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Abstract. In this paper, by means of the operator geometric mean, we show a Buzano type inequality in
an inner product C*-module, which is an extension of the Cauchy-Schwarz inequality in an inner product
C*-module.

1. Introduction

The theory of Hilbert C*-modules over non-commutative C*-algebras firstly appeared in Paschke [15]
and Rieffel [16], and it has contributed greatly to the developments of operator algebras. Recently, many
researchers have studied geometric properties of Hilbert C*-modules from a viewpoint of the operator
theory. For examples, Moslehian et al considered in [14] Busano’s type inequality in the context of Hilbert
C*-modules. Also, Roukbi considered in [18] norm type inequalities of the Buzano inequality and its
generalization in an inner product C*-module. We showed in [7] the new Cauchy-Schwarz inequality in an
inner product C*-module by means of the operator geometric mean. From the viewpoint, we show a Hilbert
C*-module version of the Buzano inequality which is an extension of the Cauchy-Schwarz inequality in an
inner product C*-module.

We briefly review the Buzano inequality and its generalization in a Hilbert space. Let H be a Hilbert
space with the inner product (-, -). Buzano [3] showed an extension of the Cauchy-Schwarz inequality:

€@, ) x, b)) _ 1

o <3 (@t en +i b)) M

foralla,b,x € H, also see [8]. In the case of a = b, the inequality (1) becomes the Cauchy-Schwarz inequality

[{a,x)| < (a,aﬁ (x, x>% for all a4,x € H. For a real inner product space, Richard [17] obtained the following

stronger inequality:
(a,x)(x,b) 1

1 1 1
(xxy 2 (a, b>’ < 5 a2 (x,x)2 @
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for all a,b, x € H. Dragomir [4] showed the following refinement of the Richard inequality (2):

(a,x){x,b) {a,b)
(x,x) a

< (b, b)2 :
la] {x, x)2
for all a,b,x € H withx # 0 and @ € C - {0}. In fact, if we put @ = 2 in (3), then we have the Richard

inequality (2). Moreover, in [5], he showed thatifey, ..., e, is a finite orthonormal system and «;, ..., a, € C
such that |o; —1|=1fori=1,...,n, then

(lor = 1P1¢a, x) P + (x, ) (@, @) = | {a, x) [*)* ©

<@y )t @)

()= Y aix e e y)
i=1

Roukbi [18] considered norm type inequalities of the Dragomir inequality (3) and the Buzano one (1) in
an inner product C*-module. Also, Moslehian et al [14] considered Busano’s type inequality in the context
of Hilbert C*-modules.

In this paper, by means of the operator geometric mean, we show inner product C*-module versions of
the Dragomir inequality (3) and the Richard inequality (2). As a result, we have a Buzano type inequality,
which are an extension of the Cauchy-Schwarz inequality in an inner product C*-module.

2. Preliminaries

Let o7 be a unital C*-algebra with the unit element e. Anelementa € &/ is called positive if it is selfadjoint

and its spectrum is contained in [0, o). For a € </, we denote the absolute value of a by |a| = (a*a)%. For
positive elements a4, b € </, the operator geometric mean of 2 and b is defined by

[STE

afb=a’ (a_%ba‘%) a?
for invertible a, also see [9, 11]. In the case of non-invertible, since a § b satisfies the upper semicontinuity,
we definea f b = lim._,.o(a + €e) § (b + €e) in the strong operator topology. Hence a § b belongs to the double
commutant o/” of &7 in general. If </ is monotone complete in the sense that every bounded increasing
net in the self-adjoint part has a supremum with respect to the usual partial order, then we havea § b € &7,
see [10]. The operator geometric mean has the symmetric property: a § b = b § a. In the case that a and b
commute, we havea § b = Vab.
A complex linear space 2" is said to be an inner product «/-module (or a pre-Hilbert .2/-module) if 2"
is a right ./-module together with a C*-valued map (x, y) = (x,y) : 2" X Z" — < such that
(1) (xay+pzy=alx,y)+pxz) xyxeZ,apel),
(i) (v, ya) =(x,yya (x,y€ 2,a€ ),
(iii) (v, x) =(xy)" (xye ),
(iv) (x,x) >0 (xe Z)andif (x,x) =0, thenx = 0.
We always assume that the linear structures of o7 and 2" are compatible. Notice that (ii) and (iii) imply
(xa,yy =ax,y) forallx,y € Z',a € &/. If Z satisfies all conditions for an inner-product .«/-module except
for the second part of (iv), then we call 2" a semi-inner product «/-module.
In [7], from a viewpoint of operator theory, we presented the following Cauchy-Schwarz inequality in
the framework of a semi-inner product C*-module over a unital C*-algebra: If x, y € 2" such that the inner
product (x, y) has a polar decomposition (x, y) = ul(x, y)| with a partial isometry u € <7, then

o)l < G xu (v, v)- ©)
Under the assumption that 2" is an inner product «/-module and y is nonsingular, the equality in (5) holds

if and only if xu = yb for some b € &7, also see [2, 6].
An element x of an inner product C*-module 2" is called nonsingular if the element (x,x) € & is

invertible. The set {¢;} C 2 is called orthonormal if <ei, ej> = djje. For more details on Hilbert C*-modules;
see [13].
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3. Main Result

First of all, we show an inner product C*-module version of Dragomir’s result (3).

Theorem 3.1. Let 2 be an inner product C*-module over a unital C*-algebra </ . If x, y,z € 2 such that x is nonsigu-
lar and a € of and the inner product <z, x{x, x) " x, y) — ya> has a polar decomposition <z, x(x,x) " x, y) - ya> =
ul (z, x(x, ) x, ) - ya) | with a partial isometry u € <7 , then

|(z,2) (07 () = (2, y)al (6)
<zt (@@= (1,5 0™ (o y) @—e) +a (,yha—a (%) (07 (x,y)a)
Under the assumption that x (x, x)~* (x, y)—ya is nonsingular, the equality in (6) holds ifand only if x (x, x)™* (x, y) b =
zu + yab for some b € </ .

Proof. By the Cauchy-Schwarz inequality (5), it follows that

[{z, x) (x, x) " (x, y) = {z, y)al = | <z, x (e, x) " x, y) — ya> |

< (zzyul (x (0™ (xy) - ya,x x0T (xy) - ya)

=u'(z,z)ull (@—e) (y,x) ) (x,y)(@—e) +a (y,y)a—a {y,x)xx) " {xy)a
The equality condition in (6) follows from those of the Cauchy-Schwarz inequality (5). O

In particular, if we put 2 = 1e in Theorem 3.1, then we have an inner product C*-module version of the
Richard inequality (2):
Theorem 3.2. If x,y,z € 2 such that x is nonsigular and the inner product <z,x o,y x,y) - %y) has a polar
decomposition <z,x 6,y x, y) — i y> = u <z,x e,y ) - %y> | with a partial isometry u € of , then

1 1
{2, ) {x, )" (x, y) — 5ENIs5 W Dul (Y, y)). @)

Under the assumption that x (x, x)~" {x, y)— Ly is nonsingular, the equality in (7) holds ifand only if x (x, x) ™" (x, y) b =
zub + yb for some b € o .

Remark 1. Theorem 3.2 is an extension of the Cauchy-Schwarz inequality (5). In fact, if we putx = y (y, y)f%

in Theorem 3.2, then we have the Cauchy-Schwarz inequality (5).

In the case that a = ¢ and a2 = 0 in Theorem 3.1 respectively, we have the following corollary, which is
related to the Buzano inequality (1).

Corollary 3.3. Let x,y,x € 2 be as in Theorem 3.1. Then
L Kz )™ oy =y <w @ul ((vy) - (x)@n™ (xy)).
2 1 zx) 0™ oyl <ulzzyul (v, 0™ ().
The following theorem is an inner product C*-module version of Dragomir’s result (4):

Theorem 3.4. Let 2 be an inner product C*-module over a unital C*-algebra </. Ifes, ..., e, € Z isan orthonormal
system, and y,z € 2" and the inner product (z, Y.\, ei {ei, y) — y) has a polar decomposition (z, Y.\ e; {e;, y) — y) =
ul(z, Y11 ei{ei, y) — y) | with a partial isometry u € o/ , then

Y e ey = @y <u iz ut [<y, =Y ey ®)
i=1 i=1

Under the assumption that },;_, e; {e;, y) — y is nonsingular, the equality holds in (8) if and only if there exists b € </
such that Y1 e; {e;, y) b = zu + yb.
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Proof. By the Cauchy-Schwarz inequality (5), it follows that

<Z/ i ei{ei, y) - y> <u'(z,zyuf <i eiei, y) =Y, i ei {ei, y) — y>

i=1 i=1 i=1

Y e (e y) = )
i=1

=u{(z,z)uf ((y, Yy — Z (y, ) {ei, y)] by the orthonormality of {e;}.

i=1
0

It is generally impossible to get the triangle inequality |a+b| < |a| + |b] in C*-algebra. However, Akemann,
Anderson and Pedersen [1] showed the following result:

Theorem A. For each a and b in a unital C*-algebra o7 and € > O there are unitaries v and w in </ such that
la + b] < vlalv” + wiblw”* + €e.

Remark 1. If </ is a von Neumann algebra on a separable Hilbert space, then they moreover showed that
for any x, y € </ there are isometries v, w € o7 such that |x + y| < vlx|v* + w|ylw".

By Theorem 3.2 and Theorem A, we have the following inner product C*-module version of the Buzano
inequality (1):

Theorem 3.5. Let 2" be an inner product C*-module over a unital C*-algebra <7. For ¢ > 0 and each x,y,z € &
such that x is nonsiqular and the inner product

<z,x () (xy) -1 y> has a polar decomposition <z,x e, ) x, y) - %y) =u |<z,x(x, N yy -1 y>| with a
partial isometry u € o , then there exist unitaries v, w1, v, and wy in </ such that

%wzl (z,y) lw, — %02 (' z,zyutt (y,y)) v, — e 9)

1 1
<z, x) (%) (x, )| < Fo (z,zyult {y, y))v} + Swil{z, y) lw) + ee.

Proof. By Theorem 3.2, we have

1 1
|(z, x) (x, x)7! (x,y) - 5 (Z,yl < 5 (W z,zyult (v, y)).

By Theorem A, there are unitaries v; and w; in %7 such that

1 1
|z (&0 @y <ol (007 (y) = 5 Gy oy + 5wz, ) o)+ ce.

Therefore, we have the second part of the desired inequality (9). For the first part, it follows from Theorem
A that there are unitaries ¥ and @ in & such that

1 1
S @I85 (2 y) - 20 & )7, y) 15+ @l (2, x) (x, x) T (x, y) [+ e

< %5(1,[* (z,z)ut {y,y)) 7 + | (z,x) {x, )" (x, y) [@" + .

If we put w, = @* and v, = @0, then we have the desired inequality

1 1
szl (z,y) lw; - 502 (' z,z)ull {y,y)) v — ee < |{z,x) (x, )" {x, y) .
O

Remark 2. Theorem 3.5 is an extension of the Cauchy-Schwarz inequality (5) in an inner product C*-module:

As a matter of fact, if we put x = y(y, y)_% in Theorem 3.2, then we can take # = w = e and ¢ = 0 and hence
we have the Cauchy-Schwarz inequality (5).
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4. Applications

In this section, as an application, we consider an inequality related to the Selberg inequality in an inner
product C*-module.
Let {y1,...,ys} be an orthonormal set in Z". Then the Bessel inequality says that

Y P < () (10)
i=1

holds for all x € 2. In [12], we showed the Selberg inequality in an inner product C*-module, which is
a simultaneous extension of the Bessel and the Cauchy-Schwarz inequalities: If x, y,...,y, are nonzero
vectors in 2" such that yy, ..., y, are nonsingular, then

-1
Y (x, m){z I y,->|] (Wirx) < (x,3). (11)
i=1 j=1

By virtue of Theorem 3.5, we show a simultaneous extension of the Selberg inequality (11) and the
Buzano inequality (9):

Theorem 4.1. let 2 be an inner product C*-module over a unital C*-algebra o/ and x,y,z,wn,...,w, € Z be
nonzero vectors such that x,ws, ..., w, are nonsingular. Put ¢; = Z']Ll | <wj, w,->| andh =y-Y1, wici‘1 (wi, y).
Suppose that the inner product <z,x<x, ), y) - %h> has a polar decomposition <z,x(x,x>_1 (x,y) - %h> =
u Kz,x(x, x)! (x,y) - %h>‘ with a partial isometry u € 7. If (x,w;) = 0 and (z,w;) =0 fori =1,...,n, then for
& > 0 there are unitaries v and w such that

1
v+ Ew*l (z,y) lw + ¢e.

07 < 5o [ z2ut [<y, RN AL y>]
i=1

Proof. Since (z,y) = (z,h) and {x, y) = (x, h), we have

120 (0™ () = 5 @) = 10 (o) (o) = 5 (@ )
< % (' {z,zyutt {(h,hy) by Theorem 3.2

1 n
<3 (u* @2 ul(y,y) - ; (v wiye;" (wi, y))]

and the last inequality follows from [12, Theorem 3.1]. By Theorem A, there are uniatries v and w in  such
that

1 1
|(z, x) (x, x)7! oy | < ul(z,x) (x, xy ! x,y) - 5 (z,y)Iv" + Ewl (z,y)lw" + ee

1
(S Ewl (z,y)lw" + ee

< %v {u* (z,z)uff [(y, y) - ; (v, wiyc;* (w, y)]

as desired. [
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