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Slant Ruled Surfaces and Slant Developable Surfaces of Spacelike
Curves in Lorentz-Minkowski 3-space

Handan Yildirim?

Istanbul University, Faculty of Science, Department of Mathematics, Vezneciler-Fatih, 34134, Istanbul, TURKEY

Abstract. In this paper, by means of the Lorentzian Frenet frame along a spacelike curve in Lorentz-
Minkowski 3-space, we construct slant ruled surfaces and slant developable surfaces with different director
curves which belong to one-parameter families of the pseudo-spheres in this space. Moreover, for each
slant ruled surface with each director curve, we search if this slant ruled surface has any singularities or not.
Furthermore, for the cases in which the singularities appear, we determine the singularities of non-lightlike
and non-cylindrical slant developable surfaces and also investigate the singularities of slant ruled surfaces.

1. Introduction

It is known that a ruled surface is defined by a one-parameter family of lines while a developable surface
is a ruled surface whose regular part’s Gauss curvature is identically zero. Ruled surfaces and developable
surfaces are of great interest in classical differential geometry. Indeed, these surfaces have been studied
intensively in Euclidean space and Lorentz-Minkowski space from different viewpoints (See, for instance,
[1], [4], [6], [7], [9]-[18], [23], [25], [26], [28], [30]-[32], [35]-[38], [40], [41].). We point out that some of these
papers use the singularity theory techniques given in [2] and [5].

A ruled surface in R® is parametrized by

F()’:N) : IX] — R3
(s,u) +— y()+ulNGs)

such that y : I - R®>and N : [ — S* are smooth mappings, where I and | are open intervals in R or unit
circles S'. Here, y is said to be a base curve. Without loss of generality, we may assume that y is parametrized
by arc length s. Moreover, N is said to be a director curve and the straight lines u — y(s) + uIN(s) are said to
be rulings. Since

oF (r.N)
0s

oF (y.N)
u

(s,u) =y'(s) + ulN'(s) and (s,u) = IN(s),
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we have the following equation for the normal vector of F(, ) at any (s,u) € I X J:

JoF oF
(y.N) 5 1) X (y.N)
Js ou

So, (so, o) is a singular point of F,, ) if and only if

(s,u) = Y’ (s) x IN(s) + uIN’(s) x IN(s).

Y’ (s0) X IN(s0) + 1oIN’(sp) X IN(sp) = 0

(See [17] for the details.).

A ruled surface F(, N is called cylindrical if IN(s) X IN’(s) = 0. Moreover, it is called non-cylindrical if
IN(s) x N'(s) # 0 (Cf. [17].).

Let o be a curve on F(,, ) such that (6’(s),IN’(s)) = 0. Then, it is said to be the line of striction of F(, ). Itis
known that the singular points of F(,,) are located on the line of striction on which the Gauss curvature is
zero. At regular points of F(y,n), its Gauss curvature denoted by K satisfies K < 0 and K is zero only along
the rulings which meet the line of striction at a singular point (See [17] for the details.).

It was shown in [17] that the cuspidal edge C X R, the swallowtail SW and the cuspidal cross cap CCR, which
are respectively defined by

CxR={(x;,x2) |1 =13} xR,

SW = {(x1, X2, x3) | x1 = 3u* + 10, x, = 4u® + 2uv, x5 = v}

and

CCR = {(x1, %2, x3) | 1 = 2, % = 0%, x3 = ¥%)},
appear as the singularities of the developable surfaces in R®. Moreover, we refer [15] and [17] for the
singularities of the general ruled surfaces in R%.

In this paper, by means of the Lorentzian Frenet frame along a spacelike base curve y which is
parametrized by arc length s in Lorentz-Minkowski 3-space, we deal with the ruled surfaces having different
director curves which belong to one-parameter families of the pseudo-spheres (depending on a parameter
¢ € [0,7/2]) in this space. These one-parameter families of the pseudo-spheres were given in [22]. The
geometry related with this parameter ¢ is said to be slant geometry (See [3], [21] and [22] for the details.).
Since we are interested in the ruled (respectively, developable) surfaces depending on ¢, we call these
surfaces slant ruled (respectively, slant developable) surfaces. In this study, for each slant ruled surface with
each director curve, we first search if this slant ruled surface has any singularities or not. Moreover, for the
cases in which the singularities appear, we determine the singularities of non-lightlike and non-cylindrical
slant developable surfaces and also investigate the singularities of slant ruled surfaces. Here we remark
that, for our purpose, we used the tools and the techniques which were given in [17], [33] and [39]. We also
emphasize that ¢ = 0 case was studied in [14].

Throughout the whole paper, we assume that all of the manifolds and maps are of class C*.

2. Basic notions

In this section, we give some basic notions related with Lorentz-Minkowski 3-space. Let R3 = {(xg, x1,x2)|
x; € R, i=0,1,2} be a 3-dimensional real vector space. For any vectors x = (xo, X1, x2) and y = (yo, 1, ¥2) in
IR3, the pseudo-scalar product of x and v is defined by (x, y) = —xoyo + Y., X;yi. The space (R?,(,)) is said to
be Lorentz-Minkowski 3-space and denoted by R? briefly. A vector x € R3 \ {0} is called spacelike, lightlike or
timelike if (x,x) > 0,= 0 or < O, respectively. Also, the signature of x is given by

1 if x is spacelike,
sign(x) = 0 if xis lightlike,
-1 if x is timelike.
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Moreover, the norm of a vector x € ]Ri’ is defined by |x]| = V[{x, x)| (Cf. [29].). Furthermore, for any vectors
x,y € R3, the vector x X  is defined by

—€y €1 e
XXy = X0 X1 X2 |,
Yo Y1 W2

where {eg, e1, e>} is the orthonormal basis of ]R? (See [8].). It is obvious that
(z,x X y) = det(z,x, ),

so that x X y is pseudo-orthogonal to x and y.
It is known that Hyperbolic 2-space H*(=1), de Sitter 2-space S and 2-dimensional (open) lightcone LC" are
three kinds of pseudo-spheres in R? which are defined respectively by

H*(-1) = {x € R} |{x,x) = -1},

ST={xeR] [{(xx) =1}

and
LC* = {x € R?\ {0} | {x,x) = O}.

For ¢ € [0,7/2], H*(—sin® ¢) (respectively, S%(sin2 @)) is said to be ¢-hyperbolic 2-space (respectively, ¢-de
Sitter 2-space) (Cf. [3], [21] and [22].). Here, we remark that H*(~sin”0) \ {0} = S%(sin”0) \ {0} = LC".
Throughout the remainer part of this paper, we write S? instead of 53(1) and for ¢ = 0, we deal with only
LC.

Let y : I - RR? be a spacelike curve parametrized by arc length s, where I C RR. In this case, at any s € I,
the tangent vector of y denoted by t(s) = y’(s) is always spacelike, where y’(s) = Z—)S/(s). Since y is spacelike,
the normal plane of y at any s € [ is always timelike (See [29].).

The curvature of y at any s € I is defined by k(s) = +/Ky”(s),y”(s))|l. Throughout this paper, we
assume that k(s) # 0 for any s € I. Then, the unit principal normal vector n(s) of y at any s € I is given
by n(s) = y”(s)/k(s). On the other hand, the unit binormal vector b(s) of y at any s € I is defined by
b(s) = t(s) X n(s). Since £(s) is spacelike, it is clear that sign(b(s)) = —6()/(5)), where 6()/(5)) = sign(n(s)). It can
be easily seen that n(s) = (s) X b(s) and t(s) = —6(y(s))n(s) X b(s). Moreover, in terms of the frame {t, n, b}
which is said to be Lorentzian Frenet frame along y, we have the following Frenet-Serret type equations for
anys € I:

ts) = ko),
() = =d(y(s)k)Hs) + T(s)b(s),
ORERRIOVO

where 7(s) = 6(y(s))<b'(s), n(s)) is the torsion of y at any s € I (Cf. [14], [19] and [20].). Here, it can be easily
verified that 7(s) = —5(y(s)) det (y(s), 7" (5), ¥ (9)) [ s).

3. Slant ruled surfaces with the director curve N[(l)]'ib
In this section, for any fixed ¢ € [0, /2], we define a slant ruled surface by
Ix] — R

(s,u) > p(s) + ulN[P]"(s)

Flomton)
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such that y : I — R? is a spacelike base curve parametrized by arc length s, N[¢]** = cos ¢ n b is a director
curve and the straight lines u — y(s) + uIN[¢]"?(s) are rulings, where I and | are open intervals in R or unit
circles S'. Here, we remark that

S(sin*¢)  if n(s) is timelike
nb 1 ’
NIPL"(s) € { H?(—sin? ¢) if n(s) is spacelike

for any fixed ¢ € [0, 7/2] and we say that F ( ]N[(p]”b) is
y/NIPL

a ¢-de Sitter normal surface of y  if n(s) is timelike,
a ¢-hyperbolic normal surface of y if n(s) is spacelike.

We briefly say that F is a slant normal surface of y if it is either a ¢-de Sitter normal surface or a
Y

[(b]nb)

g k3

¢-hyperbolic normal surface of y. Especially, we say that F p) 1S
(y,N[n/Z]l‘ )

a de Sitter binormal surface of y  if n(s) is timelike,
a hyperbolic binormal surface of y if n(s) is spacelike

(See [17] in Euclidean sense.). Moreover, F ( is said to be the lightcone normal surface of y, where

y.NDP?)
IN[0]"°(s) € LC*. Here, we point out that this case was studied in [14].

For the normal vector of a slant ruled surface F b\ We get
(i)
oF JF
(Y'N[(p]fb) (y,]N[([)]fb) ’ nb nbys nb
— () X — 5 —(5,1) = V() X NIPI(5) + u(N[GI) (5) x NG (5)

atany (s, u) € I x J. If we denote this normal vector by Nf’"b(s, u), then we obtain
Ni”"b(s, u) = -—usin’ ¢ 6(y(s))’c(s)t(s) + (1 — U Cos P 6(y(s))k(s))n(s)
+cos (1 — ucos @ 5((s) Jk(s) b(s).

As a result, we have the following propositions and remark:

if and only if ©(sp) = 0 and uy =

Proposition 3.1. Let ¢ € (0,7/2). (so,uo) is a singular point of F b
(i)
1 .
cos ¢ &((50) Jk(s0)
o 1 o .
Proposition 3.2. | sy, ————~—— | is a singular point of F )
[ 5()/(30))k(30)J (oot

We emphasize that ¢ = 0 case was investigated in [14].

Remark 3.3. F ( is always regular.

yNir/21b)
Now, we consider the following cases:

(1) ¢ = 0.and ud(y(s) Jk(s) # 1.

(2) ¢ € (0, /2], n(s) is spacelike and at least one of the following conditions holds:
@) t(s) #0,
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(ii) u cos p k(s) # 1.

(3) ¢ € (0,7/2], n(s) is timelike and u? sinzc;b’cz(s) > (1 + ucos¢)k(s))2, where one of the following
conditions holds:

(i) 7(s) # O and u cos P k(s) = —

(ii) 7(s) # 0 and u cos P k(s) # —1.

(@) ¢ € (0,7/2], n(s) is timelike and 1> sin? O T3(s) = (1 +1cos P k(s))z, where 7(s) # 0 and u cos P k(s) # —1.

(5) ¢ € (0,7/2], n(s) is timelike and u? sin2¢12(s) < (1 + ucos¢k(5))2, where one of the following
conditions holds:

() 7(s) = 0 and u cos p k(s) # —1,

(ii) 7(s) # 0 and u cos P k(s) # —1.

By means of the above cases, we classify the normal vector Nf’"h(s, u) of F (y nb) at any regular

[d)]i

f

(s,u) € I X ] as follows:

spacelike if either (2) or (3) is satisfied,
N®™(s,u) is | lightlike if either (1) or (4) is satisfied,
timelike if (5) is satisfied.

Example 3.4. Let y(s) = (0,coss,sins), where 0 < s < 27. In this case, we have the following slant ruled surface

parametrized by

F s,u) = Fu,(1 —ucosd)coss,(l —ucosqo)sins),
(%W,z,,)< )= (Fu( ) coss, ( ¢)sins)

where the points (s L ) are its singular points for ¢ € [0,7/2). Moreover, F ( N
Y,

’ m
lightlike) for ¢ € (0, /2] (respectively, ¢ = 0), where u cos ¢ # 1 (respectively, u # 1).

()

+

) is timelike (respectively,

Example 3.5. Let y(s) = (coshs, sinhs, 0). In this case, we have the following slant ruled surface parametrized by

F s,u) = ((1 + ucos®)coshs, (1 + ucoso)sinhs, Fu),
(o)™ (( ¢) ( ¢) Fu)

where the points (s, o ¢>)

lightlike) for ¢ € (0, 11/2] (respectively, ¢ = 0), where ucos ¢ # —1 (respectively, u # —1).

are its singular points for ¢ € [0, /2). Moreover, F ( N[(b]"b) is spacelike (respectively,
Pz

Example 3.6. Let y(s) = ( coshs, sinhs sinhs ) In this case, we have the following slant ruled surface parametrized

V2 2
by

si hs sinhs u
N \/_ ,(1+ucos @) N +$),

are its singular points for ¢ € [0,7/2). Moreover, F ( N[(b]”b) is spacelike (respectively,
vt

F(y,N[mi‘b)(S' # = ((1 +ucos¢)coshs, (1 +ucos)>
where the points (s ( Cosq‘))
lightlike) for ¢ € (0, 7/2] (respectively, ¢ = 0), where ucos ¢ # —1 (respectively, u # —1).

Example 3.7. Let y(s) = (sin s, V2sins, cos s), where 0 < s < 2m. In this case, we have the following slant ruled
surface parametrized by

F(y,N[mi"’)(S' u) = ((l —ucos¢)sins + V2u, V2(1 — ucos ) sins =+ u, (1 — 1 cos @) cos s),

where the points (s ( ) s ¢) are its singular points for ¢ € [0,7/2). Moreover, F (

is timelike (respectively,
Nigit) peeecy

lightlike) for ¢ € (0, 71/2] (respectively, ¢ = 0), where ucos @ # 1 (respectively, u # 1).
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(P]nb

+

We can define the unit non-lightlike normal vector denoted by n‘f_f’"b(s, u) of F ( NI ) at any regular
V&

(s,u) € I X | as follows:

—usin® P T(s)t(s) = (1 —ucos¢ k(s))n(s) + cos gb(l —ucos¢ k(s))b(s)

if (2) is satisfied,
sin¢ \/u2 sin? ¢ 72(s) + (1 — 1 COos P k(s))2

1 sin? o T(s)t(s) + (1 +ucos¢ k(s))n(s) + cos qb(l +ucos¢ k(s))b(s) if 3) is satisfied,

" (s,u) =

sin¢ \/u2 sin? ¢ 72(s) — (1 + 1 Cos P k(s))2
usin? P T(s)t(s) + (1 +1ucos P k(s))n(s) + cos qb(l + 1 cos ¢ k(s))b(s)

sin @ \/—(uz sin® ¢ 72(s) — (1 + ucos ¢ k(s))z)

if (5) is satisfied.

In terms of the Frenet-Serret type equations, we obtain

oF o
%(s, u) = (1= 1cos ¢ 5(y(5) )k(s) J£(s) + ur(s)n(s) + u cos ¢ ()b(s),
oF o
%(S,u) = cos ¢ n(s) = b(s),
’F
nb
%(5, u) = (= ucos § 5(y(s))K'(5) F ud(y(s) Jk(s)(s) )(s)
+ (k(s) — 1 cos ¢ 5(y(5) Jk(s) £ ut’(5) + 1 cos  T2(s) J(s)
+ ( + ut?(s) + ucos T’(s))b(s),
’F
nb
%(S, u) = = cos ¢ 5( () Jk(s)H(s) £ T(s)n(s) + cos ¢ T(s)b(s),
N[pJb
%(s, u) = 0.

Therefore, for the Gauss curvature denoted by Ki’"b of a non-lightlike (either timelike or spacelike) slant
ruled surface F ( nb), we have the following classifications:

y/NIP]
2
T(s) 57 =0 if (2) is satisfied,
(u2 sin? ¢ (s) + (1 — U Cos @ k(s)) )
2
K™ (s, u) = TNE T(s) 57 >0 if (3) is satisfied,
= (u sin“ ¢t (s)—(l +ucosq§k(s)) )
2
- () 5 < 0 if (5) is satisfied
(u2 sin? ¢ 2(s) — (1 +ucos¢ k(s)) )
by the formula

2

K¢,nb —
2 s u) = epe—s,
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where ¢ = sign(nf’"b(s, u)) and

azF nb

I = <nf’"b(s, u), %@, u)>,
o0°F

= )
J°F

"= <n(’§;nb(s’ ), (7{;;@@) . u)>,

o < (Vgswb) ) (V?swb) (S,u)>,

F
. < (y,(ﬂ;;mib) o, (y$¢1¢b) (S,M)>,

oF oF
C- < (yg\zqﬂf’) G, (y,g(mf’)(slu»

(See [27] and [29].). Thus, for a non-lightlike slant ruled surface F ( nh), we can conclude that

Y NIOI
K™ (s,1u) = 0 > 1(s) = 0.

So, taking into account [1], [4] and the proposition which was given in [17] for the Euclidean case, we have
the following proposition:

Proposition 3.8. Singular points of a non-lightlike slant ruled surface F ( ]N[d)]"b) are located on the line of striction
Y +

on which the Gauss curvature Ki”"b is zero. At regular points of a timelike (respectively, spacelike) slant ruled surface

( 1N[¢]"b)' Ki”"b satisfies Kf’"h > 0 (respectively, K ’ib’"b <0)and Ki)’"b is zero only along the rulings which meet the
y/NIPIE

line of striction at a singular point.

4. Singularities of non-lightlike and non-cylindrical slant developable surfaces with the director curve
NI[¢p]"

For any fixed ¢ € [0,71/2], we say that a non-lightlike slant ruled surface F ( nh) is a non-lightlike

¥/N¢]

slant developable surface if the Gauss curvature Ki’"b of the regular part of F is identically zero.

+

Nigit)

Moreover, we say that a slant developable surface F ( N[qa]"b)(s’ u) is a ¢-de Sitter (respectively, ¢-hyperbolic)
y/NIPIE

normal developable surface of y(s) if n(s) is timelike (respectively, spacelike). Furthermore, F ( )(s, u) =

¥ N[ojb

y(s) + u(n(s) + b(s)) is said to be the lightcone developable surface of y(s), where N[0]"* € LC*. Here, we remark
that this case was studied in [14].

It can be easily seen that

det (y'(s), NP (s), (N[6]2) (5)) = sin?  ((s))7(s).

Hence, taking into account [17], [36]-[38], [40] and [41], we have the following proposition:
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Proposition 4.1. Let ¢ € (0,7/2]. Then, a non-lightlike slant ruled surface F ( N[¢]"b) is a non-lightlike slant
yNIDL

developable surface if and only if

det (y/(s), N[¢I2(s), (N[@I2) (5)) = 0.
On the other hand, since
NIPI(s) x (NP1 (5) = sin® ¢ 5((8))t()t(s) £ cos b 3( () Jk(s)n(s) + cos” b 5( () Jk(s)b(s),
following [17] in Euclidean sense, we have the following proposition:
Proposition 4.2. A slant ruled surface

non-cylindrical if ¢ € [0,7/2),
F is non-cylindrical if @ = /2 and ©(s) # 0,
(y110) A o= o

cylindrical if o =m/2and t(s) = 0.
As a result, the space of non-lightlike and non-cylindrical slant developable surfaces F ( N[({)]”b) is given
v, +
by

Dev[¢]"(I,R}) = { y : I = R? is a spacelike curve which
is parametrized by arc length s | k(s) # 0 and 7(s) = 0 for any s € I},

where ¢ € (0, 1/2) (See [17] for the Euclidean case.).

N~ is a ¢-hyperbolic normal developable surface of y. Moreover, it is non-

Example 4.3. In Example 3.4, F (
Y
cylindrical (vespectively, cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2).

is a ¢-de Sitter normal developable surface of y. Moreover, it is non-

+

Example 4.4. In Example 3.5, F ( ]N[qb]”h)
2

cylindrical (vespectively, cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2).

is a ¢-de Sitter normal developable surface of y. Moreover, it is non-

+

Example 4.5. In Example 3.6, F ( N[¢]nh)
¥,

cylindrical (vespectively, cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2).

Example 4.6. In Example 3.7, F ( is a ¢-hyperbolic normal developable surface of y. Moreover, it is non-
YV,

N[o]

cylindrical (vespectively, cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2).

Now, we investigate the singularities of non-lightlike and non-cylindrical slant developable surfaces

F ( Ni¢ ]nb), where ¢ € (0,71/2). Taking into account [17] in Euclidean sense, we have the following lemma

VANIQL:
and corollary:
Lemma 4.7. Let F o be a non-lightlike and non-cylindrical slant ruled surface, where ¢ € (0, 1/2). Then,

yNIgL
p) 1S a non-lightlike slant developable surface if and only if
(y11)
’ 1 nb\
') = (NIPI2) (5).

cos ¢ 5(y() k(s)
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Corollary 4.8. Let F N be a non-lightlike and non-cylindrical slant developable surface, where ¢ € (0, 7/2).
Y,

+

ot

In this case, the set of the siﬁgular points of F ( ) is a curve parametrized by
V&

IN i

o[PIE(s) = p(s) + N[PIZ(s)-

1
cos ¢ 5(y(s) Jk(s)

If o[¢]™ is non-singular, then F ( b
V4

N ) is the tangent developable surface of o[p]™°.
I

N[o]"b

+

Proof. Since F ( ) is a non-lightlike and non-cylindrical slant developable surface for ¢p € (0, 7t/2),
Y,

from L 4.7, we have y/(s) = ————A———(N[p]"*) (s). It is obvious that F
rom Lemma we have y’(s) cosqbé(y(s))k(s)( [¢] i)() is obvious tha (y,

a point (so, 1p) € I X | if and only if

¥/ (s0) X NP1 (50) + o IN[GT2) (50) X NP2 (50) = 0.

N[o)b

+

) is singular at

1
cos ¢ 5((50) Jk(s0)

If we use y’(sp) = —

(]N[gb]'i‘b )/(so) in the above equation, we obtain uy =

seI}.

1
cos ¢ &((50) Jk(s0)

Consequently, for the singular locus on F, ( we get

yN[oI2b)

= b = ; nb
Z (F<y,N[¢]¥h)) = O-[(P]i (s) {Y(S) + s 5(),(5))}((5) ]I\I[(j)]i (s)

It can be easily seen that the singular locus o[¢]"¥(s) is the line of striction of F ( ]N[qb]”b)' Moreover, since
v, +
’ 1 K'(s) b
olPI2) (s) = - N[PIE(5),
( ) cos 6()/(5)) k2(s)

a non-lightlike and non-cylindrical slant developable surface F ( ) can be considered as the tangent

[p1b

y/N
developable surface of the singular locus o[¢p]™ if K'(s) # 0 at any s € I (that is, if 6[¢]"? is non-singular). O

Now, taking into account [17], in terms of
det (NP (s), (N6 (s), (N[91) (5)) = = cos¢p sin? pT(s)K'(s) F sin® p k(s)7(5)
Fcos® P 6(y(s))k3(s) + cos ¢ sin® G k(s)7'(s),

we have the following theorem for the singularities of a non-lightlike and non-cylindrical slant developable
surface F »\» Where ¢ € (0, /2):
(ri010)

Theorem 4.9. Let F ( 1”’) be a non-lightlike and non-cylindrical slant developable surface, where ¢ € (0,7/2).

y/N[¢]

Moreover, let (sg, ug) € I X | be a singular point ofF( N[<p]"b) and xy = F( )(so, o) = p(s0) + uo( cos g n(sp) +
y/NIPIY

7 N[g1b

b(so)). In this case, we have the following:

(1) The germ of F I X ]) at xg is diffeomorphic to the cuspidal edge if uy = 1 and k' (sg) # 0.
germ of (y,Nmz”)( J) at xo is diffeomorp pidal edge if o c0s ¢ 6(y(50) k(so) (s0)
. . o 1 ,
(2) The ¢germ of F I X ]) at xq is diffeomorphic to the swallowtail if ug = , k' (sg) = 0and
8 f ()’rNW]ilb)( J) 0 iffe P if g COSQ{)(S()/(SO))k(SQ) (s0)
k" (so) # 0.

(3) The cuspidal cross cap never appears as a singularity of F ( NI P]nb).
VNIl
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¥ Nlp1b

as the tangent developable surface of the singular locus o[¢]"’(s) of F ( N[¢]nh) around o[¢]™(sp) under
yNIDL

Proof. A non-lightlike and non-cylindrical slant developable surface F ( ) can be taken into account

the condition (a[cp]g” )N(so) # 0 even if o[¢]"%(s) has a singularity at sp. Hence, the classifications of the
singularities of F ( ]N[(p]"b) can be reduced to the classifications of the singularities of the tangent developable
v +

surface of a (not necessarily regular) space curve in ]R“;’ (Cft. [7], [10], [11], [17], [28] and [35] in Euclidean

sense.). O

Example 4.10. Let y(s) = (sinh( V2s) — V2s cosh( V2s), — cosh( V2s) + V2s sinh( V2s), O), s > 0. In this case,
we have the following slant ruled surface parametrized by

F )\ = (sinh(V2s) — V2s cosh(V2s) — cos ¢ cosh( V2s)u,
(yiomt)
— cosh( @) + V2s sinh( \/Z) + cos ¢ sinh( @) u, J_ru),

where ( C;/s;) are its singular points for ¢ € [0,7/2). Moreover, it is spacelike (respectively, lightlike) for
¢ € (0, /2] (respectively, ¢ = 0), where uci)srﬂp + -1 (respectwely, = # —1). Furthermore it is non-cylindrical
(respectively, cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2). Smce k(s) = and K (s) = the germ of

{( /
) is dyj’eomorphzc to the cuspidal edge for each

the slant developable surface F (%Nd)l?”)([ X [)at F (y,JN[qa]fb)(S’ sg

s, where ¢ € (0, 1/2).

Example 4.11. Let y(s) = (arccosh s, Vs2 -1, 0), s > 1. In this case, we have the following slant ruled surface
parametrized by

su u
F b (s,u) = (arccoshs —cos P , Vs2—1—cos¢ , iu),
(y,lN[qﬂi’ ) s2—1 s2 -1

where( )are its singular points for ¢ € [0, t/2). Moreover, it is spacelike (respectively, lightlike) for ¢ € (0, 7t/2]

S cosqS
(respectively, ¢ = 0), where ucom # —1 (respectively, 55 # —1). Furthermore it is norl cyllrzdrzcal (respectively,
cylindrical) for ¢ € [0,7/2) (respectwely, ¢ = 71/2). Since k(s) = Z and k'(s) = 52 5, the germ of the slant

developable surface F Ix])atF =57 s diffeomorphic to the cuspidal edge for each s, where
p i (y,lN[(b]fb)( ) (VJN[ (P]fb)( COsd)) iffe 14 14 e fi
¢ € (0,7/2).

Example 4.12. Let y(s) = %(sz,s Vs2 +1 + arcsinhs, 0). In this case, we have the following slant ruled surface
parametrized by

2 ) .
F b (s,u) = S—+cos¢) Vsz+1u,S i +1+arcsmhs+cos¢su,¢u,
(y,lN[mi‘ ) 2 2
where ( C'OS 5 ) are its singular points for ¢ € [0,7/2). Moreover, it is spacelike (respectively, lightlike) for
¢ € (0, /2] (respectively, ¢ = 0), where u \C/ﬂ # -1 (respectzvely, = # -1). Furtherrrzore it is non- cylzndrzcal
(respectively, cylindrical) for ¢ € [0, 7/2) (respectively, ¢ = 7/2). Szrzce k(s) = k (8) = \/ﬁ kK'(s) =

\/2(5:2+_11)5 k' (0) = 0and k”(0) = —1, the germ of the slant developable surface F( NI b)(l ] at ( ]nb)< —%)

is diffeomorphic to the cuspidal edge (respectively, the swallowtail) when s # 0 (respectively, s = 0), where ¢ € (0,m/2).
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Example 4.13. Let y(s) = (O,Zarctan(es), In(2 cosh s)). In this case, we have the following slant ruled surface
parametrized by

u
F s,u) = [ Fu,2arctan(e’) — u tanhs, In(2 cosh s) + ,
(r,JN[¢]’§b)( ) ( F arctan(e’) — cos ¢ u tanhs, In(2 coshs) + cos ¢ coshs)

where (s, Cc‘j)sshg) are its singular points for ¢ € [0, 71/2). Moreover, it is timelike (respectively, lightlike) for ¢ € (0, t/2]
(respectively, ¢ = 0), where ufé’:h(i # 1 (respectively, —o—
cylindrical) for ¢ € [0, 11/2) (respectively, ¢ = 1/2). Since k(s) = =,

and k”'(0) = =1, the germ of the slant developable surface F ( N[d)l”b)(l X ]) at
y N[

# 1). Furthermore it is non-cylindrical (respectively,
k’(S) smI}:Zs , k”(S) smh s 1 k/(O) =0
coshs

(y,]N[q’)]fb)(S/ cos P

) is dzﬁeomorphlc to

the cuspidal edge (respectively, the swallowtail) when s # 0 (respectively, s = 0), where ¢ € (0, 1t/2).

Example 4.14. Let y(s) = %(0, 1—s?% arccoss —s V1 — sz), 1 > §%. In this case, we have the following slant ruled
surface parametrized by

1—¢2 —sV1-¢2
(s,u) = (iu, ° —cosqb‘\ll—szu,arccosS ° s +cosqi)su),

F
(ri0m0) 2 2
where (s, C‘(}S_;f)are its singular points for ¢ € [0, 7t/2). Moreover, it is timelike ( respectively, lightlike) for ¢ € (0, 7'c/ 2]
(respectively, ¢ = 0), where u f/(ﬂ #1 (respectwely,

k//( ) — 1+25 k/(o)

) is dlﬂ’eornorphzc to

cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2). Smce k(s) = \/172 (8) = \/(17

and k' (0) = 1, the germ of the slant developable surface F( ]N[qﬁ]"b)(l X ]) at F( ]N[qb]"b)< , C05¢
Y, + Y- +

the cuspidal edge (respectively, the swallowtail) when s # 0 (respectively, s = 0), where ¢ € (0, 1/2).

Example 4.15. Let y(s) = (1n(sec s), In(secs + tans), 0), 0 <s < 3. In this case, we have the following slant ruled
surface parametrized by

S U In(secs) + cos ¢ u secs,In(secs + tans) + cos ¢ u tans, Fu),
(o) = (In(secs) + cos ( )+ cos )

where (s,—(fg:;) are its singular points for ¢ € [0,7/2). Moreover, it is spacelike (respectively, lightlike) for

cos ¢
coss

# —1 (respectively, 12— # —1). Furthermore it is non-cylindrical

¢ € (0, 7/2] (respectively, ¢ = 0), where u—
(respectively, cylindrical) for ¢ € [0, 7t/2) (respectively, ¢ = 1/2). Since k(s) = s, K(s) = Csérs‘fs Lk (s) = %,

K'(0) = 0 and k”(0) = 1, the germ of the slant developable surface F( ]N[qb]"b)(l X ]) at F( Nipf (S,— COSS) is
)’: + y’ +

COS s

cos P

diffeomorphic to the cuspidal edge (respectively, the swallowtail) when s # 0 (respectively, s = 0), where ¢ € (0, 1/2).

5. Singularities of slant ruled surfaces with the director curve ]N[(p]’ib

In this section, taking into account [17] for the principal normal surface of a unit speed curve with
non-zero curvature in Euclidean 3-space, we investigate the singularities of slant ruled surfaces F ( N[¢]nb),
Y, +

where ¢ € (0,7/2).

Theorem 5.1. Let ¢ € (0,7/2). For a spacelike curve y : I — RS which is parametrized by arc length s such that
k(s) # 0, the slant normal surface F ( N[cp]"b) of y is the cross cap at (so, up) € I X | if and only if
¥ NIDLE

1
Uy = , T(so) =0 and 7'(sg) # 0.

cos ¢ &((50) Jk(so)
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[p1b

+

Proof. For ¢ € (0,7/2), we showed in Section 3 that (sg, up) is a singular point of F ( N ) if and only if
Y

1 . . . .
T(Sp) = 0 and ugy = . If we use these equations in the derivative equations of F at
(s0) "7 cos ¢ 6(y(s0)kiso) a q (i)
(So, uo), we find
F
(1)
T(So, ug) =0,
JoF b
(1)
3—M(So/ ug) = cos ¢ n(sp) = b(so),
F
(i)
—ougs (S0, t0) = —cos 5(¥(s0) )k(s0)(s0),
2
F
y,]N[qb]i‘b K ’ ’
(852 )(50/ UO) == k((ss(?)) t(S = z (SO) n(so) + L (SO) b(SO)'

R TV K s T

By means of these relations, we deduce

P (avione) azF(y,Nm':b) azF(y,NmZ")

det o S0, U0), W(SO' Uo), T(SOr up) | = sin? ¢ 5()’(50))T’(50)-

In terms of the characterization of the cross cap which was given in [2], [5] and [17] for the Euclidean case,
we find from the last equation that 7’(sg) # 0. Thus, the proof is completed. O

Example 5.2. Let y(s) = (_ (azz_l)(cos(l:zgfﬁig-zl)s) + cos(};(_(gzl)s) )’ _ (atl)(sirxi;(iuﬁ-j)s) _ smg(fﬂl;zl)s) )/ _ Va;—l cosh(as)), where

a*> > 1. It follows that k(s) = Va2 —1cosh(as), 1(s) = — Va2 — 1sinh(as), 7(0) = 0 and so (O,m)

)fOT (]5 (S
)is the

( respectively, (s, m)) is the singular point (respectively, are the singular points) of F (

yN[g1b

(0, 7t/2) (respectively, ¢ = 0). Moreover, since t'(s) = —a Va? — 1 cosh(as) and ©(0) = —a Va?> — 1, F ( Nig b
y/NI$IE

cross cap at (0, m)for ¢ €(0,7/2).

Example 5.3. Let p(s) = (%,scos s,ssins). It follows that k(s) = Vs2+3, 1(s) = _SH) 0) = 0 and so

s2+3 7
for

is the cross cap at

(O, COS; \@) ( respectively,(s, ﬁ)) is the singular point (respectively, are the singular points) of F (

€ (0, 72/2) (respectively, & = 0). Moreover, since T'(s) = — 2412 gy /(0) = -4 F
p Y 3 (

(s2+3)2
(O' —di \@)for ¢ €(0,7/2).

y NI

YNl )

Now, we take into account the following generic conditions on a space curve y : S' — R? which is
spacelike and parametrized by arc length s (See [5] and [17] for the Euclidean case.):

(1) There are no points on S! with 7(s) = 7/(s) = 0.
(2) The number of the points sy € S! such that 7(sp) = 0 and 7’(so) # 0 is finite.
(3) k(s) # 0 at any point s € S'.

Thus, taking into account [17], we have the following corollary:
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Corollary 5.4. Fora "generic” spacelike curve y : S — IR3, the number of the singular points of F ( is finite

yNIgI?)
and each singular point is the cross cap.

6. Slant ruled surfaces with the director curve N[(l)]’ib

In this section, in a similar way to the one in Section 3, for any fixed ¢ € [0, 7/2], we define a slant ruled
surface by

3
F(y,]I—(IM)]i‘b) IX] — ]Rl -
(s,u) > p(s) + ulN[Pp]™(s)

such that y : I - IR? is a spacelike base curve parametrized by arc lengths, N [¢]"™ = n+cos ¢ bis a director

curve and the straight lines u +— y(s) + uN[qb]'i’b(s) are rulings, where I and | are open intervals in IR or unit
circles S'. Here, we remark that

. S2(sin® p)  if n(s) is spacelike
nb 1 ’
INIPL'(s) € { H?(—sin® ¢) if n(s) is timelike

for any fixed ¢ € [0, /2] and we say that F ( N[¢]nb) is
YN[l

a ¢-de Sitter normal surface of y  if n(s) is spacelike,
a ¢-hyperbolic normal surface of y if n(s) is timelike.

We briefly say that F ( ~ is a slant normal surface of y if it is either a ¢-de Sitter normal surface or a
V&

fo1t)

¢-hyperbolic normal surface of y. Especially, we say that F, _ p) 18
(y,N[n/Z]i‘ )

a de Sitter principal normal surface of y  if n(s) is spacelike,
a hyperbolic principal normal surface of y if n(s) is timelike

(Cf. [17] in Euclidean sense.). Moreover, F ( o nb) is said to be the lightcone normal surface of y, where
Vs +
IKT[O];‘" (s) € LC*. Here, we remark that this case was investigated in [14].

For the normal vector of a slant ruled surface F ( N[qb]”b)’ we obtain
yNiolZ

aF( &F(V,N[qﬁ]i‘b)

Ju

yNiglt)

-~ (5,1) = ¥/(5) x NIQI(5) + u(NIGL") (5) x NIGIL(s)

(s, u) x

atany (s, u) € I X J. If we denote this normal vector by Ni’"b(s, u), then we get

ﬁi”"b(s, u) = usin® 0] 6()1(5))7(5)1‘(5) + cos ¢(1 - ué(y(s))k(s))n(s) + (1 - ué(y(s))k(s))b(s).
Consequently, we have the following propositions and remark:

Proposition 6.1. Let ¢ € (0,71/2]. (so,uo) is a singular point of F ( _ if and only if 1(sp) = 0 and uy =

y.NIgl)
1

8((50) k(o)
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Proposition 6.2. (s ) is a singular point ofF( _

1
" 5(y(s0))k(s0) yNopb)

We point out that ¢ = 0 case was studied in [14].

Remark 6.3. The singular points of F ( ]N[é]nb) don’t depend on ¢.
YANLPL:

Now, we take into account the following cases:

(D ¢ = 0and ud(y(s) Jk(s) # 1.

(2) ¢ € (0,7/2], n(s) is spacelike and 1> sin? O T2(s) > (1 - uk(s))z, where one of the following conditions
holds:

() 7(s) # 0 and uk(s) =1,

(ii) 7(s) # 0 and uk(s) # 1.

(3) ¢ € (0, /2], n(s) is spacelike and u? sin® O T3(s) = (1 - uk(s))z, where 1(s) # 0 and uk(s) # 1.

(@) ¢ € (0,7/2], n(s) is spacelike and 1> sin? O T2(s) < (1 - uk(s))z, where one of the following conditions
holds:

(1) 7(s) = 0 and uk(s) # 1,

(i) 7(s) # 0 and uk(s) # 1.

(5) ¢ € (0, /2], n(s) is timelike and at least one of the following conditions holds:

@ 7(s) #0,

(ii) uk(s) # 1.

In terms of the above cases, we classify the normal vector ﬁi}’"b(s, u)of F ( N[¢]“b) atany regular (s, u) € Ix]
y/NI$IZ

as follows:

_ spacelike if either (2) or (5) is satisfied,
Nf’"h(s, u) is { lightlike if either (1) or (3) is satisfied,
timelike if (4) is satisfied.

Example 6.4. Let y(s) = (0, coss,sins), where 0 < s < 2m. In this case, we have the following slant ruled surface
parametrized by

F( N ﬂnb)(s, u) = ( Fcospu,(1—u)coss,(1—u)sin s),
YANIPLE

where the points (s,1) are its singular points for ¢ € [0,7/2]. Moreover, F ( N[m"b) is spacelike (respectively,
V4

+

lightlike) for ¢ € (0, /2] (respectively, ¢ = 0), where u # 1.
Example 6.5. Let y(s) = (coshs, sinhs, 0). In this case, we have the following slant ruled surface parametrized by

F, _ s,u) = ((1 + u)coshs, (1 + u)sinhs, ¥cospu),
(r00) ) (1 + ) coshs, (1 + u) $u)

where the points (s, —1) are its singular points for ¢ € [0,7/2]. Moreover, F ( N[q)]nh) is timelike (respectively,
¥ NIDL
lightlike) for ¢ € (0, 11/2] (respectively, ¢ = 0), where u # —1.

sinhs sinhs
V22

Example 6.6. Let y(s) = ( coshs, ) In this case, we have the following slant ruled surface parametrized

by
1

V2

cos ¢ u)

cos¢ u, L(l + u)sinhs F

(1 + u)sinhs + N N

(y,]N[q)]Qb)(s' u) = ((l + u) coshs,
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where the points (s,—1) are its singular points for ¢ € [0,7/2]. Moreover, F ( N[q)]nb) is timelike (respectively,
¥y NIDL

lightlike) for ¢ € (0, 11/2] (respectively, ¢ = 0), where u # —1.

Example 6.7. Let y(s) = (sin s, V2sins, cos s), where 0 < s < 2m. In this case, we have the following slant ruled
surface parametrized by

F(Y,N[(mh)(s,u) = ((1 —u)sins + \/Ecos¢) u, \/5(1 —u)sins + cospu, (1 — u)cos s),

where the points (s,1) are its singular points for ¢ € [0,7/2]. Moreover, F ( ol b) is spacelike (respectively,
yN[PIE
lightlike) for ¢ € (0, /2] (respectively, ¢ = 0), where u # 1.

We can define the unit non-lightlike normal vector denoted by ﬁi”"b(s, u) of F ( K ]nb) at any regular
yNIL

(s,u) € I X ] as follows:

usin? ¢ T(s)t(s) = cos (1 — uk(s))n(s) + (1 — uk(s))b(s)

if (2) is satisfied,
sin ¢ \/uz sin® ¢ T2(s) — (1 - uk(s))2

. usin? ¢ 7(s)(s) = cos ¢(1 + uk(s) Jn(s) + (1 + uk(s) b(s) it (5 is satisfed.

: sin ¢ \/uz sin® ¢ T2(s) + (1 + uk(s))2
usin? ¢ T(s)k(s) = cos ¢(1 — uk(s) )u(s) + (1 - uk(s) )b(s)

sin¢ \/ —(u2sin? ¢ 72(s) - (1 - uk(s))z)

if (4) is satisfied.

By the considerations similar to the ones in Section 3, for the Gauss curvature denoted by K¢ of a non-
lightlike (either timelike or spacelike) slant ruled surface F ( < nb) we obtain the following classifications:
V&

72(s) . . s
5 >0 if (2) is satisfied,
(u2 sin? ¢ 2(s) — (1 - uk(s)) )
2
gomb (5,10) = () 55 =0 if (5) is satisfied,
= (u2 sin® ¢ T%(s) + (1 + uk(s)) )
2
_ T (s) 5 < 0 if (4) is satisfied.
(uz sin? ¢ 2(s) — (1 - uk(s)) )

" nb

As a result, for any non-lightlike slant ruled surface F ( Rie
y.Nl¢

) we can deduce that

Ef’nb(s, u)=0 1(s) =
Thus, we have the following proposition which is similar to Proposition 3.8.

Proposition 6.8. Singular points of a non-lightlike slant ruled surface F ( N[q)]"b) are located on the line of striction
¥y NIDL

on which the Gauss curvature K(P " is zero. At reqular poznts of a timelike (respectively, spacelike) slant ruled surface

( ]N[d)]"b) E¢ satisfies K‘i7 > 0 (respectively, K¢ " < 0) and K‘P is zero only along the rulings which meet the
Vs Pt

line of striction at a singular point.
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7. Singularities of non-lightlike and non-cylindrical slant developable surfaces with the director curve
N[pI™

Following Section 4, for any fixed ¢ € [0, /2], we say that a non-lightlike slant ruled surface F ( N[tﬁ]“b)
yNIPL

is a non-lightlike slant developable surface if the Gauss curvature Kﬁ’"h of the regular part of F N[¢]nb) is
Y,
identically zero. Moreover, we say that a slant developable surface F N (s, u) is a ¢-de Sitter (respec-
yNI¢lE

tively, ¢-hyperbolic) normal developable surface of y(s) if n(s) is spacelike (respectively, timelike). Furthermore,
F ( 11?1[0]"17)(5’ u) = p(s) + u(n(s) = b(s)) is said to be the lightcone developable surface of y(s), where IN[0]" € LC".
y/NIOF

Here, we note that this case was investigated in [14]. We also remark that since the proofs of our results in
this section are similar to the ones in Section 4, we omit them.

It can be easily verified that

det (y'(s), N[pI*(s), (N[¢I™) (5)) = = sin® ¢ 5((5))(s).

So, taking into account [17], [36]-[38], [40] and [41], we have the following proposition which is similar to
Proposition 4.1:

Proposition 7.1. Let ¢ € (0,7/2]. Then, a non-lightlike slant ruled surface F ( Rl
V&

+

) is a non-lightlike slant

developable surface if and only if
det (y/(s), N[¢]2(s), (N[¢]2*) (5)) = 0.
On the other hand, since
N[pI2() x (N[$]2) () = —sin® § 8(y(s))T(s)£(5) + cos b (y(5) Jk(s)n(s) + 5(y(s) Jk(s)b(s),
we have the following proposition:

Proposition 7.2. A slant ruled surface F ( N[cp]"”) is always non-cylindrical for ¢ € [0, 7t/2].
yNIDL

As a result, the space of non-lightlike and non-cylindrical slant developable surfaces F ( < h]nb) is given
Y, Ple
by

Dev[o]*(I, R?) = { y : [ - R} is a spacelike curve which
is parametrized by arc length s | k(s) # 0 and 7(s) = 0 for any s € I},

where ¢ € (0,1/2] (See [17] for the Euclidean case.).

Example 7.3. In Example 6.4, F

Rie ) is a non-cylindrical and ¢-de Sitter normal developable surface of y.
y/NI[oLZ

Example 7.4. In Example 6.5, F ( is a non-cylindrical and ¢-hyperbolic normal developable surface of y.
v.N

Example 7.5. In Example 6.6, F (
YN

) is a non-cylindrical and ¢-hyperbolic normal developable surface of y.
) is a non-cylindrical and ¢-de Sitter normal developable surface of .

Example 7.6. In Example 6.7, F( _

Now, taking into account Section 4, we have the following lemma and corollary:
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Lemma 7.7. Let F, _
¥ Nig?

) is a non-lightlike slant developable surface if and only if

be a non-lightlike and non-cylindrical slant ruled surface, where ¢ € (0, t/2]. Then,
(R

Y'6) =~ ( (N[oI (s)

1
5(y(9))k(s)

Corollary 7.8. Let F ( N ﬂnb) be a non-lightlike and non-cylindrical slant developable surface, where ¢ € (0, 7/2].
VANIQL:

In this case, the set of the singular points of F ( N[¢]"h) is a curve parametrized by
y/NIPIE

SPIL(s) = () + ———— o ————NI$I2 ().

y(s))k(
If G[p]™ is non-singular, then F, _ is the tangent developable surface of 5[]
} (yRigr) -

Now, in a similar way to the one in Section 4, in terms of

det (N[9I(s), (N[12) (5), (N[]™)"5)) = sin® @ (s)K'(5) + cos b sin? p k(s)7(s)
F cos § 5(y(s) )l (s) - sin’ P k(s)7'(5)
and

det (N[$]2"(s), (NI[¢] "b) (), (N gb]”b) (s)) = sin? P (s)k”(s) + 2 cos ¢ sin® P k(s)7(s)T’ (s)
+ cos ¢ sin ¢ TX(s)k’ () F 3 cos ¢ &(y(s) KA (s)K'(s)
—sin® g k(s)T”(s),

we have the following theorem for the singularities of a non-lightlike and non-cylindrical slant developable
surface F, _ ay where ¢ € (0, /2]:
(%NI(*)]" )

S

Theorem 7.9. Let F ( n?][o]"b) be a non-lightlike and non-cylindrical slant developable surface, where ¢ € (0, 7/2].
yNIDL

Moreover, let (sg,1g) € I X | be a singular point of F; _ and xg = F, _ S0, Ug) = Y(So) + upln(sg) +
(So,u0) € 1% ] goar point of F(_ ) 19 %0 = F( g0 = (60 ofn(so)

cos b(so)). Then, we have the following:
(1) Let ¢ € (0, /2). In this case,

(i) the germ of F, _ (I x J) at xq is diffeomorphic to the cuspidal edge if uy = — 1 K (so) # 0.
(riort) o (s0)Jk(s0)
.. . . g 1 o) —
(ii) the germ of F ()’/N[fi’]fb)(l x J) at xq is diffeomorphic to the swallowtail if uy = oo een (y(so))k(so), K (so) = 0 and

k” (o) # 0.

(2) The cuspidal cross cap never appears as a singularity of F ( Rie ]nb)‘
Y Pl

Example 7.10. Consider the curve given in Example 4.10. In this case, we have the following non-cylindrical slant
ruled surface parametrized by

(s,u) = (sinh(V2s)— V2scosh(V2s) - u cosh(V2s),

F, _
(yRigr)
— cosh( \/E) + V2s sinh( \/E) + u sinh( @), +cos @ u),
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where (s,— V2s) are its singular points and ¢ € [0,7t/2]. Moreover, it is timelike (respectively, lightlike) for
¢ € (0,7/2] (respectively, ¢ = 0), where u # —\2s. Furthermore, the germ of the slant developable surface
F IxXatF, _ s, — V2s) is diffeomorphic to the cuspidal edge for each s, where ¢ € (0, 7/2).

(r o) DA, mb)( ) is diffeomorp pidal edge f ¢ € (0,7/2)

Example 7.11. Consider the curve given in Example 4.11. In this case, we have the following non-cylindrical slant
ruled surface parametrized by

F, _ b (s,u):(arccoshs— o , Vs2—1—
(v Rigr)

s2—1 s2—1

+cos ¢ u),

where (s, 1—s) are its singular points and ¢ € [0, 7t/2]. Moreover, it is timelike (respectively, lightlike) for ¢ € (0, 1/2]

(respectively, ¢ = 0), where u # 1 — s>. Furthermore, the germ of the slant developable surface F ( N[é]nb)(l X J) at
Y- g E

F ( uﬁ[q;]"b)(s' 1 — s?) is diffeomorphic to the cuspidal edge for each s, where ¢ € (0, 7/2).
YNNI

Example 7.12. Consider the curve given in Example 4.12. In this case, we have the following non-cylindrical slant
ruled surface parametrized by

s > sVs2 + 1 + arcsinh s _
(—+ s2+1u, +su,+cos¢u),

, 1) >

(o)

where (s, — Vs + 1) are its singular points and ¢ € [0,7/2]. Moreover, it is timelike (respectively, lightlike) for

¢ € (0,7/2] (respectively, ¢ = 0), where u # —Vs*> + 1. Furthermore, the germ of the slant developable surface
F, _ IX])atF, _ s, — Vs2 + 1) is diffeomorphic to the cuspidal edge (respectively, the swallowtail) when
(rtae) ) (y,N[(m’:”)( ) s diomorp pri e trepesecy

s # 0 (respectively, s = 0), where ¢ € (0,7/2).

Example 7.13. Consider the curve given in Example 4.13. In this case, we have the following non-cylindrical slant
ruled surface parametrized by

u
F, _ , = (¥ ,2 arct. ®) — u tanh s, In(2 cosh B
(VN[qﬂi’b)(s u) (+cos¢u arctan(e®’) — u tanhs, In(2 cosh's) + coshs)

where (s, coshs) are its singular points and ¢ € [0,7t/2]. Moreover, it is spacelike (respectively, lightlike) for
qb € (0,m/2] (respectively, ¢ = 0), where u # coshs. Furthermore, the germ of the slant developable surface

I x s, cosh s) is diffeomorphic to the cuspidal edge (respectively, the swallowtail) when
F o) D () ) is diffeomorp pidal edge (respectively

s # 0 (respectively, s = 0), where ¢ € (0,1/2).

Example 7.14. Consider the curve given in Example 4.14. In this case, we have the following non-cylindrical slant
ruled surface parametrized by

1-s2 arccoss —s V1 —s2
(s,u) = |[xcosou, - V1-3s%u, +sul,
(y Niop?) 2 2

where (s, V1 - 52) are its singular points and ¢ € [0,7/2]. Moreover, it is spacelike (respectively, lightlike) for

¢ € (0,7/2] (respectively, ¢ = 0), where u # V1 —s2. Furthermore, the germ of the slant developable surface

F, _ (Ix])atF, _ (s, V1 - 52) is diffeomorphic to the cuspidal edge (respectively, the swallowtail) when
(yRiort) (v

s # 0 (respectively, s = 0), where ¢ € (0,1/2).

for)
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Example 7.15. Consider the curve given in Example 4.15. In this case, we have the following non-cylindrical slant
ruled surface parametrized by

F(y N[<p]"b)(s' u) = (1n(sec s) + u secs,In(secs + tans) + u tans, F cos ¢ u),

where (s, —coss) are its singular points and ¢ € [0,7/2]. Moreover, it is timelike (respectively, lightlike) for
¢ € (0,m/2] (respectively, ¢ = 0), where u # —coss. Furthermore, the germ of the slant developable surface

F (y,N[(p]gb (Ix])atF Rigpb (s, — coss) is diffeomorphic to the cuspidal edge (respectively, the swallowtail) when

s # 0 (respectively, s = 0), where ¢ € (0, /2).

Now, taking into account [33] and [39] (See also [24] and [34].), we have the following theorems when
¢ = 1t/2, where k(s) # 0 and 7(s) = 0 for each s € I:

Theorem 7.16. F ( _ is &/ -equivalent to

1
yNIm/ 2]@) “ (SO, 6(7’(50))1‘(50))
(1) the fold if and only if k' (sp) # 0.
(2) the cusp if and only if k' (so) = 0 and k"’ (sg) # 0.
(3) the swallowtail if and only if k' (sg) = k'’ (so) = 0 and k"’ (sp) # 0.

Proof. The proof is clear from the criteria given in the Fact 2 (See also [39]) and Theorem 3 in [33]. m|

Theorem 7.17. The lips and the beaks never appear as singularities of F ( i /2]””)'
yNIn/2];

Proof. The proof is clear from the criteria given in Theorem 3 in [33]. |

Example 7.18. In Example 7.10, F< it /2]nb) at (s, — V2s) is o -equivalent to the fold for each s.
yNIn/2];

Example 7.19. In Example 7.11, F( i /2]nb) at (s, 1 — s2) is o/ -equivalent to the fold for each s.
YN[ /21E

Example 7.20. In Example 7.12, F ( i /2]nb) at (s, — Vs? + 1) is o -equivalent to the fold (respectively, cusp) when
NIm/2%

s # 0 (respectively, s = 0).

Example 7.21. In Example 7.13, F ( it /Z]nb) at (s, coshs) is o/ -equivalent to the fold (respectively, cusp) when
y/NIm/2l¢

s # 0 (respectively, s = 0).

Example 7.22. In Example 7.14, F ( fr /Z]nb) at (s, V1 —s2) is o -equivalent to the fold (respectively, cusp) when
yNIn/2];

s # 0 (respectively, s = 0).

Example 7.23. In Example 7.15, F ( Rt /2]nb> at (s, —coss) is o/ -equivalent to the fold (respectively, cusp) when
yNIn/2];

s # 0 (respectively, s = 0).
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8. Singularities of slant ruled surfaces with the director curve N[(I)]'i‘h
In this section, following Section 5, we investigate the singularities of slant ruled surfaces F YJN[?P]Z’!’),
where ¢ € (0, /2]. Since the proof of the following theorem is similar to the proof of Theorem 5.1, we omit

it.

Theorem 8.1. Let ¢ € (0,7/2]. For a spacelike curve y : I — R3 which is parametrized by arc length s such that

k(s) # O, the slant normal surface F ( nﬁ[zp]"b) of y is the cross cap at (s, up) € I X | if and only if
yNIDL
1
Uy = ————, 1(sg) =0 and 1'(sp) # 0.
5(y(s0) k(o)

. . . . 1 . 1 .
Example 8.2. Consider the curve given in Example 5.2. It is clear that (O, VT?) ( respectively, (s, m)) is
) for ¢ € (0, 1/2] (respectively, ¢ = 0). Moreover, F ( _

y Niglt)

the singular point (are the singular points) of F ( Rl
y/NIPIE

is the cross cap at (O, \/alzf_l)for ¢ €(0,7/2].

Example 8.3. Consider the curve given in Example 5.3. It is clear that (O, %) (respectively,(s, «/s+73> ) is the singular

_ ) for ¢ € (0, /2] (respectively, ¢ = 0). Moreover, F ( _

point (respectively, are the singular points) of F ( Rigpb i ]nb)
Yr + YANIPL:

is the cross cap at (O, \/%)for ¢ € (0,m/2].

Now, considering the generic conditions expressed in Section 5 for a space curve y : S' — R} which is
spacelike and parametrized by arc length s, we have the following corollary:

Corollary 8.4. Fora "generic” spacelike curve y : S — IR3, the number of the singular points ofF( N[¢]”b) is finite
v +

and each singular point is the cross cap.
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