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Miscellaneous Properties for a Class of Complex Functions
Defined by Rodrigues Type Formula

Rabia Aktas?, Fatma Tasdelen?
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Abstract. In the present paper, we consider a class of holomorphic complex functions defined by Rodrigues
type formula and we investigate some properties such as generating function and recurrence relations. Also,
we discuss some applications of the given results.

1. Introduction

Orthogonal polynomials in two complex variables were studied by many researchers. Zernike intro-
duced 2D analogue of Legendre polynomials which are orthogonal on |z| < 1 and which arise on optical
problems [20, 21]. The more general disc or Zernike polynomials were given in [13, 17] (see also [4]).

Ito [12] defined the complex Hermite polynomials Hy, , (z1, z2) generated by (similar polynomials with
other names and notations were defined by [16])

= u™ o'
Z Hypn (21,20) — — = "1702710,
! m! n!

m,n=0

which are studied several mathematical physicists, for example, they are applied to quantum optics and
quasi probabilities and they are seen in combinatorics [14, 18, 19]. The Rodrigues formula is as follows

m+n
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Also, q-analogues of the Ito’s polynomials were introduced by Ismail and Zhang in [11]. Moreover, there are
many research papers for complex Hermite polynomials, we refer to [3, 6-9]. A brief review of orthogonal
polynomials in two complex variables was given by Ismail and Zhang [10]. For other complex orthogonal
polynomials and g-analogues of them, we refer to [10]. Other references on the 2D-orthogonal polynomials
are [5], [15], [16], etc.

In the previous works [1, 2], we have studied the family of real analytic functions defined by Rodrigues
type formula and investigated their properties. Motivated by the class of real analytic functions, we consider
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a class of holomorphic complex functions. Our aim in the present paper is to discuss some properties of a
class of holomorphic complex functions Q,,, (z1,z2) of Hermite type suggested by the Rodrigues formula

1m+n

21 7,) = e~ P122)
Qm,n ( 1, 2) 822782;’

[p@, )@=}, z,;meC (1)

(mn=0,1,2,..)

which gives the complex Hermite polynomials H,, , (z1,22) in the special case.

In Section 2, we first derive a generating function and then we obtain several recurrence relations by
using the obtained generating function. Section 3 has some applications of the results obtained in the earlier
section. The known properties of the complex Hermite polynomials H,,,, (z1,z2) are given as examples of
our results.

2. Miscellaneous Properties of the Function Q,,,, (z1, 22)

Let f(z1,22) be holomorphic on the closed polydisc 52, D? = {z:=(z1,22) : |zl <1, |z2] <1}. Then
fec® (Dz) and for each z € D?,
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By using Cauchy formula for the partial derivatives of f, we first give a generating function for the function

Qm,n (le ZZ)'

Theorem 2.1. Let ¢ (z1,22) and ¢ (z1,22) be holomorphic on the closed polydisc 52. For the function Qy,, (z1,22),
we have
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where

G (z1,20;,0) = P (21 + U, 2z + v) P E1HW2T)=PELZ),

Proof. Using the definition of the function Q,,,, (z1,z2) and Cauchy formula, one can write
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for |

|<1and| |<1,
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Remark 2.2. In particular for u = z1, v = z and for u = zp, v = z;, we have
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It is possible to obtain recurrence relations by using the generating function (2). For this purpose, we

start with the following equations satisfied by G (z1, z2; u, v):
d d
¢ (z1+u,z2+0) ﬁG(Zl,Zz;u,v) G(z1,22;u, v) qb(zl +u,zp +0)
J
+ ¢ (z1 +u,20 +0) G (21,22, U,0) a(p(zl +u,2p +0)
and from the symmetry,
Jd J
¢z +u,z+ v) G(Z1,Zz,u v) = G(z1,22;4,0) %gb(m + U,z +0)
J
+¢(z1 +u,20 +0) G(z1,22,4,0) %(p (z1 +u,zp + ).

Theorem 2.3. From (3) and (4), the following recurrence relations hold true
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and by symmetry, it follows

- (m\(n ot
Z( ; )(]-)Qm—i,n—j+1 (z1,22) P i&zé(p (z1,22)

i,j=0 21
m,n P
~ (m\(n al+]+1
= Z N |Qum—in-j (z1,22) ——=¢ (21,22)
1 \j 97 9 j+1
i,j=0 2192,

mmn m— H’l ]

za]

i,j=0 kI=0 122

mn! &i+j ak+l+1
+ Z =R (1= = D] T Qm-ickn-j-1 (21, 22) o - (21,22) W(P(ZLZZ)-

Theorem 2.4. Other relations for Qy,, (z1,z2) are given as follows
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Proof. 1t is seen that the following relations are satisfied by the function G (z1, z; 1, v)

¢ (z1 +u,z0+0) iG (z1,22;u,v) = G (21,22, 1, V) i(ﬁ (z1 + 1,22 + )
0z1 0z1

+¢ (z1 +u, 22 +0) G (21, 22,1, v)( 4 @ (z1+u,z0+0) - ai(p(zl,zz))

and
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If we substitute Taylor series expressions of the functions ¢ (z1 + u, zo + v) and ¢ (z1 + 1, z; + v) about (u,v) =
(0,0) and the expression (2) of G (z1,z2;u,v) in the first relation and then make necessary calculations, we
obtain

- (m\(n\ 9 oJ'ti
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From symmetry, the second relation holds true in view of (9). [

Corollary 2.5. Considering the relations (5) and (7) together, we have the next result

0 J
a_lem,n(ZLZZ) = Quein(z1,22) — Qm,n(Zl,Zz)&—Zl(P (z1,22). (10)

Similarly, as a result of (6) and (8), it follows

d d
a_zsz,n(erz2) = Qumu+1(z1,22) — Qm,n(zlrz2)&_zz(P (z1,22). (11)

Theorem 2.6. Fork =1,2,..., we have

D*Quiu(z1,22) = Quiskonsi(z1, 22)

where the operator D is given by

92 P P
= 7205 + @z, (erz2) +(p22 (erZZ) +(P21 (z1,22) @2, (21, 22) + Qz,2, (21, 22) -

Proof. If we differentiate the relation (10) with respect to z; and use the relation (11), we get

DQun (z1,22) = Qnrtne (z1,22),

by repeating k times successively, it yields

D*Quiu(z1,22) = Quiskonsi(z1, 22)

fork=1,2,... O

3. Some Special Cases of the Function Q,,, (z1, z2)

In this section, we consider the special case of the function Qy,, (z1,22), which is the complex Hermite
polynomials. For these polynomials, we give the results obtained previous section.
Let ¢ (z1,22) =1 and ¢ (z1,22) = — z122. The function Qy,» (z1,22) reduces to the polynomials

Qm,n (erZZ) = (_1)m+n n,m (erZ2) (12)
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where H,, , (z1,22) denotes Ito’s 2D-Hermite polynomials. From (2), it is generated by

m

Z ( 1)m+n n,m (21/22)_

m,n=0

Vl
v g~ VB~ Uz—UY
n 7
by taking u — —v, v —» —u and m < n, it yields

m 1

v

_ Uz +0Z—UD
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which is the known result [10, 12]. From Remark 2.2,

‘rl m

Z
E Hyp (21/22 = #5712 and Z Hyn (21,22) ==

m,n=0 m,n=0

holds (see [16]).

Corollary 3.1. Under the choice of ¢ (z1,z2) = 1 and @ (z1,22) = — z12», the relations (5) and (6) in Theorem 2.3
reduce to the relations, respectively

Qumsin (21,22) = =22Qumn (21,22) = 1Quun-1 (21,22)
and
Qumun+1 (21,22) = =21Qmn (21,22) = MQu-1n (21, 22) -
In view of (12), we obtain the known results for the complex Hermite polynomials H,,, (z1,22) [7, 8, 10, 16]
Hyni1 (z1,22) = 20Hp 0 (21,22) = mHy1, (21, 22)
and
Hy1n (21,22) = 21Hmn (21,22) = nHyn-1 (21, 22) -
Corollary 3.2. From the relations in Theorem 2.4, it follows

J
a_lem,n (er ZZ) = _an,n—l (er ZZ)

and

J
a_ZZQm,n (z1,22) = —=mMQu-1,1 (21, 22),

by taking into account (12), which conclude the known results [3, 7, 16]
d

a_lem,n (21/ ZZ) = mHm—l,n (le ZZ)
and
J
a_Hm,n (z1,22) = nHy, 1 (z1,22) .
Z2

As a result of Corollary 2.5, the next known results are satisfied.
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Corollary 3.3. For Hy, , (z1,22) , the known relations [3, 7, 16] hold

and

d

a_lem,n (z1,22) = —Hpns1 (21, 22) + 22Hyp 1 (21, 22)
d

a_ZZHm,n (21/ ZZ) = —Hm+1n (Zl/ 22) + Zle,n (le ZZ) .

Corollary 3.4. As a conclusion of Theorem 2.6, it is satisfied that

Dka,n(le ZZ) = Hm+k,n+k(zl/ ZZ)

fork =1,2,... where the operator D is given by

J? d

= 0 — 25— —Z]1= +2122—1.
(921322 822
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