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n-Dimensional Ostrowski Type Inequalities
with Applications on Time Scales

Sabir Hussain®, Muhammad Sami Rashad?

*Department of Mathematics, University of Engineering and Technology, Lahore

Abstract. Ann—dimensional Montgomery identity in the form of generalized polynomial has been derived
and as a consequence we find Ostrowski type inequalities. Our established results generalized some results
in [12]. Some new applications are also given.

1. Introduction

The classical Ostrowski inequality [11] gives estimate of the absolute deviation of a differentiable function
f :[a,b] = R from its integral mean as:

<

b
f0- 5= [ o

1 (x-5Y
z*[b_iJl@‘”M' (1)
provided that

M := sup [f'(x)l.

a<x<b

Inequality (1) has triggered a huge amount of interest over the years, due to vide applications in numerical
analysis, theory of special means. We discuss its recent studies over the last decade. It has been extended,
generalized and refined in a number of ways [2—4, 7, 8, 12-14]. The development of the theory of time scales
was initiated by Stefan Hilger [5] in his Ph. D thesis, as a theory capable of containing both difference and
differential calculus, in a consistent way. Since then, many authors have studied certain integral inequalities
or dynamic equations on time scales [2, 9, 10]. For more information about time scales see [1]. Motivated by
the idea generated by Bin Zheng et al. [12], we establish a generalized n—dimensional Montgomery identity
and subsequently find an Ostrowski type inequalities, unifying the continuous, discrete and quantum cases.
In the whole discussion T;, i € IN, is considered to be a time scale. For n = 1, the sum Zz;ll is vacuously
considered to be zero and take It = I(\T for I € R. This paper is organized as follows. After this
Introduction in Section 2 we present our main results regarding Ostrowski type inequalities and in Section
3 we give some applications of the results in Section 2.
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2. Main Results

Before stating the main results we come across to some notations for the presentation to be in compact
form.

n-1
-1 r+153(n)
Ay (x1, .00 X Z Z 1)

r=1 1<m <..<m,<n HHk(um/,xm] by )
j=1

"’ll ﬂl)
f f(xlr ceor Xy =1, U(Sml), Xy 417 s O_(Sm,)/ Xy 41eer xn)
a

my

X H ij,k—l(xm]‘r Sm,)Asm/
j=1

L = HHk(ai/ xi, bi); Hi(ai, xi, bi) = hi(xi, a;) — he(x;, by)

i=1
(5u — a,)"! su € [, %]
. ﬁ/ u us AulR - n (xi _ ai)k _ (X' _ b)k
Py (u, 8u) 1= (Sf - bu;"—l L= H k! —
k=1 7 Su € (Yu, bulr; i=
(su — )Y
— s Su¢€ [au/ xu]Z o
k—1)! f(sl/"-lsn)
Pz,k—l(x”’ Su) = (5 (_ b )%k—l) E]ﬁl = sup IWI
ﬁ, su € [xu +1,bulz; H;SSbe, 1-:05n
: <i<n
n n k B
M) ._ (i —a)® - (i =b)® (xi — ai)y, — (xi — b,
%.—Ll o ,%._LI T
(50— )
q %' Su € lau, xu/qilT,
Pu,k(xu/ Su) = (50 — b )k
W’ Su € (xu, bulT,;

Lemma 2.1. Let a;,b; € T;, x; € [a;, bi]y, for some i € N; let f € Cpq ([T114]ai, bilt, R) be such that fA" exists. If
h(., .) is a generalized polynomial, for some k € Ny, such that:

oy (sisai),  si € [ai xi]
ikl 8i) = { hi(si, bi),  si € (xi, bil,

then

by 9"f(51 .8 )
s X)) QW = (x1, .., X)) = . N Pisx, s)A 2
f(xl Xn) 1(x1 Xn) ja: L Ast..As, ]Z:I Zk(xl 5i)As; ()
by

b”
e [ [ ot oto) [ Pacatesins
m n i=1
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Proof. The proof is followed by induction on 7.
For n = 1, relation (2) reduces to [6, lemma A]. For n = 2, we have

b1 by 82]((51152) 2
j; f As1As, L[ i (Xi, 5i)As;

az

b ?f(sq,
f f h(s2,a2) f(l 2)P1,k(x1/51)A52A51

by b2 *f(sy,s
f f h(s2, b2) fl Z)Pl,k(xl/sl)AszAsl

by
= HHk(azrxzrb)f(x1/x2) Hk(a2/x2/b2)f P1j-1(x1,81) f(0(51), X2)Asy
by
_Hk(al/xlrbl)f Pa-1(x2,82) f(x1,0(52))As2

by by
+f f(G(Sl) o 52)) H sz 1(X1,S )AS,

a

Equivalently:

. b1 by aZf(Sll ) 5 b1 by
O e e e e ]"[Plk(xz,smsﬁ( v [ fleta) a(sz»HPlkl(xz,s)Asz

Suppose the statement is true for n = v — 1, that is

by -1 o= 1f (s -1
17 +eer Sv— 1) _
f f S L D T by s = 200 e %00) )
v—-1 i=1
3 (=1)rge-b by Oy
+ Z o 5 FOA, wos X =1, 0(S )y Xy 41y ovr O (S, )s Xty 41 +ves Xo-1)
r=1 1<m <...<m,<v—1 H'Fl k(amﬂ’x’“q’ ”’ﬂ) Amy Dy
r by by-1
$ LT Posean s, + G0 [ [ ot o o [T Py s,
g=1 M -1 j=1

To prove the relation (2) is true for n = v, we proceed as follows

" avf(sl, ,5v)
f ]:; Asy...As, H Pij(xi, si)Asi
b1 -1 v avf(sl,... o1
f f [f; ASl v,k(le SZ])ASU] ]:[ Pi,k(xi, Si)ASi

by -1 Yo 0 f(sq, ..., 8 (s1, v-1
f f f; isll hk(sv/ ay)As, + isl—Ahk(sz by)As,] H sz Xi, 5i)As;

Xo i=1
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b (s 01, ) T
—Hk(av/xv/b )f f fASl ASv v szk(xz/S)Asl
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—fuv v Je— 1(xv,5v)f f f A; ) - L[Pi,k(xi,sz‘)ASi}ASv
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r=1 1<m <..<m,<v-1 Ay
by by-1 v-1
X Hquk 1 (X, S ) A, + (1) 1f f(a(sl),--.,O(Svfl), Xp) Hpj,k—l(xjrsj)Asj}
j=1

b,
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02 ( 1)7L(D—1) bml by
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by
X Hpm k=1 Xy Sy )ASm, + (=1)” 1f

Equivalently:

by vi(sl Sv)
Lz P As; = @
fa fg Asy..As, U il Si)Asi = L5 f(n

( 1)r2 f iy f mr
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Z Z H Hk(amq/qul bmq) Ay f( 1 mi-1,0( ml) my+1 (S’"V) Xom,+1 Xo)

r=1 1<mi<...<m,<v

bl v v
X H Pu je=1(Ximy s Sy )ASm, + (=1)° f f fla(s1), ..., 0(s0)) H Pij-1(xj,5))Asj,
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my

z -1

v-1
- (0(61) ey 0l50-1),0(50) [T Piscreyspas;h
j=1

showing that our statement (2) is true for n = v and hence it is true for all n. This completes the proof of the
lemma. [J

The following result is the n—dimensional Ostrowski type inequality.

Theorem 2.2. Let the conditions of lemma 2.1 be satisfied, then

-1 r+1Q(n)
I
r=1 1<my <..<m,<n H] 1 k(am,'rxm,-/ m;‘)
hm-l bm, ;
xf f(xlr-..,Xm1—1/U(Sm1),xml+1,-..,O’(Smr),xmr_'_l...,xn)Hpm}-,k—l(xmﬂsm/)ASm,v
ﬂml Ay j:1
b1
+ (- 1)nf f f(o(s1), . o(sn))HPuk 10w, 5u)Asy,

u=1

< N H Hk+1(ai/ Xi, bi)/

i=1
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provided that
3" f(s1, .., 5n)
N:= sup |[————|.
111Ss,-£)b,- Asy...Asy,
1<i<n

The inequality (4) is sharp in the sense that its right hand side can not be replaced by a smaller one.

Proof. 1t is observed that

by b, 1 n
f f H |P; k(xi, 5i)|As; = HHk+1(ai,xi, b;). )
M =1 i=1

Application of lemma 2.1 yields:

by by 1
et =tz + ([ [ o oto) [ Pusa s ©
ay ay u=1
b
1 by 8"f(51, .S
W D1 Hp’k(x”sl Asi
b
1 9" 51, 48
f f f P90, sls,
<N H Hya(ai, xi, bi),

i=1

which is the desired result.
For k = 1, the sharpness is proved in [2, Theorem 3.5] and for k > 1, the sharpness can be proved in a
similar fashion. [

Remark 2.3. For k = 1, theorem 2.2 coincides with [12, Theorem 2.3]

Theorem 2.4. Let the conditions of theorem 2.2 be satisfied. If there exist constants My, My such that:

a"f(Sl, veey Sn)

M £ ——= <My,
t= Asy..As, 2
then
n—-1
(_1)r+1ﬁ(n)
F@, ey 2) 20 — 7)
; 11< 1<Z‘<m <n 1_[] 1 Hk(am/ xm]/ bm])
mq m, "
f JOO s X1, O ), X1, -0y OSi, ), Xim41--2) Xi) H ij,k—l(xmwsmj)ASmf
”ml Ay ]-=1
by by, n n
M; + M
(O [ [ 060,06 | [ Puscatrursions, = S T | e
m ay i} o
M, —M; T-
< : 2 ! H Hk+l(ai/ Xi, bl)

i=1
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Proof. It may be noted that:

anf(Sl,...,Sn) _ Ml +M2 < M2 _Ml

8
Asy...As, 2 - 2 ®)
A combination of (5) and (8) yield:
b b anf(sll ey Sn) M1 + MZ 2
fa f Cpoi = P [Pt s ©)
b an (Sl/ S M + M
£S1 As H Plk(xl/ i)As; — # H Hya(ai, xi, b))
) n 1:
bl " anf Sl, cery Sn Ml =+ MZ
<
< H f f e 1P (i, s)lAs;
i=1 1 n
M, —M; T
< % HHk+1(ai/xi/ by).
=
From (2) and (9) we get the desired result. [
3. Applications
Corollary 3.1. (continuous case)
Let T; =R, 1 < i < n, then in this case (4) reduces to
n—1 n r 1 k k
(1) (=1 (x; — a;)" = (x; — b;)
LETRSILED VD M | | ) e et
r=1 1<m<.<m,<n i=1 j=1 ~ ™ "M m; m;
bml bmy r
X j’; . f(xll s xm1—115m1/xm1+1/ s Sm,/xm,+1-~/ xi’l) H Pinj,k_l(xm/'lsm/')dsl’nj
mmy my ]‘:1
by
e [ f FCstmrs) [ [ P 0
u=1
k+1 k+1
(k+1), H[(xz—a) - (i = b
Corollary 3.2. (discrete case)
Let T; = 7,1 < i < n, then in this case (4) reduces to
n—1
(- 1)r+1(x —a )(k) — (x; — b; )(k)
Fr, ey xa) 20 — - -
r=1 1<m1<Z<m,<n H H (xm - am ( ) - (xm - b )( )
ml -1 bmy—l
X Z Z f(xl/ xml l/sm1+1/xm1+1/ Sm +1/xm,+1 xn) Hpm k-1 xm,vlsm])sm/
Smy =0my Smy =Amy
bi-1
(") Z, fer1+1,05+1) H Pl (G 5)As,| < (k =] H[(xl a0 — (x; = b)),
S1=a1 Sp=ay u=1

where,
M, is the maximum value of the absolute of the difference AyAy—1...A1 f over [a1, b1 — 1]z X ... X [ay, by, — 1]z
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Corollary 3.3. (quantum case)
Let T; = q]l.N", 1 <i < n, then in this case (4) reduces to

o)=Y, F ] e

r=1 1<m<..<m,<n i=1 j=1 (xm/ _am] (xm] - bm])qm
Gy any Gmyp )
roor 108, r
m.
[TT]ent@n-1 Y, [IPhs 1(acm,,sm»]"[q |
I=1 p=1 smp=0 =1

Sm +1 Sy +1
Xf(xll ce Xy =1, Ay qm1 7 Xmy+1s- am,qnﬂ',' 7 X417 oees xn)}

(l"u Jauqu)

+GDﬂﬁijm— Z:]Iq f@a* o angy ™)

i=1 u=1 $,=0

(xi —apgtt — (v = D)

<]
< [ ] 1] ’

i=1

where,
M is the maximum value of the absolute value of q,...q1-difference Dy, 4, f(x1, ..., X,) 0ver [a1, b1 /q1]T, X[a2, b2/ g2]1, X
X [a,, bn/Qn]”ﬂ”,, .
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