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An Extension of Darbo Fixed Point Theorem and its Applications
to Coupled Fixed Point and Integral Equations
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Abstract. In this paper, an extension of Darbo fixed point theorem is introduced. By applying our
extension, we obtain a coupled fixed point theorem and a solution for an integral equation. The proofs of
our results are based on the technique of measure of noncompactness.

1. Introduction

Recently many papers have been appeared about the notion of measure of noncompactness and its
applications where it was initiated by Kuratowski [12]. Darbo [11] applied the technique of measure
of noncompactness to the fixed point theory and extended Schauder fixed point theory to noncompact
operators. Some authors have used of Darbo fixed point theory to construct applications of measure of
noncompactness, see for example [1, 2, 8]. In this paper, first some essential concepts and results are recalled.
In the second section, an extension of Darbo fixed point theorem and some related results are presented,
while in the third section, we apply our extension to obtain a coupled fixed point. Finally, by applying our
extension, a solution of an integral equation is obtained.

Now some notions, definitions and results which will be used in sequel are recalled. Let (E, ||.||) be a Banach
space with the zero element 0. Denote by B(0, ) the closed ball in E centered at 6 with radius r. Assume B,
denote B(0,r). If X be a subset of E, the closure and the closed convex hull of X will be denoted by X and
Conv(X), respectively. Moreover, we use the symbols Mg and N to indicate the family of all nonempty and
bounded subsets of E and the family of all nonempty and relatively compact sets, respectively.

Definition 1.1. [6] A mapping p : Mg — [0, 00) is called a measure of noncompactness if it satisfies the following
conditions:

(1) The family Kery = {X € Mg : u(X) = 0} is nonempty and Kery C NE.
(2) XY = u(X) < u(Y).

(3) u(X) = u(X).

(4) p(Conv(X)) = w(X).
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(5) pAX+ (1 -2)Y) < AuX) + (1 - A)u(Y) for A € [0,1].

(6) If {X,} is sequence of closed sets from Mg such that X,.1 € X, for n = 1,2,... and lim pu(X,) = 0, then
n—o0o
Moy Xy is nonempty.

Now we state Darbo and Schauder fixed point theorems of [3, 11] which are used in the main results.

Theorem 1.2. (Schauder) Let U be a nonempty, bounded, closed and convex subset of a Banach space E. Then every
continuous and compact map F : U — U has at least one fixed point in U.

Theorem 1.3. (Darbo) Let Q be a nonempty, closed, bounded and convex subset of the Banach space Eand F : Q — Q
be a continuous function. Assume that there exists a constant k € [0, 1) such that u(FX) < ku(X) for any nonempty
subset X of Q. Then F has a fixed point in Q.

Aghajani et al. [1] generalized Darbo fixed point theorem as follows.

Theorem 1.4. Let () be a nonempty, bounded, closed and convex subset of a Banach space E. Assume T : {3 — Q
be a continuous operator such that

P(TX)) < P(u(X)) = p(u(X))

for any nonempty subset X of (3, where u is an arbitrary measure of noncompactness and @, : [0, 00) — [0, o0)
are given functions such that ¢ is lower semicontinuous and v is continuous on [0, 00). Moreover, (0) = 0 and
@(t) > 0fort > 0. Then T has at least one fixed point in .

Theorem 1.5. Let Q) be a nonempty, bounded, closed and convex subset of a Banach space E. Suppose T : O — Q
be a continuous operator satisfying

w(TX) < p(u(X))

for any nonempty subset X of Q, where i is an arbitrary measure of noncompactness and ¢ : [0,00) — [0, 00) is
nondecreasing function such that lim @"(t) = 0 for each t > 0. Then T has at least one fixed point in the set Q).
n—oo

The following definition, theorem and example are used to prove the main result.

Definition 1.6. ([7]) An element (x,y) € X X X is called coupled fixed point of a mapping F : X x X — X if
F(x,y) =xand F(y,x) = y.

Theorem 1.7. ([6]) Assume 1, i, .. ., Un be the measure of noncompactness in Eq, Es, . .., E,, respectively. Suppose
F : [0, 00)" — [0, 00) is convex and
F(x1,x2,...,x4) =0ifand only ifx; =0 fori=1,2,...,n. Then

w(X) = F(u1(Xy), u2(X2), - - ., un(Xi))

defines a measure of noncompactness in Ey X Ey X --- X E,, where X; denote the natural projection of X into E; for
i=12,...,n

Example 1.8. ([2]) Let u be a measure of noncompactness and F(x, y) = x + v for (x, y) € [0, o). Then F has all the
existent properties in Theorem 1.7. Hence p(X) = u(Xq) + u(X2) is a measure of noncompactness in the space E X E
where X;,i = 1,2 denote the natural projections of X into E.
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2. Some Results Concerning the Darbo Fixed Point Theorem

Now motivated and inspired by Theorems 1.4, 1.5 and the existing contractive condition in [9], we state
the main result of this paper which extends and generalizes Darbo fixed point theorem.

Theorem 2.1. Let U be a nonempty, bounded, closed and convex subset of the Banach space E. Assume F : U — U
be a continuous operator satisfying

P(pEX))) < ¢ (pXN)PX)) (1)
for all nonempty subset X of U, where i is an arbitrary measure of noncompactness defined in E, 1 : [0, 00) — [0, o0)
is nondecreasing such that (t) = 0 if and only if t = 0 and ¢ : [0, c0) — [0, 1) with limsupp(t) < 1 for all r > 0.
t—r*
Then F has a fixed point in U.

Proof. Let us define a sequence {U,} such that Uy = U and U,, = Conv(FU,_1) forn =1,2,... . If there exists
an integer number g such that u(U,,) = 0, then U,,, is compact. So by Theorem 1.2 F has a fixed point in U.
Assume that u(U,) > 0 for n > 0. Due to (1), we deduce that

P(p(Uns1)) = P(u(Conv(FU,))) = Y(u(FU,)) < G (U)W (p(Un))- )

By (2), the sequence {¢(u(U,))} is non-increasing. So, there exists r > 0 such that y(u(U,)) — r. We claim
that r = 0. Let 8, = ¢(u(U,)) and B = sup, (). Thus, from [[14], Theorem 2.1] we have f € [0,1). Due
to (2), we have

,Bn+1 < (P(ﬁn),gn < ,Bﬁn (3)
This implies that

Bus1 < O(Bu)Bn < BPn < f7Pu-1 <+ < B"B1. (4)

Letting n — oo in (4), we infer that 8, = P (u(U,)) — 0. Now we indicate that u(U,) — 0. Since {¢(u(U,)}
is a decreasing sequence and 1 is nondecreasing, we obtain that {1:(U,)} is a decreasing sequence of positive
numbers. This yields that there exists t > 0 such that lim u(U,) = t*. Since ¢ is nondecreasing, we arrive

that

P(t) < P(u(Uy)). (5)

Letting n — oo in (5), we have 1(t) < 0. So, Y(t) = 0 which implies that t = 0 and we have u(l,) — 0.
Now keeping in mind that U, € U, and lim u(U,) = 0, from condition (6) of Definition 1.1 we conclude

that the set U, = N7, U, is nonempty, closed, convex and Us, C U. Moreover, taking in to account our
assumptions, we infer that U, is invariant under the operator F and U, € Keru. Consequently, from
Theorem 1.2 we deduce that F has a fixed point. [

The Darbo fixed point theorem is followed if ¢ = I and ¢ = k in the Theorem 2.1.

Corollary 2.2. Let U be a nonempty, bounded, closed and convex subset of the Banach space E. Assume F: U — U
be a continuous operator such that

H(F(X) < ku(X) (6)
for all nonempty subset X of U, where u is an arbitrary measure of noncompactness defined in E and k is a constant

in [0,1). Then F has a fixed point in U.

Corollary 2.3. Let U be a nonempty, bounded, closed and convex subset of the Banach space E. Assume F : U — U
be a continuous operator satisfying

HEX)) < a(pX))pX) (7)

for all nonempty subset X of U, where p is an arbitrary measure of noncompactness defined in E and « : [0, 00) —
[0, 1) is a non-decreasing function. Then F has a fixed point in U.
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Proof. Since a is non-decreasing, we have lim supa(f) < 1 for all ¥ > 0. Thus, by taking @ = ¢ and ¢ = in
t—rt

(7) we have
P(EX)) < o (XY X))
Now, Theorem 2.1 completes the proof. [
Corollary 2.4. Let U be a nonempty, bounded, closed and convex subset of the Banach space Eand F : U — U be a
continuous operator such that
HE(X)) < duX)uX) (8)

for all nonempty subset X of U, where i is an arbitrary measure of noncompactness defined in E and ¢ : [0, 00) —
[0,1) such that lim sup(t) < 1 for all ¥ > 0. Then F has a fixed point in U.

t—rt

Proof. The result is followed by applying Theorem 2.1 with () = 2t. 0O

3. Application to Coupled Fixed Point

Very recently, as an applications of measure of noncompactness, Aghajani and Sabzali [2] derived the
following coupled fixed point theorem.

Theorem 3.1. Assume Q be a nonempty, bounded, closed and convex subset of the Banach space Eand G : QxQ —
Q be a continuous function such that

w(G(X1 X X3)) < kmax{u(Xy), u(X2)}

forany X1, Xo € Q, where p is an arbitrary measure of noncompactness and k is a constant with 0 < k < 1. Then G
has at least a coupled fixed point.

Proof. [2] O

Let W denote all functions 1 : [0, 00) — [0, o) such that
(1) ¢ is nondecreasing and ¢(t) = 0 if and only if t = 0,
(2) Pt +s) <yP(t)+P(s) forallt,s > 0.

Now motivated and inspired by Theorem 3.1, we apply Theorem 2.1 and the concept of measure of
noncompactness to prove the existence of a coupled fixed point for the function F: U x U — U.

Theorem 3.2. Let U be a nonempty, bounded, closed and convex subset of the Banach space E. Assume F : UxU —
U be a continuous function such that

P(uF(Xy x X)) < %¢(¢(M(X1) + uX2))Pu(Xa) + p(X2) ©)

forany Xq, X, C U, where 1 is an arbitrary measure of noncompactness defined in E, 1p € W and ¢ : [0, 00) — [0, 1)
such that lim sup(t) < 1 for all r > 0. Then F has a coupled fixed point.

t—rt
Proof. By taking 1(X) = u(X1) + p(Xz), we know that p1 is a measure of noncompactness in the space E X E,
where X;,i = 1,2 indicate the natural projections of X. Let us define the map F : Ux U — U x U by
F(x,y) = (F(x, y), F(y, x)). Since F is continuous, F is also continuous. Let X C U X U be a nonempty subset.
Hence, due to (9) and the condition (2) of Definition 1.1 we conclude that

PEEX) < PuFX x Xp) X F(X2 X X1)))

= PuEE x X2)) + P(uF(X2 X X4)))
< W) + pCNYWX) + (X))
= O uX)N)P(u(X)).
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So
PEFO) < Q@ EENPEX)). (10)
Consequentially, by Theorem 2.1 F has a fixed point, which means that F has a coupled fixed point. [J

Corollary 3.3. Let U be a nonempty, bounded, closed and convex subset of the Banach space E. Assume F : UxU —
U be a continuous function such that

1
pEXL X X)) < SOQu(X) + 2u(X2))(u(X1) + p(X2)) (11)
forany X1, X, C U, where y is an arbitrary measure of noncompactness defined in E and ¢ : [0,00) — [0,1) isa

function satisfying lim sup(t) < 1 for all v > 0. Then F has a coupled fixed point.

t—rt

Proof. Applying Theorem 3.2 with (t) = 2t, we have the result. [

4. Existence of Solution for an Integral Equation

In this section as an application of Theorem 2.1, we investigate the existence of solutions for the integral
equation of the form

t
x(t) :f(t,x(if))+f0 g(t,s,x(s))ds, (12)

where t > 0. Let x € BC(R") where BC(R™") is the space of all real functions defined on R* equipped with
the norm

llx|| = sup{| x |: t > 0}.

Banas [5] constructed a measure of noncompactness in the space BC(R*). To present that measure, let us fix
a nonempty bounded subset X of BC(R*) and a positive number K > 0. For x € X and ¢ > 0 Put

w®(x, €) = sup{| x(t) — y(t) |: t,s € [0,K],| t —s |< €},
X (X e) = sup{wK(x, g):x e X},
W (X) = Eiir(}wK(X, €),
wo(X) = %1330 wh (X).
Moreover, for a fixed number t € R*, let us put
X)) ={x(t) : x € X}
and
diamX(t) = supi{| x(t) — y(t) |: x, y € X}.
Now let the function y is defined on Mpc(r+) as the follows:

t(X) = wo(X) + lim supdiamX(t).

t—oo

Banas [5] showed that the function p(X) defines a measure of noncompactness in the space BC(R™).
Let @* denote all nondecreasing and upper semicontinuous functions ¢ : [0, 00) — [0, 1). Moreover, denote
by W* all functions ¢ : R* — R* such that
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(1) ¥ is nondecreasing and upper semicontinuous,
(1) Y(@) <tforallt > 0and ¢(t) = 0if and only if = 0.
Assume that the functions applied in (12) satisfy the following conditions:
(1) f:R* xR — Ris continuous and the function t — f(t,0) is a number of the space BC(R").

(2) There exist functions ¢ € ®* and i € V" such that for any t € R* and for all x, y € R we have
1
(20 = f(t, )l < SO = yD)ip(lx = y)-

(8) The function g : R* X R* X R — R is a continuous function and there exist continuous functions
a,b: R" — R* such that

lima(t) f b(s)ds=0 and |g(t,s,x)| < a(t)b(s)
t—oo 0

for all t,s € R* with s < t and for each x € R.

(4) There exists a positive solution rq of the inequality
1
SOWEWR +q<r,

where g = supf| f(¢,0) | +a(t) j; b(s)ds}.
Now we can state the following theorem.

Theorem 4.1. Let assumptions (1) — (4) are satisfied. Then the equation (12) has at least one solution x = x(t)
belonging to the space BC(RY).

Proof. Let the operator T has been defined on the space BC(R*) as the follows:
t
0 = £6,30) + [ ott,5, 300 13)
0

Keeping in mind our assumptions, we infer that Tx is continuous on R*. Let x be an arbitrary element of
BC(R*). Taking into account our assumptions, we deduce that

(IOl < 1fEx0) — FE O +IfE 0N+ [ | 9t,s,x(s) | ds 1

< 3O (O D x(0) ) + (1,0l +a(t) [ b(s)ds.

Since 1 and ¢ are nondecreasing, in view of (14) we conclude that
I Tx |I< %ﬂb(ll/(ll XNl x D+ 1 £(£,0) | +4, (15)

where g = sup{|f(t,0)| + a(t) fot b(s)ds}. Thus T transforms continuously BC(R") into itself. From (15) and
assumption (4) we conclude that T maps B, into itself where rj is the existing constant in the assumption
(4). Now we indicate that T is continuous on B;,. Let ¢ > 0 be an arbitrary fixed number and x, y € B,, such
that || x — y ||I< e. Taking into account our assumptions, we have

< 3@ x(t) — y(®) DY x() - y() |) + fof | g(t, s, x(s) — g(t, s, y(s) | ds
< 20WEWE + 11 gt s,x(5) | ds 16)
+ [y 1gtts,y(s) 1 ds < 3o@(eNg(e) + 2¢(t),

I(Tx)(t) = (Ty)(®)l
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where c(t) = a(t) fo s)ds. Moreover, from(3) we conclude that there exists K > 0 such that for all t > K we
have 2a(t) fo b(s)ds < €. So, from (16) we obtain that

1
(T = (Ty)(t) 1< € + 5P (e)y(e). (17)
Now let the quantity wX(g, ¢) is defined as follows:
wK(g, e) =supil g(t,s,x) — g(t,s,y) |: t,s € [0,K],x, y € [-1r0,70], | x —y I< €}.

The function g(t, s, x) is uniformly continuous on the set [0, K] X [0, K] X [-7, 79]. So a)K(g, &)— 0ase¢ — 0.
On the other hand from (16) for an arbitrary fixed t € [0, K] we obtain

K
dWENY(e) + [ [0 (g, €) | ds as)
P((e))(e) + Kw'(g, ).

Due to (17) and (18) we infer that T is continuous on B,,. Now let X be a nonempty subset of B,, ¢ > 0

and K > 0 be arbitrary fixed numbers. Assume t,s € [0,K] such thats < tand | t —s |< €. In view of our
assumptions, for x € X we get

[ (Tx)(8) = (Ty)(®) |

I IA

Gt x(0) = fs, xG)I+ | f) g, 7, x(0)dT = [ gls, 7, x(D)d |
[f(t, x(1) = f(t, x| + |f(t, x(5)) = f(5,x(5))
+ | fot g(t, T, x(7))dt — fot g(s, T, x(T))dt | + | fot g(s, T, x())dt — fos g(s, T, x(1))d7 |
@f(f, €) + 3o( x(t) = x(5) NY( x(b) - x(5) |) (19)
+ [ 1 gt 7)) = gls, T x(0) | de + [ g6, ’C,X(T)) | dt

Wy (f, €) + qu(w (@, NP (x, 0) + [ (g, &)t +a(s) [ b(r)d

@y (f, &) + 30" (x, &))@ (x, €) +I<wK(g,é) + e supla(s)b(t), t,s € [0, K]},

| (Tx)(t) = (Tx)(s) |

<
<

IAIA

where

wX(f, €) = supfl f(t,x) = f(s,%) |: t, s € [0,K], x € [-ro, o], | t =5 |< €}
and

a)f(g, €) =supil g(t, 7, x) — g(s,t,x) |: t,5 € [0,K], x € [-r9,70], | t =5 |< €}

Since f is uniformly continuous on [0, K] X [-ty, 9] and the function g on the set [0, K] X [0, K] X [-r9, 7], we
obtain that wX(f, ¢) — 0and w(g, ¢) — 0as e — 0. Hence, from (19) we obtain that

WS(TX) < ZHmo (" (NP (x, ). 20)

Since ¢ and 1 are upper semicontinuous, so from (20) we derive that

W§(TX) < SOW NP ),
So
@(TX) < ZOW NP @(X)). @

Let x, y be two arbitrary functions of X. Thus, for t € R* we have

|(TO® ~(TYE | < | fExE) ~ fEy®) |+ [ | g(t,s,x(s) | ds

+ [ 195, y6) | ds < 2o x(H) = y(t) D1 x(t) - y(b) ] (22)
+2¢(t),
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where c(t) = a(t) fot b(s)ds. Since ¢ and ¢ are nondecreasing functions, so from (22) we have

diam(TX)(t) < %gb(w(diam(X)(t)))w(diam(X)(t)) + 2c(t). (23)
Now since ¢ and ¢ are upper semicontinuous, from (23) we get
lim sup diam(X)(t) < %qb(l,b(lim sup diam(X)(t)))(lim sup diam(X)(t)). (24)
t—oo t—oo t—00

Using (21) and (24) and our assumptions we have

So

P(wo(X) + limsup diam(X)(t)) < wo(X) + lim sup diam(X)(t)
t—oo t—00
PP (wo(X) + lir:ﬂ sup diam(X)(t)))ip(wo(X)

+lim sup diam(X)(t)).

t—oo

IA

P((TX)) < ¢ (X)) Y(pX))-

From the above inequality and Theorem 2.1, we infer that there exists a solution of the the equation (12). [
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