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Miscellaneous Properties for a Class of Complex Functions
Defined by Rodrigues Type Formula
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Abstract. In the present paper, we consider a class of holomorphic complex functions defined by Rodrigues
type formula and we investigate some properties such as generating function and recurrence relations. Also,
we discuss some applications of the given results.

1. Introduction

Orthogonal polynomials in two complex variables were studied by many researchers. Zernike intro-
duced 2D analogue of Legendre polynomials which are orthogonal on |z| ≤ 1 and which arise on optical
problems [20, 21]. The more general disc or Zernike polynomials were given in [13, 17] (see also [4]).

Ito [12] defined the complex Hermite polynomials Hm,n (z1, z2) generated by (similar polynomials with
other names and notations were defined by [16])

∞∑
m,n=0

Hm,n (z1, z2)
um

m!
vn

n!
= euz1+vz2−uv,

which are studied several mathematical physicists, for example, they are applied to quantum optics and
quasi probabilities and they are seen in combinatorics [14, 18, 19]. The Rodrigues formula is as follows

Hm,n (z1, z2) = (−1)m+n ez1z2
∂m+n

∂zn
1∂zm

2

{
e−z1z2

}
.

Also, q -analogues of the Ito’s polynomials were introduced by Ismail and Zhang in [11]. Moreover, there are
many research papers for complex Hermite polynomials, we refer to [3, 6–9]. A brief review of orthogonal
polynomials in two complex variables was given by Ismail and Zhang [10]. For other complex orthogonal
polynomials and q-analogues of them, we refer to [10]. Other references on the 2D-orthogonal polynomials
are [5], [15], [16], etc.

In the previous works [1, 2], we have studied the family of real analytic functions defined by Rodrigues
type formula and investigated their properties. Motivated by the class of real analytic functions, we consider
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Rabia Aktaş et al. / Filomat 32:20 (2018), 6903–6909 6904

a class of holomorphic complex functions. Our aim in the present paper is to discuss some properties of a
class of holomorphic complex functions Qm,n (z1, z2) of Hermite type suggested by the Rodrigues formula

Qm,n (z1, z2) = e−ϕ(z1,z2) ∂
m+n

∂zm
1 ∂zn

2

{
φ (z1, z2) eϕ(z1,z2)

}
, z1, z2 ∈ C (1)

( m,n = 0, 1, 2, ... )

which gives the complex Hermite polynomials Hm,n (z1, z2) in the special case.
In Section 2, we first derive a generating function and then we obtain several recurrence relations by

using the obtained generating function. Section 3 has some applications of the results obtained in the earlier
section. The known properties of the complex Hermite polynomials Hm,n (z1, z2) are given as examples of
our results.

2. Miscellaneous Properties of the Function Qm,n (z1, z2)

Let f (z1, z2) be holomorphic on the closed polydisc D
2
, D2 = {z := (z1, z2) : |z1| < 1 , |z2| < 1} . Then

f ∈ C∞
(
D2

)
and for each z ∈ D2,

∂m+n

∂zm
1 ∂zn

2
f (z1, z2) =

m!n!

(2πi)2

∮
|ξ1 |=1

∮
|ξ2 |=1

f (ξ1, ξ2)

(ξ1 − z1)m+1 (ξ2 − z2)n+1 dξ2dξ1.

By using Cauchy formula for the partial derivatives of f , we first give a generating function for the function
Qm,n (z1, z2).

Theorem 2.1. Let ϕ (z1, z2) and φ (z1, z2) be holomorphic on the closed polydisc D
2
. For the function Qm,n (z1, z2) ,

we have
∞∑

m,n=0

Qm,n (z1, z2)
um

m!
vn

n!
= G (z1, z2; u, v) (2)

where

G (z1, z2; u, v) = φ (z1 + u, z2 + v) eϕ(z1+u,z2+v)−ϕ(z1,z2).

Proof. Using the definition of the function Qm,n (z1, z2) and Cauchy formula, one can write

∞∑
m,n=0

Qm,n (z1, z2)
um

m!
vn

n!

=

∞∑
m,n=0

e−ϕ(z1,z2) ∂
m+n

∂zm
1 ∂zn

2

(
eϕ(z1,z2)φ (z1, z2)

) um

m!
vn

n!

=
1

(2πi)2

∞∑
m,n=0

e−ϕ(z1,z2)umvn
∮
|ξ1 |=1

∮
|ξ2 |=1

eϕ(ξ1,ξ2)φ (ξ1, ξ2)

(ξ1 − z1)m+1 (ξ2 − z2)n+1 dξ2dξ1

=
e−ϕ(z1,z2)

(2πi)2

∮
|ξ1 |=1

∮
|ξ2 |=1

eϕ(ξ1,ξ2)φ (ξ1, ξ2)
(ξ1 − z1) (ξ2 − z2)

∞∑
m,n=0

( u
ξ1 − z1

)m ( v
ξ2 − z2

)n
dξ2dξ1
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for
∣∣∣ u
ξ1−z1

∣∣∣ < 1 and
∣∣∣ v
ξ2−z2

∣∣∣ < 1,

=
e−ϕ(z1,z2)

(2πi)2

∮
|ξ1 |=1

∮
|ξ2 |=1

eϕ(ξ1,ξ2)φ (ξ1, ξ2)
(ξ1 − z1) (ξ2 − z2)

1
1 − u

ξ1−z1

1
1 − v

ξ2−z2

dξ2dξ1

=
e−ϕ(z1,z2)

(2πi)2

∮
|ξ1 |=1

∮
|ξ2 |=1

eϕ(ξ1,ξ2)φ (ξ1, ξ2)
(ξ1 − (z1 + u)) (ξ2 − (z2 + v))

dξ2dξ1

= e−ϕ(z1,z2)φ (z1 + u, z2 + v) eϕ(z1+u,z2+v),

which gives the desired.

Remark 2.2. In particular for u = z1, v = z2 and for u = z2, v = z1, we have

∞∑
m,n=0

Qm,n (z1, z2)
zm

1

m!
zn

2

n!
= φ (2z1, 2z2) eϕ(2z1,2z2)−ϕ(z1,z2)

and

∞∑
m,n=0

Qm,n (z1, z2)
zm

2

m!

zn
1

n!
= φ (z1 + z2, z1 + z2) eϕ(z1+z2,z1+z2)−ϕ(z1,z2).

It is possible to obtain recurrence relations by using the generating function (2). For this purpose, we
start with the following equations satisfied by G (z1, z2; u, v):

φ (z1 + u, z2 + v)
∂
∂u

G (z1, z2; u, v) = G (z1, z2; u, v)
∂
∂u
φ (z1 + u, z2 + v) (3)

+ φ (z1 + u, z2 + v) G (z1, z2; u, v)
∂
∂u
ϕ (z1 + u, z2 + v)

and from the symmetry,

φ (z1 + u, z2 + v)
∂
∂v

G (z1, z2; u, v) = G (z1, z2; u, v)
∂
∂v
φ (z1 + u, z2 + v) (4)

+ φ (z1 + u, z2 + v) G (z1, z2; u, v)
∂
∂v
ϕ (z1 + u, z2 + v) .

Theorem 2.3. From (3) and (4), the following recurrence relations hold true

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i+1,n− j (z1, z2)

∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

=

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j+1

∂zi+1
1 ∂z j

2

φ (z1, z2)

+

m,n∑
i, j=0

m−i,n− j∑
k,l=0

m!n!
(m − i − k)!

(
n − j − l

)
!i! j!k!l!

Qm−i−k,n− j−l (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)
∂k+l+1

∂zk+1
1 ∂zl

2

ϕ (z1, z2) (5)
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and by symmetry, it follows

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j+1 (z1, z2)

∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

=

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j+1

∂zi
1∂z j+1

2

φ (z1, z2)

+

m,n∑
i, j=0

m−i,n− j∑
k,l=0

m!n!
(m − i − k)!

(
n − j − l

)
!i! j!k!l!

Qm−i−k,n− j−l (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)
∂k+l+1

∂zk
1∂zl+1

2

ϕ (z1, z2) . (6)

Theorem 2.4. Other relations for Qm,n (z1, z2) are given as follows

m,n∑
i, j=0

(
m
i

)(
n
j

)
∂
∂z1

Qm−i,n− j (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

=

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j+1

∂zi+1
1 ∂z j

2

φ (z1, z2)

−
∂
∂z1

ϕ (z1, z2)
m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

+

m,n∑
i, j=0

m−i,n− j∑
k,l=0

m!n!
(n − j − l)! (m − i − k)!i! j!k!l!

Qm−i−k,n− j−l (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)
∂k+l+1

∂zk+1
1 ∂zl

2

ϕ (z1, z2) (7)

and
m,n∑
i, j=0

(
m
i

)(
n
j

)
∂
∂z2

Qm−i,n− j (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

=

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j+1

∂zi
1∂z j+1

2

φ (z1, z2)

−
∂
∂z2

ϕ (z1, z2)
m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

+

m,n∑
i, j=0

m−i,n− j∑
k,l=0

m!n!
(n − j − l)! (m − i − k)!i! j!k!l!

Qm−i−k,n− j−l (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)
∂k+l+1

∂zk
1∂zl+1

2

ϕ (z1, z2) . (8)

Proof. It is seen that the following relations are satisfied by the function G (z1, z2; u, v)

φ (z1 + u, z2 + v)
∂
∂z1

G (z1, z2; u, v) = G (z1, z2; u, v)
∂
∂z1

φ (z1 + u, z2 + v)

+φ (z1 + u, z2 + v) G (z1, z2; u, v)
(
∂
∂z1

ϕ (z1 + u, z2 + v) −
∂
∂z1

ϕ (z1, z2)
)

and

φ (z1 + u, z2 + v)
∂
∂z2

G (z1, z2; u, v) = G (z1, z2; u, v)
∂
∂z2

φ (z1 + u, z2 + v)

+φ (z1 + u, z2 + v) G (z1, z2; u, v)
(
∂
∂z2

ϕ (z1 + u, z2 + v) −
∂
∂z2

ϕ (z1, z2)
)
.

(9)
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If we substitute Taylor series expressions of the functionsφ (z1 + u, z2 + v) andϕ (z1 + u, z2 + v) about (u, v) =
(0, 0) and the expression (2) of G (z1, z2; u, v) in the first relation and then make necessary calculations, we
obtain

m,n∑
i, j=0

(
m
i

)(
n
j

)
∂
∂z1

Qm−i,n− j (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

=

m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j+1

∂zi+1
1 ∂z j

2

φ (z1, z2)

−
∂
∂z1

ϕ (z1, z2)
m,n∑
i, j=0

(
m
i

)(
n
j

)
Qm−i,n− j (z1, z2)

∂i+ j

∂zi
1∂z j

2

φ (z1, z2)

+

m,n∑
i, j=0

m−i,n− j∑
k,l=0

m!n!
(n − j − l)! (m − i − k)!i! j!k!l!

Qm−i−k,n− j−l (z1, z2)
∂i+ j

∂zi
1∂z j

2

φ (z1, z2)
∂k+l+1

∂zk+1
1 ∂zl

2

ϕ (z1, z2) .

From symmetry, the second relation holds true in view of (9).

Corollary 2.5. Considering the relations (5) and (7) together, we have the next result

∂
∂z1

Qm,n(z1, z2) = Qm+1,n(z1, z2) −Qm,n(z1, z2)
∂
∂z1

ϕ (z1, z2) . (10)

Similarly, as a result of (6) and (8), it follows

∂
∂z2

Qm,n(z1, z2) = Qm,n+1(z1, z2) −Qm,n(z1, z2)
∂
∂z2

ϕ (z1, z2) . (11)

Theorem 2.6. For k = 1, 2, ..., we have

DkQm,n(z1, z2) = Qm+k,n+k(z1, z2)

where the operator D is given by

D =
∂2

∂z1∂z2
+ ϕz1 (z1, z2)

∂
∂z2

+ ϕz2 (z1, z2)
∂
∂z1

+ ϕz1 (z1, z2)ϕz2 (z1, z2) + ϕz1z2 (z1, z2) .

Proof. If we differentiate the relation (10) with respect to z2 and use the relation (11), we get

DQm,n(z1, z2) = Qm+1,n+1(z1, z2),

by repeating k times successively, it yields

DkQm,n(z1, z2) = Qm+k,n+k(z1, z2)

for k = 1, 2, ....

3. Some Special Cases of the Function Qm,n (z1, z2)

In this section, we consider the special case of the function Qm,n (z1, z2) , which is the complex Hermite
polynomials. For these polynomials, we give the results obtained previous section.

Let φ (z1, z2) = 1 and ϕ (z1, z2) = − z1z2. The function Qm,n (z1, z2) reduces to the polynomials

Qm,n (z1, z2) = (−1)m+n Hn,m (z1, z2) (12)
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where Hm,n (z1, z2) denotes Ito’s 2D-Hermite polynomials. From (2), it is generated by

∞∑
m,n=0

(−1)m+n Hn,m (z1, z2)
um

m!
vn

n!
= e−vz1−uz2−uv,

by taking u→ −v, v→ −u and m↔ n, it yields

∞∑
m,n=0

Hm,n (z1, z2)
um

m!
vn

n!
= euz1+vz2−uv,

which is the known result [10, 12]. From Remark 2.2,

∞∑
m,n=0

Hm,n (z1, z2)
zm

1

m!
zn

2

n!
= ez2

1+z2
2−z1z2 and

∞∑
m,n=0

Hm,n (z1, z2)
zn

1

n!
zm

2

m!
= ez1z2

holds (see [16]).

Corollary 3.1. Under the choice of φ (z1, z2) = 1 and ϕ (z1, z2) = − z1z2, the relations (5) and (6) in Theorem 2.3
reduce to the relations, respectively

Qm+1,n (z1, z2) = −z2Qm,n (z1, z2) − nQm,n−1 (z1, z2)

and

Qm,n+1 (z1, z2) = −z1Qm,n (z1, z2) −mQm−1,n (z1, z2) .

In view of (12), we obtain the known results for the complex Hermite polynomials Hm,n (z1, z2) [7, 8, 10, 16]

Hm,n+1 (z1, z2) = z2Hm,n (z1, z2) −mHm−1,n (z1, z2)

and

Hm+1,n (z1, z2) = z1Hm,n (z1, z2) − nHm,n−1 (z1, z2) .

Corollary 3.2. From the relations in Theorem 2.4, it follows

∂
∂z1

Qm,n (z1, z2) = −nQm,n−1 (z1, z2)

and

∂
∂z2

Qm,n (z1, z2) = −mQm−1,n (z1, z2) ,

by taking into account (12), which conclude the known results [3, 7, 16]

∂
∂z1

Hm,n (z1, z2) = mHm−1,n (z1, z2)

and

∂
∂z2

Hm,n (z1, z2) = nHm,n−1 (z1, z2) .

As a result of Corollary 2.5, the next known results are satisfied.
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Corollary 3.3. For Hm,n (z1, z2) , the known relations [3, 7, 16] hold

∂
∂z1

Hm,n (z1, z2) = −Hm,n+1 (z1, z2) + z2Hm,n (z1, z2)

and

∂
∂z2

Hm,n (z1, z2) = −Hm+1,n (z1, z2) + z1Hm,n (z1, z2) .

Corollary 3.4. As a conclusion of Theorem 2.6, it is satisfied that

DkHm,n(z1, z2) = Hm+k,n+k(z1, z2)

for k = 1, 2, ... where the operator D is given by

D =
∂2

∂z1∂z2
− z2

∂
∂z2
− z1

∂
∂z1

+ z1z2 − 1.
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[1] R. Aktaş, A. Altın, F. Taşdelen, A new family of analytic functions defined by means of Rodrigues type formula, Mathematica
Slovaca 68(3) (2018) 607-616.
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