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On Fully Coupled Nonlocal Multi-point boundary Value Problems of
Nonlinear Mixed-order Fractional Differential Equations on an
Arbitrary Domain
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Abstract. We investigate the existence and uniqueness of solutions for a mixed-type coupled fractional
differential system equipped with nonlocal multi-point coupled boundary conditions on an arbitrary do-
main by applying standard tools of the fixed point theory. Our results, well illustrated with the aid of
examples, are new and enhance the scope of the literature on the topic.

1. Introduction

We introduce and study a new class of coupled systems of mixed-order fractional differential equations
equipped with nonlocal multi-point coupled boundary conditions. In precise terms, we consider the
following fully coupled system:

Déx(t) = p(t, x(H), y(t)), tela,b], 0<&<1,

DCy(t) = ¥(t, x(t), y(t), telabl, 1<L<2 "

px(@) + qy(®) = x0, y(@) =0, y'(B) = ) 6:x(0), a < i <,

i=1

where D* is Caputo fractional derivative of order x € {&,C}, ¢, ¢ : [4,b] X R X R — R are given functions
p,q9,6€R,i=1,2,...,m.

Here we emphasize that the novelty of the present work lies in the fact that we consider a coupled
system of fractional differential equations of different order on an arbitrary domain equipped with coupled
nonlocal multi-point boundary conditions. Moreover, several new results appear as special cases of the
obtained work. It is imperative to notice that much of the work related to the coupled systems of fractional

2010 Mathematics Subject Classification. Primary 34A08 (mandatory); Secondary 34A12, 34B15 (optionally)

Keywords. Mixed coupled system, Caputo fractional derivative, nonlocal boundary conditions, existence, fixed point

Received: 24 01 2018; Accepted: 03 05 2018

Communicated by Naseer Shahzad

Research supported by ... (optionally)

Email addresses: bashirahmad_gqau@yahoo.com (Bashir Ahmad), sntouyas@uoi.gr (Sotiris K. Ntouyas), aalsaedi@hotmail.com
(Ahmed Alsaedi)



B. Ahmad et al. / Filomat 32:13 (2018), zzz—zzz 2

differential equations deals with the fixed domain. Thus our results are more general and contribute
significantly to the existing literature on the topic.

Fractional differential equations appear in the mathematical modeling of many real world phenomena
occurring in engineering and scientific disciplines, for instance, see the works [1]-[6]. Mathematical models
based on fractional order integral and differential operators yield more insight into the characteristics of
the associated phenomena as such operators are nonlocal in nature in contrast to the classical ones. In
particular, coupled systems of fractional order differential equations have received a great attention in view
of their great utility in handling and comprehending the practical issues such as synchronization of chaotic
systems [7, 8], anomalous diffusion [9], ecological effects [10], etc. For some recent theoretical results on the
topic, we refer the reader to a series of papers [11]-[15] and the references cited therein.

An auxiliary result related to the problem (6) and (7) is established in Section 2, while the main results
are obtained in Section 3. Examples illustrating the main results are discussed in Section 4.

2. Preliminaries
Let us recall some preliminary concepts of fractional calculus [3].

Definition 2.1. Let h be a locally integrable real-valued function on —co < a < t < b < +o0. The Riemann—Liouville
fractional integral I of order o € R (a > 0) is defined as

() = (i Ka) (8) = ﬁ f (t— sy (s)ds,

v—

where K, (t) = t 5, I denotes the Euler gamma function.
Definition 2.2. Let h € L'[a,b], —0 <a <t < b < +ooand h + Ky_y € W™ a,b],m = [a] + 1,a > 0, where
W 1[a,b] is the Sobolev space defined as

W"[a,b] = {h € L'a,b]: e

e a, b]}

The Riemann—Liouville fractional derivative D§ of order & > 0 (m —1 < o <m, m € IN) is defined as

D (t) = B feapy () =

m-1-a
Ty la f (t—-s) h (s)ds.

( —a)dim

Definition 2.3. Let h € L'[a,b], —0 < a <t < b < +co and h * Ky,—y, € W™[a,b],m = [a],a > 0. The Caputo
fractional derivative °DY of order « € R (m —1 < a < m, m € IN) is defined as

e — N / ( a) "= 7(f—ﬂ)m71
Dgh(t) = Df |1 (t) = hi(a) = 1 (@) === — ... = """V (a) (m - 1)! ]

Remark 2.4. If h € C"[a, b], then the Caputo fractional derivative ‘DY of order a e R (m —1 < a <m, m € N) is
defined as

DY [R) (t) = LK) (1) = f (t= )"~ 1™ (s)ds.

In the sequel, the Riemann-Liouville fractional integral I and the Caputo fractional derivative “Dg with
a = 0 are respectively denoted by I* and “D*.
It is well known that
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If a + B > 1, then the equation (I°IPu)(t) = (I**Pu)(t), t € ] is satisfied for u € L!(J,R).

2. Let B > . Then the equation (D*IPu)(t) = (IF-*u)(t),t € ] holds for u € C(J, R).
3. Letn =[a]+1ifa ¢ Nand n = a if @« € N. Then D** = 0 for k € {0,1,2,...,n — 1}; D! =
r(ﬁ) tﬁ—a—l, ‘B >n Iatﬁ 1 _ (ﬁ) tﬁ+a—1'
I'(g-a) T+

Now we present an important result to analyze the problem (1).

m
Lemma 2.5. Let A :=p +g(b —a) Z 6; £ 0 and ¢, € Cla, b]. Then the unique solution of the system
i=1

Dfx(t) = ¢(t), tea,b], 0<&E<T,
Dy(t) = ¥(t), telab]l, 1<(<2,

) @
px(a@) + qy(b) = X0, y(@) =0, ¥'(B) = Y 6:x()),
i=1

is given by the following pair of integral equations

x(H) = @) + + [xo — qIP() + (b — )IHEB) - ) 6 P(0)], 3)

i=1
y(t) = 19() - ——=[p$(0) - Z (o) —Zé (x0 = gI*P(B)]. )
=1 i=1

Proof. As argued in [3], the solutions of fractional differential equations in (2) can be written as

x(t) = I°@(t) + 1 and y(t) = [“P(t) + c2 + c3(t — ), (5)

where ¢; € R(i = 1,2,3) are arbitrary constants. Using the condition y(a) = 0 in (5), we get c; = 0, while
making use of the conditions px(a) + qy(b) = xo and y'(b) = Y12, 6;ix(0;) in (5) yields the following system

pe1 +q(b — a)es = xo — qI°P(b),
Zm“ Si c1 —c3 = IH(b) — i SiI°@(0i).
Solving thelzallbove system for ¢; andlz, we find that
1 = 7 [vo — aIP®) + 40~ IG0) - ), 8ig(a)
and . .
s =~ [ p0) - RS WO

which, on substituting in (5), completes the solutions (3) and (4). The converse follows by direct computa-
tion. m|

In the following, for brevity, we use the notations:

C-af  qW 7 (b-aXC+1)

h=tep* |A|r<5+1>2'6'("’ SME e (©)
__p £ (b—a) B

L, = M@H)Dmm a)*, My = r(c+1)( |M+q(b aZlél) @)
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3. Main Results

In view of Lemma 2.5, we define an operator T : X X X — X X X by

T(x, y)(H) = ( gg 38 )

where (X x X, [|(x, y)I|) is a Banach space equipped with norm ||(x, y)I| = x|l + llyll, x, v € X (X = {x(¢)Ix(t) €
C([a, b], R)} is a Banach space associated with the norm ||x|| = sup{|x(t), ¢ € [a, b]}),

. 1 - - i
T1(x, y)() = I*@(8) + 5 [x0 = gIB®) + 90 — )1 (0) - Z; Sil*@(01)],

To(x, y)(H) = [9() - “T”[pa@l&(b) =Y 6k p(ei) - ) 0ixo — qI (b)),
i=1 i=1

and @(t) = @(t, x(t), y(H) and P(t) = P(t, x(t), y(1)).

In our first result, we establish the uniqueness of solutions for the system (1) by applying contraction
mapping principle due to Banach.

Theorem 3.1. Assume that

(H1) @, ¢ : [a,b] x R X R — R are continuous functions and there exist positive constants {1 and €, such that for
allt € [a,b]land x;, y; € R, i = 1,2, we have

lp(t, x1, x2) — @(t, y1, y2)l < Gi(lxr — yal + |x2 = v2l),
[Y(t, x1, x2) — P(t, y1, y2)l < Ea(lx1 — yal + x2 = yol).
If
(L1 + L)ty + (Mg + Mp)tr < 1, (8)
where L1, My and Ly, M, are respectively given by (6) and (7), then the system (1) has a unique solution on [a, b].

Proof. Define SUP;cap] @(t,0,0) = Ny < 00 and SUP;e(ah] Y(t,0,0) = Np < o0 and r > 0 such that

X m
%(1 +(b=a) ) 16i) + (L1 + Lo)N1 + (My + Mo)Ns
i=1

r>

1= (L1 + Lo)ty — (My + Mp)tr

In the first step, we show that TB, C B,, where B, = {(x, y) € XX X : [|(x, y)|| < r}. By the assumption (H,), for
(x,y) € B, t € [a,b], we have

p(t, x(8), Y < lp(t,x(8), y(1) ~ @(t,0,0)] + lp(t, 0, 0)]
< G(x®)+ O+ Ny
< Gl + Iyl + Ny < &or + Ny ©)

Similarly, we can get

p(t, x(8), y(O)| < La(llxll + llyll) + Na < o1 + Na. (10)
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Using (9) and (10), we obtain

(b - a)f (b-af
T O < fzs ol + w[mﬂ T
a)~!
T (e o Il Zmr(g ) ||)]
Ixol . [ (b—a) qlb—a :
< T [r(éﬂ) wr(éﬂ)Zwol ) ](flr+N1>
q (b-a)*(C+1)
mir(c_'_ 1) (521’+N2)
= % + (Llf1 +M1fz)1’ + L1N1 + MlNz,
which implies that

IT1(x, Il < % + (L1t1 + M16o)r + LiNy + M1No,
where we have taken the norm for f € [g, b]. Likewise, we can find that

(b — a)lxol v

T2, pll < === )10+ (Lay + Mao)r + LoNy + MoNo,
i=1

Consequently,

ol (0~ a)lxol
Tyl < M' Zm

+[(L1 + Lz)fl + (M1 + Mz)fz]?’ + (L1 + Lz)Nl + (M1 + Mz)Nz <r
Now, for (x1, 1), (x2, y2) € X X X and for any ¢ € [a, b], we get
T (2, y2)(£) — T1(x1, y1)(F)]

(b-f  qb-0) v
ESTRI (e P ILICR ]51(||X2 = x1ll+ lly2 = yalD

q (b—a)(C+1)

(|l = x1ll + lly2 — yall)

Al T@C+1)
= (Litr + My &o)(lle2 — x1ll + [ly2 — vall),
which implies that
IT1(x2, y2) = T1(x1, y)ll £ (Lala + Mafo)(llx2 = xall + ly2 = wll). (11)

Similarly, we find that
IT2(x2, y2) () — To(x1, y)ll £ (Lofy + Malo)(llx2 = x1ll + [ly2 = yall). (12)
It follows from (11) and (12) that
IT(x2, y2) — T(x1, y)Il < [(L1 + La)6r + (M + Ma)Eo](llxx2 — xall + [ly2 — yall).-

From the above inequality, we deduce that T is a contraction in view of the condition (8). Hence it follows by
by Banach’s fixed point theorem that there exists a unique fixed point for the operator T, which corresponds
to a unique solution of problem (1) on [a, b]. o

In the following result, we apply Leray-Schauder alternative ([16] p. 4) to prove the existence of solutions
for the problem (1).



B. Ahmad et al. / Filomat 32:13 (2018), zzz—zzz 6

Theorem 3.2. Assume that

(H2) ¢, ¢ : [a,b] x Rx R — R are continuous functions and there exist real constants ki, y; > 0, (i = 1,2) and
ko > 0,70 > O such that Vx,y € R,

lp(t, x, )| < ko + kalx| + kalyl,
[Y(E, x, )| < yo + yalxl + yalyl.
Then the system (1) has at least one solution on [a, b] provided that
(L1 + Lo)ks + (M1 + Mp)y1 <1 and (Ly + Lo)ky + (Mq + Ma)y2 < 1, (13)
where Ly, My and Ly, M, are respectively given by (6) and (7).

Proof. Observe that continuity of the operator T : X x X — X x X follows from continuity of functions
@ and Y. Next, let Q C X X X be bounded such that

lp(t, x(8), yE)I < Ky, [ip(t, x(8), ()| < Kz, V(x,y) € Q,

for positive constants K; and K. Then for any (x, y) € Q, we have

ol [G-a) -0 :

Tp® < W+ TEe D * res 1)Z|6|(al ?) ]Kl
L4 -+
AT T+ D)
|xol

= |7| +L1K1 +M1K2,

A

K>

which implies that
ITaGe )l < 58+ Laks + M.

Similarly, we it can be shown that

(b — a)lxol v

T2, pll < =77 )10+ Lo + MaKo.
i=1

From the foregoing arguments, we deduce that the operator T is uniformly bounded, that is,

ol (b= a)lxol X |
ITCo < T+ X; 161+ (L1 + Lo)K; + (M + Mo)Ka.

Next, we show that T is equicontinuous. Let t1,t, € [a,b] with t; < t,. Then we have

Ty (x(t2), y(t2)) — T1(x(t1), y(t1))l

1 ™
— ) lds — -1
< F(é)f (tp — )" ds _1"(6) (t1 —s)°"'ds
el é-l Y|
< {F(E)f [(t2 —s) (t1 —s) ]ds+ f(tz s) ds}
< [2(t2 — 1) +It; — 1.

1"(5 +1)
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Analogously, we can obtain
|T2(x(t2) y(t2)) — Ta(x(t), y(t1))I
[2(t2 = )" + 15 — £]]

IA

rc+ 1)
|t2 — t1] (b—ﬂ)C ! (01
o [p okt Zlélr(é lelqr(c+1 ]

This shows that the operator T(x, y) is equicontinuous. In consequence, we deduce that the operator T(x, )
is completely continuous.

Finally, we consider the set £ = {(x, y) € X X X|(x, y) = AT(x, y), 0 < A < 1} and show that it is bounded.
Let (x, y) € P with (x, y) = AT(x, y). For any ¢ € [a, b], we have x(t) = AT1(x, y)(t), y(t) = ATa2(x, y)(t). Then

[xol
[x(t)l i

_ || Aj' + Liko + Mo + (Liki + Miy)lel + (Luks + Miyo)lyl,

IA

+ Li(ko + kilx| + kalyl) + My (yo + p1lx| + y2lyl)

and

b —a)lxol
Ol < Co Y 1o+ Latha + kil + ely) + Ma(o + 1l + 2l
i=1

b —a)lxo| v
= (T|)|O| Z |6,| + L2k0 + Mz’)/o + (L2k1 + Mz)/l)lxl + (L2k2 + Mz’)/z)|]/|
i=1

In consequence of the foregoing arguments, we deduce that

[lx|l < ol + Liko + Muiyo + (Liki + May)lixll + (Likz + May2)lIyll

]
and
b X
Iy < E=0P Z 61+ Lako + Mayo + (ks + Moyl + (Lake + May)lyl,
which imply that
il < B0 OO Y s Lk + My + My

TR

+[(L1 + Lo)ks + (M + Mo)yallixll + [(La + Lo)ka + (Ma + M2)y2)]llyll.
Thus

16,0 < 7 [F(L+ 6= Y 184) + (L + Lok + (s + Mayo],
i=1

where My = min{1 —[(L1 + Lp)ky + (M1 + M2)y1], 1 = [(L1 + Lo)ko + (M1 + M>)y»)]}. Hence the set P is bounded.
Thus, by Leray-Schauder alternative ([16] p. 4), we deduce that the operator T has at least one fixed point,
which corresponds to the fact that the problem (1) has at least one solution on [, b]. ]

4. Examples
Let us consider the following mixed-type coupled fractional differential systems

D¥*x(t) = @(t, x(t), y(t), D*?y(t) = P(t, x(t), y(t), t€[1,2],

: 14
K@+ 3y =1, y) =0, y@) =Y bixci),

i=1
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where £ =3/4,0=3/2,p=1,q=1/2,x0=1,01 =1/4,60 = 1/2,03 = 3/4,01 = 5/4,02 = 3/2,03 = 7/4, With
the given data, it is found that L; ~ 1.395874, L, ~ 0.615619, M, ~ 0.537323, M, ~ 1.961230.
(a) In order to illustrate Theorem 3.1, we take

e |x| -1 1 . _t
t/ ’ = +t + t/ t/ 7 = = + + ’ 15
ot x, ) \/m(lﬂﬁd an y) cost, Y(t,x,v) (5+t4)(smx Iyl) e (15)
which clearly satisfy the condition (H;) with ¢; = 1/2e and ¢, = 1/6. Moreover (L1 + Ly)t1 + (My + Mp)tr <
0.786419. Thus the hypothesis of Theorem 3.1 holds true and consequently there exists a unique solution of
the problem (14) with ¢(t, x, y) and (t, x, y) given by (15) on [1, 2].
(b) In order to illustrate Theorem 3.2, we take

1 et
Pt x,y)=e + gXcosy + —=siny,
et 1
— /2 h -1 -
P(t,x,y) =t VNt2 +3 + 37Ixtan y+ T y. (16)

It is easy to check that the conditions (H>) is satisfied with ko = 1/2e,k1 = 1/8,ko = 1/3e,79 = 2 V7, Y1 =
1/6e,y, = 1/7. Furthermore, (L1 + Lp)k; + (M + My)y1 = 0.404631 < 1 and (L; + Ly)ky + (M + M2)y»
0.603598 < 1. Clearly the hypotheses of Theorem 3.2 are satisfied and hence the conclusion of Theorem 3.2
applies to problem (14) with ¢(¢, x, y) and (¢, x, y) given by (16).

12

5. Conclusions

We have developed the criteria ensuring the existence and uniqueness of solutions for a new class
of nonlocal multi-point boundary value problems of mixed-type coupled fractional differential equations
on an arbitrary domain. The introduction of arbitrary domain extends the scope of the present work
as it can be specialized to any fixed domain. Moreover, some special results follow for the mixed cou-
pled system on the arbitrary domain by fixing the parameters involved in the boundary conditions.
For instance, by taking 4 = 0,p # 0, our results correspond to the nonlocal conditions of the form:
x(a) = xo/p, y(a) = 0,y (b) = Xi2; 6ix(0;). In case we we take p = 0,9 # 0, we get the results for the boundary
conditions of the form: y(b) = x0/q, y(a) =0, y'(b) = Y., dix(0;). Letting 6; = 0,i = 1,2,...,m in the results
of this paper, we obtain the results for the boundary condition: px(a) + qy(b) = xo,y(a) = 0,y’'(b) = 0. It
is imperative to mention that aforementioned special cases for the mixed coupled fractional differential
system on the arbitrary domain are all new results.
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