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Minimum Property of Condition Numbers for the Drazin Inverse
and Singular Linear Equations
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Abstract. For a singular linear equation Ax = b,x € R(AP), a small perturbation matrix E and a vector 6b
are given to A and b, respectively. We then have the perturbed singular linear equation (A+E)x = b+6b, x €
R[(A + E)P]. This note is devoted to show the minimum property of the condition numbers on the Drazin
inverse AP and the Drazin-inverse solution APb.

1. Introduction

The theory and applications of the Drazin inverse has been a substantial growth over the past few
decades [1-7], which is useful in various applications, for example, applications in singular linear systems,
Markov chains and iterative methods were found in the literature [8-12].

In this note, let C™" denote all n by n complex matrices, C*" denote all n by n complex matrices with
the rank r. The Drazin inverse of A € C"™" is the unique matrix AP € C"™" satisfying the relations

APA = AAP, APAAP = AP, AMIAP = Al foralll >,

where 7 is the smallest nonnegative integer satisfying rank(A"!) = rank(A"), which is called the Drazin index
of A and is denoted by ind(A). If r = 1, then the Drazin inverse reduces to the group inverse. Clearly,
ind(A) = 0 if and only if A is nonsingular. The symbols rank(A), A*, R(A) and N(A) will stand for the rank,
conjugate transpose, range space and null space of A, respectively.

Various normwise relative condition numbers measure the sensitivity of Drazin inverse and the solution
of singular linear systems are characterized. The sensitivity of condition number itself is investigated in
[14-17].

In this note, for the singular linear system Ax = b, we consider the perturbation E of A and 6b of b,
respectively, and consider the perturbed system (A + E)x = b + 6b. It should be stressed that we assume that
R(AP) = R[(A + E)P], so that b, b + 6b and R[(A + E)P] are all kept inside original R(AP).

In [14], the sensitivity of condition number of the Drazin inverse and the Drazin inverse solution of
the singular linear systems are investigated. In this note, we focus on the minimum property of condition
number for the Drazin inverse AP and the Drazin inverse solution APb of the doubly perturbed singular
linear equations.
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2. Preliminaries
For A € C™" with ind(A) = k, the following condition
B=A+E, E=AAPEAAP, and | APE|<1

is called (‘W) condition, which is induced by Wei and Wang in [18].
It is well known that for any complex matrix A € C™" with ind(A) = k and rank(A¥) = r, there is
nonsingular matrix P such that
A= P( c o )P-l,

where C is an invertible matrix with orderr, N is nilpotent, that is, Nk = 0.
Then the Drazin inverse of A could be given by

-1
AP =P( CO 8 )Pl.

In [13, 14], the P-norm || - ||p is defined by Wei et al. with respect to 2-norm,
| Allp=l| PT'AP |2, [l x llp=I| P7'x |I2,

and
| AP Jlp=l| PPAPP b=l C" |I> .

Lemma 2.1. ([18DIf, in addition to the hypotheses of (W), || APl E |I< 1, then

I (A+EP-AP | _ ko)
D - Ell ’
| AP || 1 - kp(A) {5

where kp(A) =|| A ||| AP || is defined as the condition number with respect to the Drazin inverse for any consistent
norms.

In Lemma 2.1, kp(A) reflects the sensitivity to the perturbations of A. If kp(A) is larger, then the relative
error will be larger.

Lemma 2.2. ([19]) Let A € C™". Consider Ax = b, where b € R(AP). Then there exists a solution in R(AP).
Moreover the Drazin inverse solution is unique, which is given by x = APb.

Lemma 2.3. ([19]) Suppose condition (‘W) holds. Then R(B*) = R(A¥), N(B¥) = N(A), where ind(B) = k.

For a singular linear system Ax = b, Wei and Wang consider the perturbed system (A + E)x = b + 6b, and
give the upper bound.

Lemma 2.4. ([18]) Suppose condition (‘W) holds and || AP |1 E |I< 1, then

[x—xIl _ _ kn(A) - (IIEII +I|6bll)l
]

X = 1 k@B TAT T 1]

where kp(A) =|| A ||| AP || is defined as the condition number with respect to the Drazin inverse.

From the above lemmas, we know that kp(A) reflects the sensitivity of the Drazin inverse solution APb
of Ax = b to the perturbations of A and b. If kp(A) is large, then solving Ax = b will be an ill-conditioned
problem.
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3. Main results

In this section, we explore the minimum property of condition number for the Drazin inverse and the
Drazin inverse solution of doubly perturbed singular linear equations with respect to the P-norm.

Theorem 3.1. Let A € C™", E be any perturbation of A, B = A + E. Suppose A and E satisfy condition (W). If
| E llp< 1/I|AP||p such that
LEII
I A+E)P —AP|lp A,

| AP |lp T - pA)E’

then kp(A) =|| A |lpll AP |lp< u(A), where u(A) is only dependant on A.

Proof. Tt follows from AAPE = EAAP = E that

(A+EP =1+ APE)'AP = [I -1+ (I + APE)™1|AP = AP —[I - 1 + APE)™11AP.

By || AP ||p|| E |lp< 1,we have (I + APE)™! = ¥ (-APE)~.
k=0

Hence

HA+EP=AP llp = |I[I-(I+APE) AP ||p

= =) (-APEfIAP Ip
k=0
= 1) (~DHAPEMAP |
k=0
= | APEAP — (APE)? ) (~APEFAP |Ip
k=0
> | APEAP lIp - | AP IBIE I ) Il APE IS,
k=0
that is

(o]

Il APEAP |Ip<I| (A + E)° = AP |lp + [l A” Bl E I3 Z I APE I .
k=0

C

O N )P‘l, where C is an invertible matrix of order

As we know, the Jordan decomposition of Ais A = P (
rand N is nilpotent.

-1
Hence the Drazin inverse of A is AP = P( CO 8 )P‘l.

Take E = ¢ || A ||p 6A, and
oA = p( ’ )(x* 0P,
where ¢ is a small positive number and there exist vectors x and y such that
I1Cy b=l x'C™H =1 C" Iz,

and || x [2=]| y [l2= 1.
Hence we obtain
AAPE =EAAP = E
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and

| APSAAP ||p

-1 -1
HP‘lP( CO 8 )P‘lP( g )(x* O)P-lp( CO 8 )P‘lp

= Ic"yx'C M

= IC ylll"C 7l
= lIci3

= AP 5.

2

We also have

Il Ellp e || Allpll 0A [lp

= ¢||Alp P—lp( g )(x* 0) PP

2
= el Allp llyxll2
= el Allp lyll2llx]l2
= ellAll,
and || APEAP |lp= (e [| A llp) | AP |3 .
Moreover, we have
kp(A) = A lplI AP |Ip
Il AP I3 A 1lpll E llp
I AP Ipll E llp
| APEAP Ipll A llpll E llp
I AP I E llp € | Allp

I (A+EP -AP |lp + | AP IRI E I3 kZO Il APE Iy

. Al
= WEp A7 T
(4) -
= — AP RIEN Y I APE I}
1= pA) iz k=0
A (o)
- M AP R Y ACE I
1= p Ay k=0

In the above inequality, take ¢ — 0, hence we obtain kp(A) < u(A). It finishes the proof. [

Theorem 3.2. Let A € C™". For any small pertubation E of Aand 5b of b such that Ax = band (A + E)x = b + 6b,
respectively. If || E |[p< 1/||AP||p, such that

Ix—xlp _ _ AA) (II Elle  1I6b ”P)

xle 1@ \TAT " Tl

where A(A) is only related with A, then kp(A) =|| A |Ip|| AP |[p< A(A).

c O

Proof. By the Jordan decomposition of A, A = P( O N

)P‘l, where C is a nonsingular matrix of order r

and N is nilpotent.

-1
Hence the Drazin inverse of A is AP = P( CO 8 )P‘l.
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Al
Tl

— — z
IC 'zl =11C" =11 AP lIp, sz( 0 )

and ||z |2=1ly llo=1, then

IElr =

and

| APEx |Ip

A llp
llxllp
Al
e

JAle (2 oo
€Il (0)(P L) Il

Il yx" PP~ |l

| P yxP"P7P |l

”A“P ( ) -1
P 'x

el B I TR

A

AT e

il

ENA [

-1 A
= 'lP‘lp( 0 )P‘le” ”pyx

O O

e
A
- ”“ ””Pnclw ) (P )l
A
- ”“ ”””nc Lol

”A”P -1 2
= ” I IC 2115

= el Al AP llpll x llp
= AP llp IR Il x Ilp -

On the other hand, we obtain

AP — (A + E)P(b + 6b)
[I-(I+APE)" AP — (A + E)Pob

- Z( —APEYx — (A + E)P5b

Taking P-norm in the above equation, we have

lx=xllp

> || APEx[lp —(I A” Ip)*(Il E llp)? Z(II APE [Ip)* 1l x llp

— 1A +E) lIpll 6 llp,

PPy

APEx — (APE)? Z —APEY'x — (A + E)P5b.
k=0

k=0

y :(-P—*P—ll

2

2689
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that is

A

IAPEx|lp < llx=XIlp +(l A ||P)2(||E“P)2Z(||ADE lIp) 11 x 1lp
k=0

I (A+E)" lIpll b llp -

+

Therefore, we get

| A llpll APEx ||p

ko(A) =l A Il AP [lp=
»4) Pl A= e

Il A llp
LE [lpll x [Ip
+ [ A+E) Ipll 6b |Ip)

|EI|
Al AD S Il

NEpIx1lp" 1 - A(A)%

IN

(lx =1 + Il A G E I3 Z(II APE [Ip) 11 x llp

k=0

IN

+ AP IBIE IR Z Il APE llpll x [l + 1l (A + E)® llpll 66 llp)
k=0

AA =
< % +e(l AP [Ip)? Z(H APE ||p)t
1= AMA)E, =0
N | A'llpll (A + E)P |lpll b |Ip
L E Il x llp

Take || 0b ||p= 0(¢), let ¢ — 0 in the above equation. Hence, we obtain kp(A) < A(A). O

Corollary 3.1. ([20]) Let A € C" be a nonsingular matrix. For any small pertubation E and db, let x, X satisfy
Ax =band (A + E)x = b + 6b, respectively. If || E ||< 1/|A7Y\, such that

Ix—xIl _ A4 (I|E||+|I5bll)

X~ 1= Ay AT e

where A(A) is only relating to A, then k(A) =|| A ||| A~ [|I< A(A).

Remark 3.1. Our results are more general than that of [21], which assumed that R(A¥) = R(AF).

4. Concluding remarks

In this note, we characterize the condition number of Drazin inverse and the Drazin inverse solution
of singular linear systems. It is of interest to extend our results to the W-weighted Drazin inverse of a
rectangular matrix [22-29] and the bounded linear operator [30-32].
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