1).

Hence, by the maximum modulus theorem, we arrive at (2.1).

Remark 1. By Lemma and (1.6), one can see that each function in the classes R, x(A, A, B) and T, x(A, A, B)
is multivalent starlike.

Theorem 1. Let £ ¢ N and suppose that either

(@1-B2p(l- A)and0</t<1 or

b)1-B<p(l-A)and0< A< (1 A)

@) If f € Ryx(A, A, B), then forz € U,

A-B
|zP — 2% < |f(2)] < |zFP +

A-B o
21-B) - (1-A)1-1)

A-B-A-Ad-n"

(2.6)
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The bounds in (2.6) are best possible for the function f defined by

_ A-B 2
f@ =2 s —a—aa—n” 2.7)
(ii) If f € T,x(A, A, B), then for z € U,
A-B A-B
p-1 14 ’ p-1 14
N v ey et ) Ol LR e s ) 28)
The bounds in (2.8) are best possible for the function f defined by
=7+ I p a-aa-n” 29)
Proof. Let % ¢ N. Forn > 2p (n € N) and % ¢ N, we have 6,k = 62k = 0, and so
1-B)-p(1-A)(1-A+Ad -
n(1-B) —p(l - A) k) | 200=B) = (1 -A)1 - 2.10)
p(A - B) A-B
Forn > 2p (n € N) and % € N, we have 6, ,x = 1 and
n(1=B) —p(1 =AY = A+ Ady k) . 2p+1)(1-B)-p(1-A4A) 2.11)
p(A - B) - p(A—B) '
If either (a) or (b) is satisfied, then
2p+1)1-B)-p1-A -B)-(1- -
@p+1HA-B)-pd-4) 20-5-1-4)1-1) (2.12)

p(A—-B) = A-B
(i) If

f@)=2"+ ) anz" € Ryx(A, A, B),
n=2p

then it follows from (2.10) to (2.12) that

2(1 - B)—(1 A)(l A)Z|n|<1

n=2p

Hence we have

f@I <P+ 127 ) Jaul

n=2p
A-B
< 7P 2p
<E s aTm—a-aa-o?

and

f@ 2 2P =27 ) ol

n=2p
A-B
20-B)—(1-A)1-4)

> [z - 2 > 0
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forze U.
(ii) If
f@) ="+ ) az" € Tx(A,A,B),
n=2p
then (2.10) to (2.12) yield

21-B)—(1-A)1-A) inla <1

p(A-B) e

This leads to (2.8). Now the proof of the theorem is complete.
Theorem 2. Let
1-B

———— <A<l
p(1-A4)

%géN,l—B<p(1—A)and

() If f(z) = 2% + agz® +--- € Ryk(A, A, B), then for z € U,

p(A = B) = p[2(1 = B) = (1 = A)(1 = A)]laz|
2p+ 1)1 -B)-p(1 - A)

2 2v+1
If @) < |21 + lagpllzl? + |z|P*

and

p(A = B) = p[2(1 = B) — (1 = A)(1 — A)]laz, |

f@ 2 2l = lagy iz - 2p+ )1 -B)-p(l-A)

Equalities in (2.14) and (2.15) are attained, for example, by

p(A —B)

22p+1
(2p +1)(1 = B) —p(1 - A)

f@) =2+

(i) If f(z) = 27 + azpz% + -+ € Tyi(A, A, B), then for z € U,

|Z|2p+1'

p*I(A—B) —2(2(1 - B) - (1 = A)(1 = A))lazl]

’ p—l Zp—l
|f' @) < plzlP™ + 2plag, ||z~ + @2p+1)(1 - B) - p(1 - A)

and

p*I(A - B) —2(2(1 - B) - (1 - A)(1 = A))lazl]

/ — 2p-1
L @+ DA-B)-p(1-A)

Equalities in (2.16) and (2.17) are attained, for example, by

- p*(A-B)
2p+DI2p + (1 - B) - p(1 - A)]

f@) =z

Proof. Note that (2.13) implies that

(2p+1)(1-B)-p(1-A) L21-B)-(0-A4)01-4)
p(A—-B) A-B

(i) For f(z) =2 + azpzz” +--- € Ryx(A, A, B), it follows from (2.10), (2.11) and (2.18) that

i la,| < 1.

n=2p+1

2(1—13)—(1—1‘\)(1—/\)| I+ 2p+ 1)1 -B) - p(1 - A)
A_B oy (A - B)

2p+1

1861

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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From this we can get (2.14) and (2.15).
(ii) For f(z) = 2 + azpzzp +--- € Tyx(A, A, B), from (2.10), (2.11) and (2.18) we deduce

220-B)-A-A0-N] . Cp+DHA-B)—pl-4) i nla,| < 1.

A-B p (A - B) n=2p+1
Hence we have (2.16) and (2.17). The proof of the theorem is complete.
Theorem 3. Let % €N.
() If f € Ryx(A, A, B), then forz € U,
A- A-
p_ T < < |zl + =~ |72, .
2P~ g < f@I <l + (2:19)
The bounds in (2.19) are best possible for the function f defined by
A-B
Ny 7
flz)=2"+ 1+A—2BZ . (2.20)
(ii) If f € T,x(A, A, B), then for z € U,
A-B A-B
p-1(1_ =~ )< |f < pfl( —p)' )
e (1= Sl ) < 1@ < plab ™ (14 T2 @2.21)
The bounds in (2.21) are best possible for the function f defined by
fla) =2 A-B (2.22)

T 20+A-2B)
Proof. Let £ € N. Forn > 2p (n € N)and =X € N, we have n = 2p + k(I - 1) (I € N), bypx = O2ppx = 1 and
n(l1-B)—p(1—A)A = A+ Adypx) J1+A-2B

p(A - B) - A-B (223)
Forn > 2p (n € N) and %’ ¢ N, we have 6, px = 62p+1px = 0, and so
n(1-B)—p(1-A)1=A+ Adupk) S 2p+1)(1-B)-p1-A)1-A1)
p(A - B) a p(A - B)
1+A-2B
> — (2.24)
(i) If
f@)=2"+ ) 22" € Ry(A, A, B),
n=2p
then it follows from (2.23) and (2.24) that
1+A-2B
BB Y it (2.25)

Hence we have

f@I <P + 127 ) Jaal
n=2p
-B

e [ V7
1T A_28"

<|zfF +
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and
f@1 = Rl =12 ) lal
n=2p
A-B
S — 22 T |2
2l = g
forz € U.
(ii) If

f@)=2"+ ) a2" € Tx(A,A,B),
n=2p

then (2.23) and (2.24) yield

(o)

1+A-2B
—_— nla,| < 1.
p(A - B) Z;p

This leads to (2.21). The proof is completed.
Next, we generalize the inclusion relation T, (A, A, B) C R, x(A, A, B) which is mentioned in (1.6).
Theorem 4. If -1 < D < 0, then

Ty x(A, A, B) C Ryi(A, C(D), D), (2.26)

where
(1-D)(A -B)
21-B)+(A-B)’

Proof. Since B< A <1and -1 <D < 0, we see that

C(D)=D+

D <C(D) < 1.
Let f € Tyx(A, A, B). In order to prove (2.26), we need only to find the smallest C (D < C < 1) such that

n(1-D) = p(1 = O = A+ A8upx) _ #n(1 = B) = p(1 = A)(1 = A + A5,)]
p(C-D) - p*(A-B)

(2.27)

for all n > 2p, that is , that

(1= D)l = p(1 = A + Ab,,0)] (1= B)n - p(1 = A+ A8,,0]

F(A=A+ A8, ) < g { F(1-A+ Aén,p,k)} . (2.28)

P p(A - B)
For n > 2p and % ¢ N, (2.28) is equivalent to
o T — 2.29
2D+ iy g = P (say). 229)

n—p(1-4) * p(A-B)

Noting that (1.1), a simple calculation shows that a(p((;i’x) <Oforallreal x > 2pand 0 < A < 1, and so the

function ¢(A, n) is decreasing in # (n > 2p). Therefore

P(A,2p +1) (g € N),
Forn > 2p and =% € N, (2.28) becomes
p(1-D)A-B)
CZD+n(1—B)+p(A—B)_(P(O'n) (2.31)
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and
@(0,2p) (FeN),
0,n) < 2.32
ren {<P(0fk([’£]+l)+v) (Fen). .
Consequently, by taking
CD) = 90,29) = D+ 5D 2.39)

2(1-B)+ (A-B)’

it follows from (2.27) to (2.33) that f € Ry x(A, C(D), D). Thus the proof is complete.
Now we derive certain results of the partial sums of functions in the classes R, x(A, A, B) and T} x(A, A, B).
Let f € A(p) be given by (1.2) and define the partial sums s;(z) and s,,(z) by

2p+m—2
s1(2) = 2/ and sp(z) = 2 + Z 4,2" (me N\ (1}). (2.34)
n=2p

For simplicity we use the notation a, (n > 2p) defined by (1.5).
Theorem 5. Let f € R, x(A, A, B) and let either
(@1-B2p(l-A)and0<A <1, 0r
(b)1-B<p(l-A)and0 <A< p(llji).

Then for m € N, we have

f@) 1
Re(Sm (z)) >1 - (zel (2.35)
and
Sm(2) A2p+m-1
Re( f@) ) T T Aopim-1 (z < ). (2.36)

The bounds in (2.35) and (2.36) are sharp for each m.
Proof. If either (a) or (b) is satisfied, then for n > 2p,

n(1=B) —p(1=A)1 = A+ Adupi) S 1-B

a, = (A=) _A_le (2.37)
and
ot = st 1 =B = pA(l = A)(Ons1,pk = Onpi)
p(A - B)
1-B-pA(1-A)
>a, + 2(A—B)
> ay. (2.38)

Let f € Ryx(A, A, B). Then it follows from (2.37) and (2.38) that

2p+m—2 0 0
Yl Y el <) el <1 (meN\{1)), (2.39)
n=2p n=2p+m-1 n=2p
If we put
(2)
piz)=1+ A2p+m-1 (S];m -1
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forz € Uand m € N \ {1}, then p;(0) = 1 and we deduce from (2.39) that

P1 (Z) -1 ’ a2P+m_1 Z;t.o:2p+m—l anZ”—P
2p+m-2 _ _
pi(z) +1 2 (1 + Zniz;f a,z" F’) + Qopym-1 Zfﬂpmfl a,z" P
(o8]
< a2p+m—1 Zn=2p+m—1 |a7l|
- 2p+m-2
2-2 ZnZZp |an| — 2p+m-1 ZZO:Zp+m—1 |an|
<1 (@zel; meN\{1).

This implies that Re(pi1(z)) > 0 for z € U, and so (2.35) holds for m € N \ {1}.
Similarly, by setting
p2(z) = (1 + +m—1)—SM(Z) — 2pm-1
Y fay Y

it follows from (2.39) that

pa(z) — 1‘ B (1 + azpsm-1) Lnopem—1 anz" P

p2(z) + 11 |2 (1 + ng;"_z anz”‘l’) + (1 = azpem-1) Lpiopemer nZ" 7
B (1 + azpem-1) Lytopsm—1 1]
T 2-28 70 ] = (@gpemt = 1) Zilgpmet ]

<1 (zel; meN\{1}).

Hence we have (2.36) form € N \ {1}.
For m =1, replacing (2.39) by

(9] (o)
Y ol <) alan <1
n=2p n=2p

and proceeding as the above, we see that (2.35) and (2.36) are also true.
Furthermore, taking the function f defined by

Z2p+m—1

f2) =2"+ € Ry (A, A, B),

A2p+m—1

we have s,,(z) = 2,

Re(f(z))—>1— 1 asz—>exp( i

Sm (Z) A2p+m-1

and

Ao
Re(sm(z)) o s 21,
f(Z) 1+ a2p+m—1

Thus the proof of Theorem 5 is completed.

Corollary. Let the assumptions of Theorem 5 hold. Then, for z € U, we have

1-B 14

Re(—f(Z)) > M- (]? ) N),
B K

Z wmanin (FEN)-

and

1+A-2B 14

g TR )
Re(_) >4 BAReona-a  (p
-B)-(1-1)(1- 14

f (2) { 1-B+A(1-A)+2(A-B) (E ¢N )

p+m-—1

|

1865
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The results are sharp.

Remark 2. Replacing R, (A, A, B) by T x(A, A, B), it follows from Theorem 5 that the inequalities (2.35)
and (2.36) are true.

In Theorem 6 below we improve the bounds in (2.35) and (2.36) for f € T, (A, A, B).

Theorem 6. Let f € T,x(A, A, B) and let either (a) or (b) in Theorem 5 be satisfied. Then for m € N, we
have

Re(ﬂ@)>1—( P (z e U) (2.40)

Sm(Z) 219 +m— 1)052p+m—1

and

Sm(Z) (ZP +m— 1)a2p+m—1
Re( f(@) ) g p+Q2p+m— 1)0(2p+m—1

The bounds in (2.40) and (2.41) are sharp for the function f defined by

(z € U). (2.41)

p22p+m—l

flz)=2"+ € Tyx(A, A, B). (2.42)

(2?7 +m-— 1)0‘2p+m—1
Proof. By virtue of the assumptions of Theorem 6, it follows from (2.37) and (2.38) that

2p+m—2

2p+m—1 _ = =
Y ol + & St Y i< Y Raal <1 one N\ (1) (243)
n=2p p n=2p+m-1 n=2p p
and
aop Z Ianl < Z Eanmnl <1 (244)
n=2p n=2p p
If we put
2p +m = Dagpim-1 { f(z)
P =1+ . 25-1)
and
(Z) _ (1 + (2P +m-— 1)0(2p+m—1) Sm(Z) _ (2P +m-— 1)a2p+m—1
P2 p f@) p ’

then (2.43) and (2.44) lead to Re(pj(z)) > 0 (z € U; m € N; j = 1,2). Hence we have (2.40) and (2.41).
Sharpness can be verified easily.
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