<

Filomat 33:1 (2019), 177-192
https://doi.org/10.2298/FIL1901177W

Published by Faculty of Sciences and Mathematics,
University of Ni$, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

The Signless Laplacian Coefficients and the Incidence Energy of
Unicyclic Graphs with given Pendent Vertices
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Abstract. Let U/, be the set of unicyclic graphs with n vertices and r pendent vertices (namely, r leaves),
where n > 4 and r > 1. We consider the signless Laplacian coefficients (SLCs) and the incidence energy
(IE) in U, Firstly, among a subset of U], in which each graph has a fixed odd girth g > 3, where n > g +1
and r > 1, we characterize a unique extremal graph which has the minimum SLCs and the minimum IE.
Secondly, if G € U}, and G has odd girth g > 5, where n > 7 and r > 1, then we prove that a unique extremal
graph L, € U}, with girth 4 satisfies that both the SLCs and the IE of G are more than the counterparts of L,,.

1. Introduction

Let G = (V(G), E(G)) be a simple graph with a vertex set V(G) = {vy,...,v,} and an edge set E(G) =
le1, ..., en}. The vertex-edge incidence matrix of G is denoted by I(G), where I(G) is an (1 X m)-matrix whose
(i, j)-entry is 1 if the vertex v; is incident with the edge ¢;, and 0 otherwise. Let dg(v;) be the degree of the
vertex v; with 1 < i < n. The adjacency matrix, Laplacian matrix and signless Laplacian matrix of G are
denoted by A(G), L(G) = D(G) — A(G), and Q(G) = D(G) + A(G), respectively. It is well known that A(G) is
a symmetric matrix and L(G) and Q(G) are positive semi-definite matrices.

The characteristic polynomial of G is defined as

n

(P(G,' X) = det(xI —A(G)) — Z ai(G)xn—i’ (1)

i=0

where I is the identity matrix of order n and 4;(G) are coefficients of characteristic polynomial with 0 <i < n.
The Laplacian and signless Laplacian characteristic polynomials of G are respectively defined as

L(G; x) = det(xI - L(G)) = Z(_l)ici(c)xn—i, o
i=0
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Q(G; x) = det(xI - Q(G)) = Z(_l)ipi(c)xn—i’ o

i=0

where ¢;(G) and p;(G) are coefficients of corresponding characteristic polynomials.

The energy of G was defined by Gutman [1] in 1978 as the sum of the absolute values of the eigenvalues
of A(G). Ithas many chemical applications and stimulated interests among mathematician. For more details
on the energy of G, one can refer to books [2, 3]. By extending the concept of graph energy, Nikiforov [4]
defined the energy of a matrix as the sum of the singular values of the matrix.

Let 01,07, ...,0, be the singular values of I(G). The authors in [5, 6] defined the incidence energy (IE),
denoted by IE(G), of a graph G as

n

IE(G) = Z ai. 4)
i=1
It is known that [5]
I(GI'(G) = D(G) + A(G) = Q(G). 6)

Recalled that for a matrix B with real entries, the singular values of the matrix B are the square roots
of the eigenvalues of BB', where B' is the transpose of B. Denote by u(G) > u;(G) > ... > 1 (G) the
eigenvalues of the signless Laplacian characteristic polynomial Q(G;x). Then uj(G), u;(G),..., u;(G) are
real and non-negative. Thus, from (4) and (5), we have

IEG) = ) \Jui (G). (6)
i=1

We denote by S(G) the subdivision graph of G, where S(G) is the graph obtained from G by inserting
an additional vertex into each edge of G. Obviously, S(G) is a bipartite graph with n + m vertices and 2m
edges. The characteristic polynomial of 5(G) is

5]
P(S(G); x) = det(xI - A(S(G))) = Z i(S(G)) %, -

i=0

where a,:(S(G)) are coefficients of characteristic polynomial ¢(S(G);x) with 0 < i < [ ]. Let b(S(G)) =
22i(S(G))l, where 0 < i < [M]. Specially, bo(S(G)) = 1 and by(S(G)) = n+m. If G is a tree, then
b2i(S(G)) = m;i(5(G)), where m;(5(G)) is the number of i-matchings in S(G). It is convenient to define
m(G,0) = 1.

It has been obtained in [7] that

P(S(G);x) = x""Q(G; 7). 8)
Therefore, we have [7]

b(S(C) = { gf(G)'n glssz f nT . )

The authors in [8] and [9] independently obtained
pi(G1) < pi(G2) = IE(G1) < TE(Gy). (10)

Moreover, if there exists a positive integer iy such that p;,(G1) < p;,(Gz), then IE(G1) < IE(Gy).
In 2007, among classes of Laplacian-cospectral trees of the same order n, Mohar [10] defined a new
partial ordering, namely T < T" if ¢;(T) < ¢;(T") fori = 1,...,n, and he [10] also showed that this poset has a
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unique minimum and has a unique maximum element. Later, many interesting results have been obtained
about the poset among many classes of graphs. For example, the trees with a fixed matching number [11],
the unicyclic graphs [12, 13], the bicyclic graphs [14], etc.

Recently, the signless Laplacian matrix has attracted more and more attention [15], which may have
more properties than the adjacency and Laplacian matrices, and can be used to discover more structural
characterization of graphs. It is known that L(G) and Q(G) are similar if and only if (iff) G is bipartite. So
the Laplacian coefficients are the same as the signless Laplacian coefficients (SLCs) iff G is bipartite.

We write G <" H if pi(G) < pi(H) for 0 < i < n. We write G <’ H if G <’ H with a k in such a way that
pr(G) < pr(H). Recently, some results have been obtained in terms of the ordering <’. For example, Li et al.
[16] determined two maximum elements and two minimum elements among the set of unicyclic graphs,
Zhang and Zhang [15] got two minimum elements among the set of bicyclic graphs, Zhang and Zhang [17]
characterized all the minimum elements among the set of unicyclic graphs having a fixed matching number.
Mirzakhah and Kiani [9] studied the coefficients of the signless Laplacian matrix of unicyclic graphs. For
further information on the signless Laplacian matrix, one can refer to three surveys [18-20].

The IE of G can help explain some phenomena of chemical molecule. By using (10) and other methods,
the graphs with the extremal IE have been characterized among some classes of graphs. Among all the
trees, Gutman et al. [5] got the graphs with the smallest and the largest IE and Tang and Hou [21] got the
the trees with the second smallest, the third smallest, the second largest, and the third largest IE. Among
all the trees with a given matching number, Ili¢ [22] obtained the graph with the minimum IE. Among all
the trees with a described maximum degree, Jin et al. [23] characterized the trees with the minimum IE.
Among all the trees with a given pendent vertex number, Zhang et al. [24] got the one with the minimum
IE. Among all the unicyclic graphs and bicyclic graphs, Zhang and Li [8] determined the graphs having the
minimum and the maximum IE, respectively.

Let Uj, be the set of unicyclic graphs with n > 4 vertices and r > 1 pendent vertices. Let Uj , be the
subset of U, in which every graph has a cycle with girth g > 3, where n > g + 1 and r > 1. Motivated by
all the above-mentioned work, we will deduce, in the present study, the graph having the minimum SLCs
according to the ordering of <’ (namely, the graph with the minimum IE) in U}, , and U,

The rest of this paper is organized as follows. Firstly, for two graphs in U] ;, we introduce two new
graph transformations (see Lemmas 3.1 and 3.2) that preserve order, size and the number of the pendent
vertices, but decrease the matching number of the subdivision graphs and the SLCs of the graphs under
consideration. Then, we characterize a unique extremal graph which has the minimum SLCs and the
minimum IE among U, ,, where r > 1, n > g > 3 and g is odd (see Theorems 3.8 and 3.9). Secondly, if
G € U;, and G has odd girth g > 5, where n > 7 and r > 2, then we prove that a unique extremal graph
L, € U], with girth 4 satisfies that both the SLCs and the IE of G are more than the counterparts of L, (see
Theorems 3.17 and 3.18). Thirdly, in U} with n > 5, a graph with the minimum SLCs and the minimum IE
is obtained (see Theorem 3.19).

2. Preliminaries

To obtain the main results of this paper, some necessary definitions and lemmas are introduced.

Lemma 2.1. [25] Let G be a graph with characteristic polynomial ¢(G;x) = Y.j_o axx"¥. Then fork > 1,

a = ) (1029,

Sely

where Ly denotes the set of Sachs subgraphs of G with k vertices, that is, the subgraphs in which every component is
either a K, or a cycle; w(S) is the number of connected components of S, and c(S) is the number of cycles contained in
S. In addition, ag = 1.

Let b;(G) = 1a;(G)| with 0 < i < n. Then by Lemma 2.1, we get bp(G) = 1, b1(G) = 0, and b,(G) equals to
the number of edges of G.
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For a given graph G and e € E(G) (respectively, e ¢ E(G)), let G — e (respectively, G + ¢) be the graph
obtained from G by deleting (respectively, adding) the edge e. For v € V(G), let G — v be the graph obtained
from G by deleting the vertex v together with its incident edges. Let G — H be the graph obtained from G
by deleting all the vertices of H and all the edges which are incident with the vertices of H.

Lemma 2.2. [26] Let G be a graph with n vertices.
(a) If G contains exactly one cycle C, and uv is an edge on Cy, then

bi(G) = bi(G —uv) + b;2(G —u —v) = 2b;_((G - C;) if g=0(mod4)
bi(G) = bi(G —uv) + bi2(G —u —v) + 2b; ((G = C;) if g# 0 (mod4).
(b) If uv is a cut edge, then bi(G) = bi(G — uv) + bi_2(G — u —v).

Lemma 2.3. [27] Let G be a unicyclic graph and G’ a graph obtained from G by deleting at least one edge outside its
unique cycle. Then bj(G1) = bi(Gy) for all i > 0. Moreover, there exists at least one iy such that b;,(G1) > b;,(Go).

Lemma 2.4. [7][28] Let G U H denote the graph whose components are G and H. Then, we have m(G U H) =
e 11 G)mip(H).
Lemma 2.5. [28] If uv is an edge of G, then for all k > 1, m(G) = m(G — uv) + my_1(G — u = v).

We denote by P, a path with n vertices. The vertices of P, are labeled by ug, 1, ..., u,-1. Denote P,,, UP,,
by U, .,

Lemma 2.6. [29] If n = 4h + i with h > 1 and i € {0,1,2,3}, then for 0 < k < [5], m(Py) 2 m(Uppn2) = ... 2
M (Uapn—2n) = mx(Uani1,n-2n-1) = mx(Uop—1,n-2n41) = ... = my(Uy 1)

Let F and H be two disjoint graphs. Let u be a vertex of F and v a vertex of H. The graph obtained from
F and H by identifying u of F and v of H is denoted by F(u, v)H.

Lemma 2.7. [29] Let v be an arbitrary vertex of G. Ifn = 4h+iwithh > landi € {-1,0, 1,2}, then m(P,,(uo, v)G) =
my(Pu(u2,0)G) = ... = my(Py(uzn, 0)G) = my(Py(uzn-1,0)G) = mp(Pp(uan-3,9)G) = ... = mp(Py(u1,0)G).

Lemma 2.8. [16] Let G be a unicyclic graph with n vertices and the girth of cycle contained in G be g. When
0<k<mnand3 < g <n, wehave

Pr(G) = mi(S(G)) + (=1)7"12myy(S(G) = Cap).
We denote by N¢(v) the neighbors of v in the graph G.

Lemma 2.9. Let F and T be disjoint graphs, where F is a connected graph with u € V(F) and T is a tree withv € V(T).
Let Nr(v) = {ws, ..., Wy} For2 <i < |V(F)| +|V(T)l, we have
INT ()|
bi(F(u,)T) = b(F U (T - 0)) + Z bia((F = 1) U (T — v — wy)).
k=1

Proof. Let Q = F(u,0)T. Let G and uv in Lemma 2.2 be Q and vw, respectively. Let i be a fixed integer with
2 <i<|V(F)|+|V(T)|. By Lemma 2.2(b), we have

bi(Q) = bi(Q — vw1) + bio((F — 1) U (T = 0 — wy)). (11)
Again, let G and uv in Lemma 2.2 be é — vw; and vw,, respectively. By Lemma 2.2(b) and (11), we obtain
_ _ 2
b(Q) = b:(Q — vy — vwn) + Y bio(F = u) U (T =0 — wy)). (12)
k=1

Furthermore, by the same procedure and by using Lemma 2.2(b) [N7(v)| -2 times, we can get Lemma 2.9. O
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Figure 1: a—transformation from G to A,

3. Main Results

3.1. The graph with the minimum SLCs and the minimum IE in U, ,

In this subsection, we will deduce the unique graph with the minimum SLCs and the minimum IE in
(LI[W, wherer > 1, n > g > 3 and g is odd. Two new transformations (see Lemmas 3.1 and 3.2) will be
introduced. These two new transformations preserve order, size and the number of the pendent vertices, but
decrease the matching number of the subdivision graphs and the SLCs of the graphs under consideration.

We denote by C,, a cycle with n > 3 vertices. The vertices of C, are clockwise labeled by wy, w1, ..., wy—1.
Obviously, for G € U, ,, the vertex w; on C,; of G maybe (or maybe not) be attached by a tree (denoted by
T7), where 0 <i < g - 1. For G € U, ;, let A, be the graph obtained from G by transplanting all the trees
attached at w; on C; of G to the vertex wg of C;, where 1 <i < g — 1. In other words, for G € ’LI{W,

-1 g-1
A, =G- {w,-vlv S NTI'(ZU,)} + {ZUOU|'0 € NTI/(Z/U,)}
1

i=

Q

1l
—_

i
G and A, are shown in Fig. 1(a) and Fig. 1(b), respectively. The transformation from G to A, is hereinafter
called a—transformation, where G € U;, ;. Obviously, A, € U;, ,.

Lemma3.1. If G € U, , \ {A,} withr > 2 and n > g > 3, then after performing the a—transformation, we have
pi(G) = pi(Ay) for 0 < i < n, and at least one inequality holds within 0 <i < n.

Proof. By (9), to obtain p;(G) > pi(A,) for 0 < i < n, we only need to prove bz,-(S(G)) > b21(S(An)) for
0 < i < n. Since S(G) is a bipartite graph, by Lemma 2.1, b2i+1(S(G)) =0for 0 <i <n. By Lemma 2.1, we
have by(S(G)) = bo(S(An)) = 1 and ba(S(G)) = by(S(A,)) = 2n. Next, let2 <i < n.

In S(A,), we denote S(T;) —wo by Qj, where 0 < j < g—1. Denote Qo U...U Q1 by Q. Let G\ H
(respectively G \ {H, F}) be the graph obtained from G by deleting all the edges of H (respectively all the
edges of H and F).

In Lemma 2.9, let F(u,v)T = S(A,), where F = Coy, T = S(An)\ Coy, and u = v = wy. By Lemma 2.9, we
get

g-1
bzi(S(An)) _ bzi(C29 uQ)+ Z Z bzl‘_z(PZg—l U (Q} —w) U (Q \ Q])) (13)
j=0 wENs(T})(wO)

LetG e 'U,’W \{A;}. In Lemma 2.9, let F(u,v)T = S(G), where F = S(G) \ S(T), T = S(T(), and u = v = wy.
Then, we have F —u = (S(G)\S(T(’))) —wp and T —v = Q. For a fixed w, € Ng(r;)(w), (F —u) U(T —v —wy)
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(@) Ay (b) Aj

Figure 2: f—transformation from A, to Aj,

contains Pp;-1 U (Qo — w;) U (Q \ Qo) as its proper subgraph. By Lemma 2.3, we get
bio((F = u) U (T =0 = w})) 2 baia(Pag1 U (Qo - w,) U (Q\ Qo). (14)

Moreover, there exists one i = 2 such that the inequality in (14) holds.
By Lemma 2.9 and (14), we get

\Ns(Té)(wo)\
B2i(S(G)) 2 ba(SG)\ STHU Qo)+ Y baica(Pagr U (Qo = w)) U (Q\Q0))- (15)
a=1

Moreover, there exists one i = 2 such that the inequality in (15) holds.

Next, for the first term in the right-hand side of (15), we will prove that (16) holds.

In Lemma 2.9, let F(u, v)T = 5(G) \ S(T(), where F = S(G) \ {S(T}), S(T))}, T = S(T}) and u = v = w;. For a
fixed vertex w, € Ngcrr)(w1), (F—w1) U(T — w; —w;) U Qo contains P;-1 U(Q1 —w},) U(Q\ Q1) as its subgraph.
By Lemma 2.3, we get

baio((F = w1) U (T = w1 = w}) U Qo) 2 baia(Pag1 U (Q1 - w)) U(Q\ Q1))-

Furthermore, by Lemma 2.9, we obtain

bai((S(G) \ S(T§) U Qo) = bai((S(G) \ 1S(T(), S(TP} U Qo U Q1)
|NS(Ti)(wl)|

+ Y baia(Poy1 U(Qi - wp) U(Q\ Q). (16)
b=1

By using Lemma 2.9 (g — 1) times and by the same procedure, we finally get

g-1
bai(S(G) 2 bai(Cog UQ + Y Y baia(Payr U Qi — ) U(Q\ Q) (17)

j=0 wENS(T;.)(w/)

By comparing (13) and (17), we obtain by;(S(G)) = b2i(S(Ay)) for 2 < i < n. Thus, we get Lemma 3.1. O

In Lemma 3.1, A, can be viewed as the graph obtained from C, by first attaching a tree H at wg of C,,
and then attaching a path Pyy1 = uguy ... u; at wy of C;, where the vertex u; (1 < i <t — 1) of P;1; maybe
(maybe not) be attached by a tree (denoted by T;). A, is shown in Fig. 2(a). Let A}, be the graph obtained
from A, by transplanting all the trees T; attached at u; of P4 to ug, where 1 <i <t — 1. A;, is shown in Fig.
2(b). In other words,

t— t—
A=A, - {uivlv € NT‘.(u,')} + {uovlv € NTi(ui)}.

i

iy
[y

1l
—_
1l
—_

i
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The transformation from A, to A}, is hereinafter called f—transformation. Obviously, if A, € U], , then after

n g’
performing the p—transformation, A;, € U;, .

Lemma 3.2. Let A, and A}, be the graphs as shown in Fig. 2. If n > g > 3, then we have mk(S(An)) > mk<S(A;)),
where 0 < k < n.

Proof. We have mo(S(A;,)) = mo(S(A,,)) =1and ml(S(A’;)) = ml(S(A,,)) = 2n. Next, we consider the cases
with2 <k <n.

Let k be a fixed integer, where 2 < k < n. The k-matchings of S(A,) and S(A;,) are denoted by M and M",
respectively. The sets of M and M* are denoted by M and M, respectively.

In S(A,) and S(A;}), the original vertex u; (0 < i < t) of P; of A, and of A, is relabeled by uy; (0 <7 < ¢).
Namely, the vertices of Py.,1 of S(A,) and of S(A;,) are labeled by uo, u1, . .., up. Similarly, in S(A,;) and S(A;,),
the original vertex w; (0 <i < g — 1) on C,; of A, and of A; is relabeled by wy; (0 < i < g — 1). Namely, the
vertices of Cy,; of S(A,;) and of S(A;) are labeled by wo, wy, . .., wa;-1.

We construct a mapping & as follows:

t—1 t—

E(S(A) = E(S(43)) = | J{uovto € Nogry (o)} + | Jfuaiolo € Nocry (). (18)
i=1 i

_

Il
—_

Obviously, £ is a bijection.

Next, two cases are considered according to whether M* of S(A;,) contains (v or not, where v € Ngr)(uo)
and T is shown in Fig. 2(b).

Case (i). M* of S(A;,) does not contain ugv, where v € Ngr)(up).

In this case, the set of M* of S(A;,) is denoted by M. By the mapping &, there is one-to-one correspondence
between a matching M* of S(A},) and a matching M of S(A,). We denote the set of this kind of M of S(A,)
by M;. Obviously, IM;| = |Mi].

Case (ii). M" of S(A}) contains uyv, where v is a vertex of S(T;) of S(A;) with1 <s <t —1.

In this case, there subcases are considered as follows according to whether M* of S(A;},) contains the edge
which is incident with uys or not, where1 <s <t -1.

Subcase (ii.i). tps_1ups, UpsUpsi1 & M.

In this subcase, the set of M* of S(A;) is denoted by M;. By the mapping &, there is one-to-one
correspondence between a matching M* of S(A},) and a matching M of S(A,). We denote the set of this kind
of M of §(A,) by My. We have M| = M.

Subcase (ii.ii). uys_1ups € M*, Unslinsi1 ¢ M*.

In this subcase, the set of M of 5(A},) is denoted by M;.

For a matchlng M of MB, by the mapping &, we getan edge set of 5(A,) with k edges. We denote the

edge set by E. Obviously, E has three properties. (i) E does not contain the edges which are incident with
uy of S(A,). (i) E contains upsv and ups_1uos, where v is a vertex of S(Ts) of S(A,). (iii) Except for uyv and

Ups—1Ups, all the edges in E are disjoint mutually. Therefore, E of S(A,) is not a k-matching since uy,v and
Ups—1Ups are adjacent.

We construct a mapping C as follows. For e € E, if e is an edge of P41 = ugu ... uz of S(A,), then
denote e by iy with 0 < i < 2s — 1. Let C(uiuiy1) = Ups—j—1Uzs—;, where 0 < i < 2s — 1. For example,
C(ugs-1Uzs) = upu1. Otherwise, for each edge (denoted by e) of the other edges in E, let ((e) = e. Obviously,
Cis a bijection. Therefore, we get a new edge set (denoted by M) of S(A,) with k edges. Obviously, M is a
k-matching of S(A,) since any two edges in M are disjoint. We denote the set of this kind of M of S(A,) by
M. Therefore, we obtain M| = |M3|

In this subcase, the set of M* of S(A;) is denoted by Mj. In S(A;,), we can choose a set of k-matching
(denoted by M,) satisfying that for any M € My, there exists exactly one s with 1 < s < t — 1 such that
Us0, Ugw1 € M OT U5V, Ugwry-1 € M, where v € Ng(r,)(125), and w1 and wy,-1 are the vertices of Cy; of S(A,).
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By the definition of M, for any M* € M, ugv, usstizs1 € M*, where 1 < s <t -1 and v € Nsr,)(1o)-
Therefore, for fixed s and v, we denote the subsets of My and M; by M;, and M, respectively. Then, we

have
M= Y Y M, (19)

1<s<t—1 v€Ng(ry)(1i2s)

M= Y Y Ml (20)

1<s<t—1 v€Ny(1y)(1i0)

Since the k-matching in M, (respectively M) contains uysv and upw; or contains usv and uway-1
(respectively uov and ustizsy1), and S(Ay) — ug — wy — ups — 0 = S(A,) — Ug — Way-1 — Uzs — U, we obtain

Mol = 2mi_o(S(A) = g = w1 — 115, = 0), (21)

Ml = mk—z(S(AZ) — Ups — Ups1 — Ug — v). 22)

Let S(A}) — tips — thges — thg =0 = FU Upg_1.21-2e1 with F = (S(H) = x) U (S(T.) = s — v) U Pps_1 U B, where
x is the rooted vertex of S(H) which identifies with wg of Cyy, and B = Uy <jcs—1 s (S(Ti) - uz,-). We can check

that S(A,) — ug — w1 — ups — v contains F U Uy, 225 as its proper subgraph. Therefore, by (21) and (22), we
obtain

Mool 2 2mi o(F U Ung o202 =2 Y mi(Fym(Ung 21-25), (23)
i+j=k—2

MGl = i o(F U Ungapias1) = ) mi(Fym(Usg106-25-1). (24)
i+j=k-2

By Lemma 2.6, m(Uzj-2t-25) = mj(Uzg-1,2-2s-1), where 0 < j < k — 2. Therefore, by (23) and (24), we
obtain

Mool = IM |- (25)

Furthermore, by (19) and (20), we obtain [M,| > [M;].
By the definitions of M:and M; (1 <i < 4), we have M = M{UM UM UM, and MiUMUMUM, C
M, where M: N M; =0 and M; " M; = 0 with 1 < i, j < 4. Therefore, for 2 < k < n, we obtain

4 4
me(S(An) = me(S(A3)) = IMI= M = Y IMI = Y IML (26)
i=1 i=1
By the proofs of Cases (i) and (ii), we have |M;| = M| for i = 1,2,3 and |My| > |M;]|. Therefore, by (26),
we get mk(S(An)) > mk(S(A;)) for 0 < k < n. Lemma 3.2 is thus proved. O
Let n, g and r be fixed. Let H(ly,l5,...,I,) be the tree obtained from a common vertex v by attaching r
paths of length I3, I, ..., I, at v, where [; (1 < i < r) is a positive integer and Iy + [, + ...+, = n — g. For
simplicity, we denote Cy(wo, v)H(l1, 12, ..., 1;) by B},.

Lemma 3.3. Let Aj, be the graph as shown in Fig. 2(b). If n > g > 3, then we have mk(S(A;)) > mk(S(B;)), where
0<k<n
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Proof. By repeatedly performing the f—transformation on A;, we can finally geta graph C,(wo, v)H(I1, o, ..., ;) =
B;,. By repeatedly using Lemma 3.2, we obtain Lemma 3.3. O

Lemma 3.4. In A, and B}, if n > g > 3 and g is odd, then we have pi(A,) > px(B;,) for 0 < k < n, and at least one
of inequalities holds within 0 < k < n.

Proof. By Lemma 2.8, we get po(A,) = po(B;,) = 1 and p1(A,) = p1(B;,) = n. Let 2 < k < n. By Lemma 2.8, we
obtain

Pr(An) = mi(S(AL) + (=101 2my_y(S(A,) = Ca), (27)

pe(By) = mi(S(By)) + (~1)712my_,(S(B;) — Cay)- (28)

By Lemmas 3.2 and 3.3, we have m(S(A,)) > mi(S(B})) for 0 < k < n. When A, # B;, S(A;) — C, contains
S(B;) — Cyy as its proper subgraph. We have my_,(5(A,) — Coy) = my_4(S(B;,) — Coy). Furthermore, we have
m1(S(A,) — Coy) > m1(S(B;) — Coy). Thus, by (27) and (28), when g is odd, we get pr(A,) > pr(B;) and there
exists a k = g + 1 such that py(A,) > pi(B},). Therefore, we obtain Lemma 3.4. O

Remark. In A, and B;, if g is even, then (—1)7*! = —1 in (27) and (28). Thus, the methods used to prove
pr(Ay) = pi(B;,) in Lemma 3.4 for odd g > 3 can not be applied to compare pi(A,) and pi(B;,) for even g,
where 0 < k < n.

InH(ly, b, ..., 1), specially, for any two 1 < i, j < k, if |l; = [;| < 1, then we denote H(ly, I, ..., [,) by H;—y41,-
Letp = L@J +lands=mn-g) - rl_gj. Obviously, H;—+1, is the tree obtained from a common vertex v
by attaching s paths of length p and (r — s) paths of length p — 1. Let M,, = Cy(wo, v)H;—4+1,, where M,, is
shown in Fig. 3(a). Obviously, M, € ﬂf,/g.

To obtain Lemma 3.7, we introduce Lemmas 3.5 and 3.6 as follows.

Lemma 3.5. If G = Cy(wo, v)H(I, I, ..., 1}) with g > 3, then we have mk(S(G)> > mk(S(M,,)), where k > 0.

Proof. By contradiction. We suppose that there exists a graph Q, = C,(wo, v)H(l1,1,...,1;) such that
mk(S(G)) > mk(S(Qn)), where Q, # M,. Since Q, # M,, there exist at least two numbers /; and /; such
that |I; = [;| > 2, where 1 < i,j < r. Without loss of generality, we suppose [, — 1 > 2. We rewrite
5(Qn) by P2[1+212+1(u21],v)’1:, where T = 5(Qn) \ Paj+21,41- Since 2I; < 1 + I — 2, by Lemma 2.7, we have
1(S(Qn)) > (P 21,41 (g 41, 0)L) = mk(S(Cg(wO/ o)H(ME, MR, lr))) when 1 +15 is even or m(5(Qy)) >
(P 21,1 (41 1,1, 0)L) = mi(S(Cylavo, O)H(HE=, 4L 15 1,))) when Iy + Iy is odd. This contradicts the
minimality of S(Q,). Therefore, we get Q, = M,,. Thus, we obtain Lemma 3.5. O

For fixed 1, g and 7, let Py, 5, be the set of Py, U Py, U... U Py, where 2I; + ... +2l, = 2n —2g and [; is

a positive integer for 1 < i < r. Let aPj, be the union graph with a paths of length h — 1, where a and & are
positive integers witha > 2 and h > 2.

Lemma 3.6. IfG € Py, then we have m(G) > mk(stpU(r—s)Pzp_z) for 0 < k < n—g, where 2ps+(r—s)(2p—2) =
2n - 2g.

Proof. For any G € Py,-2,,, we suppose that there exists a G e Pay-24, such that mi(G) > mk(a) for

0 <k <n-g. Wedenote G by Py, U Py, U ... U Py and suppose G # sP2, U (r — s)P2p_>. Thus, among
{2l1,...,21;}, there exist 2I; and 2I; such that |l; = [;| > 2, where 1 < i,j < r. Without loss of generality,
we suppose 1 — I, > 2. By Lemma 2.6, we have m;(Uy, 21,) = mi(Upy—201,4+2) for 0 < i < Ij + 1. Let

G = Py—2 U Pyj,40 U Py, U ... U Py;,.. Obviously, Ge P2y-24,. By Lemma 2.4, we get

k k
m(G) = Z mi(Usp, 21, )my—i(G \ AU, 21,)) > Z iUty —2,21,42)M—i(G \ (U, 21,}) = mx(G). (29)
i=0

i=0

This contradicts the minimality of G. Therefore, for any two 2l;and 2I; with 1 <i,j <r, we have |l; - [;| < 1.
Therefore, G = 8P2, U (r — 5)Py,—». Lemma 3.6 is thus proved. O
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Lemma 3.7. In B, and M,,, if n > g > 3 and g is odd, then we have py(B}) > pr(M,), where 0 < k < n.

Proof. If the girth g of B}, and of M, is odd, then by Lemma 2.8, we obtain

pe(B) = m(S(B;)) + 2my_o(S(B}) - Cay), (30)

P(My) = mg(S(M.,)) + 2y (S(M,,) = Cay ). (31)

Bearing in mind that B}, = C,(wo, v)H(l1, I, ..., I,), therefore, by Lemma 3.5, we have mk<S(B*n)) > mk(S(M,,)).
Since S(B;,) — Coy = P, UPy, U...UDPy, and S(M,,) — Coy = 8Py U (r— s)Pzp_z, by Lemma 3.6, we get
mk_g(S(B;) - ng) > mk_g(S(Mn) - ng). Thus, Lemma 3.7 follows from (30) and (31). O

... & Ol..... &1
s it
...... o ceseee @
v 0
up U vl Uy
...... ) P cecece @ q
r—s r—t
...... ° cecees @
(@) My (b) Ly

Figure 3: The graphs M, and L,

In U, ,, we will characterize the minimum graph in terms of <’ according to their SLCs and then deduce
the graph with the minimum IE.

Theorem 3.8. If G € U, ,, wherer > 1,n > g > 3 and g is odd, then for 0 < k < n, we have pi(G) > pr(My) and at
least one of inequalities holds within 0 < k < n.

Proof. Let G € U, ,. Let 0 < k < n. By Lemma 3.1, we have pi(G) > pi(A,). By Lemma 3.4, we get
pr(Ay) = pi(B;), and at least one inequality holds within 0 < k < n. Furthermore, by Lemma 3.7, we have
pi(B;,) = pr(M,,). Thus, we obtain Theorem 3.8. O

Theorem 3.9. If G € U, ;, wherer >1,n > g > 3 and g is odd, then we have IE(G) > IE(M,), with the equality iff
G=M,.

Proof. By (9) and Theorem 3.8, we have Theorem 3.9. O

3.2. The graph with the minimum SLCs and the minimum IE in U],

In this subsection, we will consider the graph with the minimum SLCs and the minimum IE in U},. A
graph L, with girth 4 having the minimum SLCs and the minimum IE in U;, is introduced.

Letn and r > 2 be fixed. Let L, be the graph obtained from C, by attaching t paths of length g and r — ¢
paths of length g — 1 at wy of C4, where g = L%‘J +land t = (n-4) - rL%‘J. L, is shown in Fig. 3(b).
Obviously, L, € U,. When n and r are fixed, L, is unique.

Lemmas 3.10-3.16 are introduced to obtain our results.

Lemma 3.10. Let H be a simple graph with n vertices. Let b > 2a, where a and b are positive integers. We have
my(Py U H) > my_g(Pp—gq U H) fora <k < %2 ].
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Proof. By Lemma 2.5, we have m(Py) > my (P2, U Py_p,). Therefore, we get
mi(Py U H) > my(Pay U Pp_p, U H). (32)
From Lemma 2.4 and m,(P,,) = 1, we obtain

M (Paq U Pyp_py U H) = Z M, (Pag)my, (Pp—2a U H) 2 m,(Pog)my_q(Pp_2, U H) = my_q(Py2, UH).  (33)
k1+k2=k

Therefore, Lemma 3.10 follows from (32) and (33). O
Let H = S(M,;) — Cay = 8Py, U (r — 8)Pap—, where |[V(H)| = 2n —2g and g > 4. Let H = S(L,) — Cs =
tPyy U (r — t)P2y—2, where |[V(H)| = 2n — 8.

Lemma 3.11. Let H and H be the graphs as defined as above. We have
(p=<gq
(i) Ifp = q, then s < t.

Proof. (i) The proof of Lemma 3.11(i).

Otherwise, we suppose p > g + 1. Then we have 2p > 2p — 2 > 2q > 2q — 2. Since both H and H have r
paths, we have IV(E)l > IV(ﬁ)I. This contradicts the fact |V(ﬁ)| =2n-29g<2n-8= |V(ﬁ)| when g > 4.

(ii) The proof of Lemma 3.11(ii).

By the definitions of H and H, we have 2ps+ (2p = 2)(r —s) =2n—2g and 2qt + (29 = 2)(r — t) = 2n — 8.
Since g > 4, we have 2n — 8 > 2n — 2g. It follows from p = g thats <t. O

Lemma 3.12. Let H and H be the graphs as defined as above. Let g > 5. We have
(i) my1(Pag—3 U H) = my_1(Ps UH) for k > 1;

(ii) my_(Pag—s U H) = my_o(P3 U H) for k > 2;

(iii) my_3(Pay—7 U H) = my_3(H) for k > 3.

Proof. (i) The proof of Lemma 3.12(i).

Obviously, when r = 1, Lemma 3.12(i) holds. Let r > 2. We get that at least one of s and 7 — s is not less
than 1. Next, we suppose s > 1. When g > 5, by Lemma 2.6, we have m;(Uz;-32,) > m;(Us24+2p-3) for i > 0.
Therefore, we get

mk—l(P2g—3 U ﬁ) > mk—l(PS U Pagiap-g U (s — 1)Py, U (r — S)PZp—Z)- (34)

We can easily check that both Py42,-5 U (s = 1)Pa, U (r — 5)P5,—» and H have 2n — 8 vertices, v disjoint paths,
and the number of vertices of each path in the two graphs is even. Furthermore, for any two disjoint paths
in H, their length difference does not exceed 2. Therefore, by Lemmas 2.4 and 3.6, for k > 1, we get

mk—l(PS U Pagiop-g U (s = 1)Ppy U (r — S)Pzp—z) > my1(Ps U H). (35)
It follows from (34) and (35) that Lemma 3.12(i) holds.
Similarly, if ¥ — s > 1, then by the same analysis as that for s > 1, we get (35).

(ii) The proof of Lemma 3.12(ii)—(iii).
By the methods similar to those for Lemma 3.12(i), we have Lemma 3.12(ii)—(iii). O

Lemma 3.13. Let H and H be the graphs as defined as above. For 5 < g < k, we have my_q(H) > mk_g(ﬁ).
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Proof. By Lemma 3.11(i), we have p < g. Two cases are considered as follows.

Case (i) p <g.

In this case, we have 2p —2 < 2p < 29 — 2 < 2q. Bearing in mind that H = sPa, U (r — s)P2p_> and
H= tPoy U (r — t)P24-2. It is noted that H and H are written according to the decreasing order of the lengths
of their paths. So we get that the length of the i-th path in H is not less than that of H.

For1 <i <7, let j;and h; be respectively the number of the vertices of the i-th path of HandH. Obviously,

ji and h; are even for 1 <i < r. Let ji — h; = 2A;, where A; > 0 and Y/, A; = M
Lemma 3.10 one time, we get

= g —4. By using

mk_4(ﬁ) = mk_4<tP2q U (1’ - t)qu,Q) > Mp_4-p, (Pzp U (t — 1)P2q U (7’ - t)qu,z).
Furthermore, by using Lemma 3.10 (r — 1) times, we finally obtain
mi_a(H) > my_y s a (P2 U (r = $)Pay-2) = my_y(H).

Case (ii) p = g.
In this case, by Lemma 3.11(ii), we have s < t. Thus, H and H can be rewritten as H = sP;, U (t $)Py 2 U
(r = t)Pp_» and H= 8P, U (t — 5)Pay U (r — t)P2;-2. So we get that the length of the i-th path in H is not less

than that of H. By the methods similar to those for Case (i), we obtain mk_4(H ) > mk_g(H). O
In S(M,,), the vertices on Cy,; of S(M,) are labeled by wy, ..., w;1. In S(L,), the vertices on Cg of S(L;)
are labeled by wy, ..., w’.

Lemma 3.14. Let M,, and Ly, be the graphs as shown in Fig 3, where g > 5 in M,,. We have my(S(M,)) — woway-1) =
mi(S(Ly) — wyw?), where k > 0.

Proof. Obviously, S(M,) - Wolzy-1 18 the tree obtained from a common vertex v by attaching a path
of length 29 — 1, s paths of length 2p and r — s paths of length 2p — 2. We denote this kind of tree by

T(29 - 1,2py, (2p —2)).
Similarly, we have S(L,) — wyw’, = T(7,(2q)", (29 — 2)"™").
By Lemma 2.5, we get

mi(T(7,(29)', 29 = 2)™)) = m(P7 U T((29)', (29 = 2)™")) + mi1(Pe U tPog U (r = P2y 2)- (36)
Similarly, by Lemma 2.5, we obtain
m(T(7,29+2p = 8,2p)™, (2p = 2™))
= my(P7 UT(2g +2p - 8,2p)", (2p = 2))) + mi1(Ps U Pagigy s U (s = Py U (r = )Py a).  (37)
By the methods similar to those for Lemma 3.5, we have
m(T2g +2p = 8,2p)™", @ ~2)™)) = m(T(29)', 29 =2 ™). (38)

Furthermore, Pg U tPy; U (r — t)P2;2 and Pg U Pagy0p-8 U (s — 1)P2, U (r — 5)P2p> are graphs in Py,_6,+1. By
Lemma 3.6, we have

mk_l(Pg, U P2g+2p—8 U(s— 1)P2p U(r— S)Pzp_z) > mk_l(Pé U tpzq U(r- t)qu_z). (39)
By substitution (38) and (39) into (36) and (37), we finally deduce

mi(T(7,29 +2p - 8,2p)™", (2p — 27™)) 2 mi(T(7, (29)', 29 - 27 )). (40)
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By the methods similar to those for Lemma 3.12, we have p < g and at least one of s and r — s is positive

whenr > 2. Next, we supposes > 1. Note that T(2g—1, 2p)°, 2p—-2)"°) = P2g+2p(u29_1,v)T((Zp)S‘l, (2p-2)"*)

and T(7,29 +2p —8,(2p)* ", (2p — 2)"°) = Pageap(u7, v)T((2p)**, (2p — 2)"*). By Lemma 2.6, when g > 5, we
have

m(T@g ~1,2p), @p —2Y)) = m(T(7,29 + 2p ~ 8, (2™, 2p — 2/ ). (41)

Similarly, if  — s > 1, then by the same analysis as that for s > 1, we get (41).
Therefore, by (40) and (41), we have

mi(TQ2g - 1,2p), (2p —2))) 2 m(T(7, (29)", (29 - 2)"™)). (42)
Note that S(M,)) — wowzg-1 = T(29 — 1,(2p)*>, 2p — 2)"°) and S(L,,) — wyw;, = T(7, (29)', (29 — 2)""). Thus, by
(42), we get Lemma 3.14. O

Since Lemma 3.15 can be obtained by using Lemma 2.5 three times, the proof of Lemma 3.15 is omitted.

Lemma 3.15. Let G = P, U Q with h > 6, where Q is a simple graph. Then we have my(G) = m(Pp—1 U Q) +
My-1(Pn-3 U Q) + my—a(Pp-5 U Q) + my—3(Pp—6 U Q) for k > 0.

Lemma 3.16. We have pi(M,,) > pr(Ly) for 0 < k < n, where g in My, is odd with g > 5andn > g + 1.

Proof. Case (i) g is even.
Obviously, S(M,) — Cz; = H and S(L,) — Cg = H. By Lemma 2.8, we get

pe(M,) = mi(S(M,.)) = 2myy(H), (43)
pe(L) = mi(S(Ly)) = 2o (FD). (44)

Let G in Lemma 2.5 be S(M,,) (respectively S(L,)) and uv in Lemma 2.5 be wowy,-1 (respectively wyw?).
By Lemma 2.5, we obtain

mk(S(Mn)) = mk(S(Mn) - w0w29—1) + mk—l(PZg—Z U ﬁ), (45)

mi(S(Lu)) = me(S(Ln) — wyw}) + my_1(Ps U H). (46)
By (43)—(46) and Lemma 3.14, we obtain

Pr(M) = pi(L) = 11 (Pag2 U H) = my 1 (Pe U H) = 2my_o(FI) + 2m_s(H). 47)
By Lemma 3.15, we have

Mig—1(Pog—2 U H) = my_1(P 29-3 U H) + Mg-2(P2g-5 U H) + My-3(P2g-7 U H) + My-4(P2g- U H), (48)

mi_1(Pe U H) = my_1(Ps U H) + myo(P5 U H) + mg_(H) + my_y(H). (49)
By (48), (49) and Lemma 3.12(i)—(iii), we obtain
Mi-1(Pag-2 U H) = mi1(Ps U H) 2 myo(Pag-g U H) = my_y(H). (50)
Therefore, by (50), (47) can be translated into

PeM) = pi(La) = Mg (Pag—g U H) + my_y(H) — 2my_o(H). (51)
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By Lemma 2.4, when g > 5, we have
Mia(Pag-g U H) > my_a(Pag-s)mi_y(H) = my_y(FD). (52)

Furthermore, by Lemma 3.13, we have m1;_4 (ﬁ ) > mk,g(ﬁ ). Therefore, from (51) and (52), we get px(M,;) >
pr(Ly,) for k > 0.

Case (ii) g is odd with g > 5.

In this case, by Lemma 2.8, we have py(M,,) = mk(S(M,,)) + ka_g(S(Mn) — ng). By the methods similar
to those for even g, we get p(M,) > pr(L,) fork > 0. O

Theorem 3.17. Let G € U}, withn > 7 and r > 2. If G has odd girth g > 5, then we have p(G) > pi(Ly) for
0 < k < nand at least one of inequalities holds within 0 < k < n.

Proof. By Theorem 3.8 and Lemma 3.16, we obtain Theorem 3.17. O
Theorem 3.18. Let G € U}, withn > 7 and r > 2. If G has odd girth g > 5, then we have IE(G) > IE(L,).

Proof. By (9) and Theorem 3.17, we get Theorem 3.18. O

In Theorems 3.17 and 3.18, if G € U, and G has odd girth g > 5, where n > 7 and r > 2, then we prove
that there exists a graph L, € U, with girth 4 such that both the SLCs and the IE of G are more than the
counterparts of L,. If G € U}, with r > 2 and G has even girth g > 4, which graph has the minimum SLCs
and the minimum IE? In U}, with n > 5 and r > 2, which graph has the minimum SLCs and the minimum
IE? The two unsolved problems remain a task for the future.

For these graphs in U, with r > 2, if their girth are even, then their Laplacian spectra and signless
Laplacian spectra are the same, which implies the coefficients of both the Laplacian and signless Laplacian
characteristic polynomials of the graphs in bipartite unicyclic graphs are the same. For the graphs with k
leaves, Ili¢ and Ili¢ [30] characterized the trees with k leaves which simultaneously minimize all Laplacian
coefficients and they posed a conjecture on the extremal unicyclic graphs with k leaves. Pai and Liu [31]
completely solved the conjecture and they obtained the graph with the smallest Laplacian coefficients
among unicyclic graphs with k leaves. Zhang and Zhang [32] investigated properties of the minimum
elements in the partial ordering among the set of n-vertex unicyclic graphs with the number of leaves and
girth. For the coefficients of the Laplacian characteristic polynomial of unicyclic graphs, one can refer to
two references [12, 13].

Next, in U}, with n > 5 and r = 1, we will prove that E,, has the minimum SLCs and the minimum IE,
where E, is Cy4(wy, ug)P,—3 with n > 5. It is noted that E,, and L, are the same graphs whenr=1andt =0
inL,.

Theorem 3.19. Let G € U}, withn > 5 and r = 1. We have
(i) pe(G) = pr(Ey) for 0 < k < n and at least one of inequalities holds within 0 <k < n.
(ii) IE(G) > IE(E,).

Proof. (i) 5 <n < 8.

When G € U} with 5 < n < 8, by direct calculation, we can easily verify that pi(G) > px(E,) for 0 < k <,
and the equalities hold for all 0 < k < n iff G = E,. Thus, we obtain Theorem 3.19(i) when 5 < n < 8.
Furthermore, by Theorem 3.19(i) and (9), we get Theorem 3.19(ii) when 5 <n < 8.

(ii)yn >9.

By Lemma 2.8, we can check that po(G) = po(E,) = 1, p1(G) = p1(Ey) = 21, pn(G) = pu(E,) = 0 if the girth
of the cycle contained in G is even, and p,(G) = 4 > 0 = p,(E,,) if the girth of the cycle contained in G is odd.
Next, we consider the cases with2 <k <n-1.

Obviously, S(G) = ng(wo, uo)Pzn_ng and S(En) = Cg(’(,l)(), Ll())Pzn_7. We get S(G) - ng = PZn—2g and
S(E;) — Cs = Py,g. Let G in Lemma 2.5 be S(G) (respectively S(E,)) and uv in Lemma 2.5 be wyw;
(respectively wyw/). By Lemmas 2.5 and 2.8, we obtain

Pi(G) = my(Pay) + M1 (Ung-2.2n-29) + 2(=1) 11y (Pon—2g), (53)
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P(En) = myp(Pan) + my—1(Ue pn—s) — 21my—4(P2y-3). (54)

Two cases are considered as follows.
Case (i) g is even.
From (53) and (54), we have

pr(G) = pr(En) = my-1(Uzg-22n-29) — Mx-1(Us 2n-8) — 2Mk—g(P2n-24) + 21mi-4(P2n-s)- (55)

By Lemma 3.15, we have

Mi-1(Uzg-2,2n-29) = Mx_1(Uag-3.2n-24) + Mr_2(Uzg-52n-24) + Mx_3(Uzg-720-24) + M_4(Uzg-821-24), (56)

M1 (Us2n-8) = Mi—1(Us2n-8) + mMi_2(Us21-8) + mMi—_3(U1,21-8) + Mi—4(P2n-g). (57)

When g > 4, by Lemma 2.6, we get my_1(Uzg-321-2) = Mr-1(Us21-8), Mx_2(Uzg-521-24) = Mx_2(Uz24-38),
and my_3(Uzg-7,20-24) = Mi—3(U1,24-8). Thus, from (56) and (57),

M-1(Uzg-2,2n-29) — Mi—1(Ug2n-8) = Mi—a(Uzg-820-24) — Mi—4(P24-8)- (58)

By (58), (55) can be translated into

pr(G) — pr(En) 2 my_a(Uag-82n-24) + Mr_4(Pan-8) — 21my_g(P2p-24)- (59)

When g > 4, by Lemmas 2.6 and 3.10, we have m;_4(P2;-8) > my_4(Uazg-821-24) = Mi—g(P2y-24). Further-
more, when k = 5, we have my_4(P2,-8) = 2n — 9 > 2n — 10 = my_4(Uzy-8 21-24). Therefore, by (59), we obtain
p(G) = pr(E,) for 0 < k < n and there exists at least one ky = 5 such that py,(G) > px,(Ey)-

Case (ii) g is odd.

Two subcases are considered as follows.

Subcase (ii.i) g = 3.

When g = 3, G = Cs(wy, t49)P,—2. By the same procedure as that for (55), we get

Pi(G) = pr(En) = my_1(Uy2n-6) — my_1(Us 2n-8) + 2my_3(P2y—g) + 2my_4(P2,_g). (60)

When n > 9, it follows from Lemma 2.6 that my_1(Uspn—6) = Mg—1(Ug2q-8). Furthermore, when k = 4 and
n > 9, we have my_3(P2y—¢) = 2n —7 > 1 = my_4(P2,—s). Thus, by (60), we get pr(G) > px(E,) for 0 < k < n and
there exists at least one ko = 4 such that py,(G) > pk,(En).

Subcase (ii.ii) g > 5.

When g is odd, by the same methods as those for even g in Case (i), we can get px(G) > pi(E,) for
0 < k < n and there exists at least one kg such that py,(G) > px, (En).

By combination of the proofs in Cases (i) and (ii), we obtain Theorem 3.19(i) when #n > 9. Furthermore,
by Theorem 3.19(i) and (9), we obtain Theorem 3.19(ii) whenn > 9. O
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