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Abstract. The main aim of the present paper is to define new soft separation axioms which lead us,
first, to generalize existing comparable properties via general topology, second, to eliminate restrictions on
the shape of soft open sets on soft regular spaces which given in [22], and third, to obtain a relationship
between soft Hausdorff and new soft regular spaces similar to those exists via general topology. To this
end, we define partial belong and total non belong relations, and investigate many properties related to
these two relations. We then introduce new soft separation axioms, namely p-soft Ti-spaces (i = 0,1, 2,3, 4),
depending on a total non belong relation, and study their features in detail. With the help of examples,
we illustrate the relationships among these soft separation axioms and point out that p-soft T;-spaces are
stronger than soft Ti-spaces, for i = 0,1,4. Also, we define a p-soft regular space, which is weaker than
a soft regular space and verify that a p-soft regular condition is sufficient for the equivalent among p-soft
Ti-spaces, for i = 0,1,2. Furthermore, we prove the equivalent among finite p-soft T;-spaces, fori =1,2,3
and derive that a finite product of p-soft T;-spaces is p-soft T;, for i = 0,1,2,3,4. In the last section, we
show the relationships which associate some p-soft T;-spaces with soft compactness, and in particular, we
conclude under what conditions a soft subset of a p-soft T,-space is soft compact and prove that every
soft compact p-soft T,-space is soft T3-space. Finally, we illuminate that some findings obtained in general
topology are not true concerning soft topological spaces which among of them a finite soft topological space
need not be soft compact.

1. Introduction

Molodtsov [16] initiated the concept of soft sets in 1999 as a mathematical tool to copy with uncertainties,
and he pointed out the merits of soft set theory to solve complicated problems compared with probability
theory and fuzzy sets theory. In 2002, Maji et al. [13] presented an application of soft sets in a decision
making problem, and in 2005, Chen et al. [8] pointed out some incorrect statements in [13] and proposed
a new definition of parameter reduction for soft sets to improve their applications. Usage of algebraic
concepts of soft set theory was first studied in [4]. Later on, many researchers investigated the applications
of soft sets in algebraic structures (see, for example, [3], [10], [21]). In 2009, Ali et al. [5] defined new
operators between two soft sets and illustrated with the help of examples that several assertions which
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were presented in [14] are incorrect.

In 2011, Shabir and Naz [22] employed the notion of soft sets to initiate the concept of soft topolog-
ical spaces. They defined and studied elementary soft topological notions such as soft closure and soft
interior operators, soft subspace and soft separation axioms. Min [15] did corrections for some mistakes
in [22]. Hussain and Ahmad [11] studied the properties of soft interior, soft closure and soft boundary
operators and investigated some findings that connected among them. The soft product spaces and soft
compact spaces were introduced and discussed by Aygiinoglu and Aygiin [7]. In 2012, Zorlutuna et al.
[25] came up with an idea of soft point and employed it to study some properties of soft interior points
and soft neighborhood systems. Also, they introduced a concept of soft continuous maps and discussed
its characterizations. In 2013, the authors of [9] and [17] simultaneously modified a concept of soft point in
order to study soft metric spaces and keep classical limit points laws true for soft sets. Tantawy et al. [23]
utilized a soft points notion which introduced in [9] and [17] to give and study new soft axioms, namely
soft T;-spaces, for i = 0,1,2,3,4,5. The authors of [1] and [2] proposed some new operators on soft sets
by relaxing conditions on a parameters set and investigated their basic properties. Recently, Al-shami [6]
pointed out that some results obtained in [23] are not true and corrected them with the help of illustrative
examples.

The present paper is organized as follows: Section 2 is the preliminary part where some definitions
and properties of soft sets and soft topologies are given. In Section 3, we introduce the notions of partial
belong and total non belong relations, which are more effective to theoretical and application studies on
soft topological spaces, and derive some results related to them. Then, in section 4, we employ these
two new relations to introduce new soft separation axioms, namely p-soft T;-spaces (i = 0,1,2,3,4). We
point out the relationships among them and present several of their properties. One of the most important
point in this section is defining a p-soft regular spaces concept, which is weaker than soft regular space
[22], and deeply studying its properties. Also, we demonstrate the equivalent between soft Ty and p-soft
T1-spaces under a condition of soft regular spaces. In the last section, we investigate some properties of
soft Lindelof (soft compact) spaces and prove that every soft compact p-soft Tr-space is p-soft regular and
every uncountable (infinite) soft subset of a soft Lindelof (soft compact) space has a soft limit point. Also,
we illuminate an important role of enriched soft topological spaces to preserve a compactness property
between soft topological spaces and topological spaces. By constructing some soft topological spaces, we
show that some results obtained in general topology need not be true concerning soft topological spaces
such as that a soft compact subset of a soft T>-space need not be soft closed and a finite soft topological
spaces need not be soft compact.

2. Preliminaries

We present in this section some definitions and results which will be needed in the sequels. Throughout
this work, A, B and E denote to the sets of parameters.

2.1. Soft sets

Definition 2.1. [16] A pair (G, E) is said to be a soft set over X provided that G is a map of a set of parameters E into
2%,

In this work, a soft set is denoted by Gg instead of (G, E) and it is identified with the set G = {(e, G(e)) : e € E and
G(e) € 2%}. The set of all soft sets, over X under a parameter set E, is denoted by S(XE).

Definition 2.2. [16] For a soft set G over X and x € X, we say that x € Gg if x € G(e), for each e € E and x ¢ Gg if
x ¢ G(e), for some e € E.

Definition 2.3. [14] A soft set Gg over X is said to be:

(i) A null soft set, denoted by @, if G(e) = 0, for each e € E.
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(ii) An absolute soft set, denoted by X, if G(e) = X, foreach e € E.
Definition 2.4. [22] A soft set xg over X is defined by x(e) = {x}, for each e € E.

Definition 2.5. [18] A soft set G4 is a soft subset of a soft set Fg, denoted by GoCFg, if A C B and for all a € A,
G(a) C F(a). The soft sets Ga and Gg are soft equal if each one of them is a soft subset of the other.

Definition 2.6. [14] The union of two soft sets G4 and Fp over X, denoted by GAOFB, is the soft set Hp, where
D =AUBandamap H : D — 2X is given as follows:

Gd : deA-B
V(d) = Fd : deB-A
Gd)UFEd) : deANB

Definition 2.7. [18] The intersection of two soft sets Ga and Fp over X, denoted by G, ﬁF B, 1s the soft set Hp, where
D =ANB,and amap H : D — 2% is given by V(d) = G(d) () F(d).

It is noteworthy that many types of soft subset, soft union and soft intersection between two soft sets
were given in literature. Also, the soft union and soft intersection operators were generalized for arbitrary
number of soft sets. For more details in these topics, we refer the reader to ([1], [2], [5], [20]) and references
mentioned therein.

Definition 2.8. [5] The relative complement of a soft set Gg, denoted by Gy, is given by G = (G)g, where
G : E — 2% is a mapping defined by G°(e) = X \ G(e), for each e € E.

Definition 2.9. ([9], [17]) A soft subset Pg of)? is called soft point if there exists e € E and there exists x € X such
that P(e) = {x} and P(a) = 0, for each e € E \ {e}. A soft point will be shortly denoted by P;}.

Definition 2.10. [17] A soft set Fg over X under a parameters set E is said to be pseudo constant soft set if F(e) = X
or 0, for each e € E. A set of all pseudo constant soft sets is denoted by CS(X).

Definition 2.11. [9] A soft set Hg over X is called a countable (resp. finite) soft set if H(e) is countable (resp. finite)
foreache € E.

Definition 2.12. [19] Let G4 and Hp be soft sets over X and Y, respectively. Then the cartesian product of G4 and
Hpg, denoted by (G X H)axs, is defined as (G X H)(a,b) = G(a) X H(D), for each (a,b) € A X B.

Definition 2.13. [25] A soft mapping between S(X4) and S(Yp) is a pair (f, ), denoted also by f,, of mappings
suchthat f : X =Y, ¢ : A — B. Let Ga and Hg be soft subsets of S(Xa) and S(Y3), respectively. Then the image of
G and pre-image of Hp are defined by:

(@) f5(Ga) = (f4(G))s is a soft subset of S(Y) such that

Useopy f(G@) = 7' (0) # 0
] :

fq‘)(G)(b) = { ¢_1(b) =0

foreach b € B.
(i) f(;l(HB) = (f(;l(H))A is a soft subset of S(X) such that fq;l(H)(a) = f~Y(H(¢p(a))), for each a € A.

Definition 2.14. [25] A soft map fy : S(Xa) — S(YB) is said to be injective (resp. surjective, bijective) if ¢ and f
are injective (resp. surjective, bijective).
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2.2. Soft topology

Definition 2.15. [22] A collection T of soft sets over X under a parameters set E is said to be a soft topology on X if
the following three axioms hold:

() Xand ® belong to t.
(ii) The intersection of a finite family of soft sets in T belongs to T.
(iii) The union of an arbitrary family of soft sets in T belongs to t.

The triple (X, 7, E) is called a soft topological space (briefly, STS). Every member of T is called a soft open set and its
relative complement is called a soft closed set. An STS (X, t,E) is called finite (resp. countable) provided that X is
finite (resp. countable).

Proposition 2.16. [22] If (X, 7, E) is an STS, then for each e € E, a family t, = {G(e) : Gg € t} forms a topology on
X.

Definition 2.17. [22] An STS (X, 1, E) is said to be:

(i) Soft To-space if for every pair of distinct points x,y € X, there is a soft open set Gg such that x € Gg and y ¢ G
ory € Gpand x ¢ G.

(ii) Soft T1-space if for every pair of distinct points x, y € X, there are soft open sets G and Fg suchthat x € Gg,y € G
and y € FE, x ¢ FE.

(iii) Soft T»-space if for every pair of distinct points x,y € X, there are disjoint soft open sets Gg and Fg such that
x € Ggand y € Fg.

(iv) Soft regular if for every soft closed set Hg and x € X such that x ¢ Hg, there are disjoint soft open sets Gg and
Fg such that HeCGg and x € Fg.

(v) Soft normal if for every two disjoint soft closed sets Hy, and Hy,, there exist two disjoint soft open sets Gg and Fg
such that H1,CGg and H,,CFp.

(vi) Soft T3 (resp. Soft Ta) -space if it is both soft reqular (resp. soft normal) and soft T1-space.

Definition 2.18. [22] Let Y be a non-empty subset of an STS (X, 7, E). Then ty = {YﬁGE : Gg € 1} is said to be a
soft relative topology on Y and the triple (Y, Ty, E) is said to be a soft subspace of (X, 1, E).

Definition 2.19. [22] The closure of a soft subset Hg of an STS (X, t, E), denoted by Hg, is the intersection of all soft
closed sets containing H.

Definition 2.20. [17] Let Gg be a soft subset of an STS (X,7,E). Then P} is called a soft limit point of Gg if
[FE\PYINGE # D, for each soft open set Fg containing Py.

Definition 2.21. [7] A soft topology T on X is said to be an enriched soft topology if axiom (i) of Definition(2.15)
is replaced by the following condition: G € 1, for all Gg € CS(Xg). The triple (X, 7, E) is called an enriched soft
topological space.

Theorem 2.22. [19] Let (X, 1, A) and (Y, 6, B) be two STSs. Let QO = {Ga X Fp : G4 € T and Fg € 0}. Then the
family of all arbitrary union of elements of (3 is a soft topology on X X Y.

Theorem 2.23. [19] An STS (X, 7, E) is soft disconnected if and only if it contains a soft set that are both soft open
and soft closed.
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Definition 2.24. [7]
(1) Afamily (G, : i € I} of soft open subsets of an STS (X, 7, E) is called soft open cover of X provided that X = OidGiE.

(ii) An STS (X, 1, E) is called soft compact (resp. soft Lindeldf) provided that every soft open cover of X has a finite
(resp. countable) subcover.

Theorem 2.25. [7] The product of soft compact spaces is soft compact.
Definition 2.26. [25] A soft map f, : (X, 1,A) — (Y, 0, B) is called:
(i) Soft continuous if the inverse image of each soft open subset of (Y, 0, B) is a soft open subset of (X, T, A).

(ii) Soft open (resp. soft closed) if the image of each soft open (resp. soft closed) subset of (X, T, A) is a soft open (resp.
soft closed) subset of (Y, 0, B).

(iii) Soft homeomorphism if it is bijective, soft continuous and soft open.

3. Partial belong and total non belong relations

In this section, the notions of partial belong and total non belong relations are introduced and their
relationships with belong and non belong relations are illustrated. Their behaviour with some maps are
investigated and some of their properties with cartesian product of soft sets are studied.

Definition 3.1. Let Gg be a soft set over X and x € X. We say that:

(i) x € Gg, reading as x partially belongs to a soft set Gg, if x € G(e), for some e € E.

(ii) x & Gg, reading as x does not totally belong to a soft set G, if x ¢ G(e), for each e € E.
For the sake of economy, we omit the proof of the next proposition.

Proposition 3.2. For two soft sets Gg and Hg in S(Xg) and x € X, we have the following results.
(i) If x € Gg, then x € Gg.

(i) x & G if and only if x € Gy..

>iii) x € GEOHE if and only if x € Gg or x € Hg.

(iv) Ifx e GEﬁHE, then x € Gg and x € HE.

(v) Ifxe Gporx e Hg, thenx € GEOHE.

(vi) x € GEﬁHE if and only if x € G and x € HE.

The converse of items (i), (iv) and (v) of the above proposition need not be true in general as the next
example shows.

Example 3.3. Let the two soft sets Gy and Hg over X = {x1, xo} and a parameters set E = {e1, e} be defined as follows:

Ge = {(e1, {x1}), (e2, {x2})}
HE = {(elr @)/ (62/ X)}

It can be noted the following:
(1) Xy € GE, but Xy & GE.
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(ii) x1 € G and x; € H, but x; & Ge(\HE.
>iii) x; € GEOHE, whereas neither x; € Gg nor x; € HE.

Remark 3.4. If for each x € Gg implies that x € Hg, then GrCHjg need not be true in general. It can be noted this
fact in the above example.

Definition 3.5. A soft set Gg over X is said to be stable if there exists a subset S of X such that G(e) = S, for each
e € E and it is denoted by S.

Proposition 3.6. Let G be a stable soft set. Then x € Gg iff x € Gg.

Proof. Straightforward. [

Proposition 3.7. The following two properties are satisfied for any two soft sets G4 and Hp over X.
(1) (x,y) € Ga x Hp ifand only if x € Gy and y € Hp.

(ii) (x,y) € Ga X Hp if and only if x € G4 and y € Hp.

Proof. We only prove (i) and the second one follows similar lines.

(i):Necessity: Let (x, y) € GaxHp = Faxp. Then there exists (a,b) € AxBsuch that (x, y) € F(a,b) = G(a)xH(b).
So x € G(a) and y € H(b). Consequently, x € G4 and y € Hp.

Sufficiency: It is obvious. [

Proposition 3.8. Let Ga,, Ha,, Fa, and Wy, be soft sets. Then
@ Ga, X [Ha,Fa,] = [Ga, X Ha,JN[Ga, X Fay).

(i) Ga, X [Ha,UFa,] = [Ga, x Ha,JUIGa, X Fa,].

(i) [Ga, X Ha,JO[Fa, X Wa,] = [Ga,NFa,] X [Hay W, .
(V) [Ga, X Ha,JUIFa, X Wi, IC[Ga, UFa,1 X [Ha, UWa, 1.

Proof. Let us prove the second and third one, the other can be made similarly.

(ii): It is well known from set theory that A; X (A, |J A3) = (A1 XA2) U(A1 X A3). So The sets of parameters
of both sides are equal.
Now, we prove the equality of the approximate elements of both sides as follows:
Ga, X [Ha,UFa,] ={(x,y) : x € G4, and y € [Ha, or Fa,]}
={(x,y) : [x € G4, and y € Hy,] or [x € G4, and y € Fa,]}
={(x,y) : (x,y) € Ga, X Hp, 01 (x, y) € Ga, X Fa,}
= [Ga, X Ha, JU[Ga, X Fa;]-

(iii): It is well known from set theory that (A1 X A) (N(As X Ag) = (A1) A2) X (A3 [ Ag). So The sets of
parameters of both sides are equal.
Now, we prove the equality of the approximate elements of both sides as follows:
Necessity: Let (x, y) € [Ga, X Ha,][Fa, X Wa,]. Then, by Proposition(3.2)(iv), there exist (, s) € [(A1 X A2) N
(Az X Ag)] such that (x,y) € G(r) X H(s) and (x, y) € F(r) X W(s). Now, we have r € (A; [ A3) such that x €
G(r)( F(r)and s € (A2 () Ag) such thaiy € H(s) M W(s). This implies that (x, y) € [G(r) ( F(r)]x[H(s) ( W(s)].
Thus [Ga, X Ha, IM[Fa, X Wa,1S[Ga, MFa,1 X [Ha,Wa,].
Sufficiency: Let Let (x,y) € [Ga,(\Fa,] X [Ha,(\Wa,]. Then there exist ¥ € (A1()A3) and s € (Az()As)
such that x € G(r)F(r) and y € H(s) " W(s). So (x,y) € G(r) x H(s) and (x,y) € F(r) x W(s). This
means that there exists (r,s) € (A ﬂéz) X (A3 (N Ay) satisfies (x, y) € [(G x H)(r,s)] N[(F X W)(r,s)]. Thus
[Ga,MFa,] X [HILXZQWIM]FQV[GIL‘1 X Ha,JN[Fa, X Wa,]. Hence the desired result is proved. O
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Example 3.9. To illustrate that the converse of item (iv) of the above proposition fails, it is sufficient to show that a
set of parameters (A1 X Ap) | J(As X A4) in the left side is a proper subset of a set of parameters (A1 |J As) X (A2 U Ay)
in the right side. Suppose that Ay = Ay = {e1} and Az = Ay = {ey, e3}). Then we find the following:

) (A1 X A2) U(A3z X Ag) = {(e1, e1), (e2, €2), (€2, €3), (€3, €2), (e3, €3)}.
(ii) (A1 U As) X (A2 U As) = {(e1,e1), (e1,€2), (e1,€3), (e2, €1), (€2, €2), (€2, €3), (€3, €1), (€3, €2), (e3, €3)}.
Hence (A1 U A3z) X (A2 U Asg) € (A1 X Ap) U(A3 X Ay).

Proposition 3.10. Consider f, : S(Xa) — S(Yp) is a soft map and let G be a soft set in S(Xa). Then the following
statements hold.

() If x € G, then f(x) € f3(Ga).

(i) If f is injective and x & G, then f(x) & f5(Ga).
(iii) If ¢ is surjective and x € Ga, then f(x) € f3(Ga).
(iv) If f, is injective and x & Ga, then f(x) ¢ f5(Ga).

Proof. (i) Letx € G4. Then there exists a parameter a € A such that x € G(a). Now, there exists a parameter
b € B such thata € ¢~1(b). Therefore f(x) € f(G(a)) C Uaed)—l(b) f(G(a)) = f(G)(D). Thus f(x) € f3(Ga).

(ii) Let x & Ga. Then x ¢ G(a), for each a € A. Since f is injective, then f(x) ¢ f(G(a)) C f4(G)(b), for each
b € B. Thus f(x) & f‘P(GA)’

(iii) Let x € G4. Then x € G(a), for each a € A and this implies that f(x) € f(G(a)), for each a € A. Since ¢
is surjective, then from Definition(2.13), we have f(G)(b) = Uaezp*] w) f(G(a)), for each b € B. Therefore
f(x) € fo(G)(b), for each b € B. Thus f(x) € f5(Ga).

(iv) Let x ¢ Ga. Then there exists at least a parameter a € A such that x ¢ G(a). Since f is injective, then
f(x) ¢ f(G(a)) and since ¢ is injective, then there exists a parameter b € B such that a = ¢~1(b). So

f(x) ¢ fo(G)(b). Hence f(x) ¢ f5(Ga)-
O

Proposition 3.11. Consider f, : S(X4) — S(Yp) is a soft map and et Hp be a soft set in S(Yg). Then the following
statements hold.

G) If ¢ is surjective and y € Hp, then x € fg;l(HB),for each x € f~1(y).
(i) Ify & Hp, then x ¢ fq;l(HB),for each x € f~(y).
(ii) Ify € Hp, then x € fq;l(HB),for each x € f~(y).

iv) If ¢ is surjective and y ¢ Hg, then x ¢ f(;l(HB),for each x € f~1(y).

Proof. (i) Letx € f~1(y). Since y € Hp, then there exists a parameter b € B such that y € H(b) and since ¢ is
surjective, then there exists a parameter a € A such that ¢(a) = b. Therefore y € H(b) = H(¢(a)). Thus

[ ) € fHH@W@)) = £ (H)(@). Hence x € f!(Hp).

(ii) Letx € f!(y). Since y & Hp, then y ¢ H(b), for each b € B. This implies that y ¢ H(¢(a)), for eacha € A.
Therefore f~1(y) N f~1(H(¢(a))) = f1({y} N H(¢(a))) = 0. Thus x ¢ qul(HB).

(iii) Letx € f~(y). Since y € Hg, then y € H(b), for each b € B. This implies that y € H(¢(a)), for eacha € A.
Therefore f~1(y) € f~(H(¢(a))). Thus x € f(;l(HB).
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(iv) Let x € f~!(y). Since y ¢ (Hp), then there exists a parameter b € B such that y ¢ H(b) and since ¢ is
surjective, then there exists a parameter a € A such that ¢(a) = b. Therefore y ¢ H(b) = H(¢(a)). Thus

[ ) N T H($@)) = 0. Hence x ¢ £ (Hp).
O

Proposition 3.12. Let fy : S(Xa) — S(Y3) be a bijective soft map. Then (f5(Ga))" = f3(G)), for each soft subset
Ga of X.

Proof. Suppose that G4 is a soft subset of X. Then fo((Ga)) = (fo(G))p, where

o | Useoinf(G°@) = 7' (b) 20

for each b € B.
Since f, is bijective, then f(G°(a)) = [f(G(a))]‘, for each a € A. Therefore

: UreprofG@) = ¢7'(0) %0

,(G)(b) = O

f(]( )( ) { (X)C . (]b_l(b) =0

Thus (f5(Ga))* = f»(G5). O

Corollary 3.13. Let f, : (X,7,A) — (Y,0,B) be a bijective soft map. Then f, is soft open if and only if it is soft
closed.

4. Partial soft separation axioms

We initiate in this section the concepts of p-soft Ti-spaces (i = 0,1,2,3,4) and p-soft regular spaces
utilizing belong and total non belong relations. Several properties of them are studied and the relationships
among them are illustrated with the help of examples. Also, we point out that a finite soft T>-spaces is a
p-soft Ts-space. Finally, we investigate under what maps some p-soft separation axioms are preserved.

Definition 4.1. An STS (X, 7, E) is said to be:

(i) p-soft To-space if for every two distinct points x,y € X, there exists a soft open set Gg such that x € Gg and
y & Gpory € Ggand x & G.

(ii) p-soft T1-space if for every two distinct points x,y € X, there exist soft open sets Gg and Fg such that x € Gg, y &
Gg, y € Fpand x & Fg.

(iii) p-soft Tr-space if for every two distinct points x,y € X, there exist two disjoint soft open sets Gg and Fg such
that x € Gg,y & Gg, y € Fpand x & Fg.

Remark 4.2. On the one hand, x & Gg implies that x ¢ Gg, then a p-soft Tr-space is a soft T»-space which defined in
[22]. On the other hand, the definition of soft T,-space in [22] implies that for every two distinct points x, y € X, there
exist two disjoint soft open sets Gg and Fg containing x and y, respectively, such that y ¢ Gg and x ¢ Fg. Since Gg
and Fg are disjoint, then y & Gg and x & Fg. Hence the definitions of p-soft T»-space and soft Tr-space are equivalent.

Proposition 4.3. Every p-soft Ti-space is a soft T;-space, for i =0, 1.
Proof. It follows from the fact that a total non belong relation & implies a non belong relation ¢. [

The next example points out that the vice-versa of the above proposition is not true.
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Example 4.4. Let E = {e;, ey} and T = {D, }?, Ki. :i=1,2,...,6} beasoft topology on X = {x1, x2}, where the six soft

sets are defined as follows:
K1, = {(e1, X), (e2, fx1})
K2E = (61/ ) (le {x })
K, = {(e1,0), (e2, {x2))};
K4E = {(61/ (D) (le X1 )}r
K5E {(61, (D) (82, X)} and
KéE = {(61, X), (62, @)}

7
7

7

Then (X, T, E) is a soft T1-space. On the other hand, there does not exist a soft open set containing x, such that x,
does not totally belong to it. Thus (X, 7, E) is not a p-soft To-space.

In what follows, we investigate some results related to a p-soft Ty-space.

Lemma 4.5. Let Gr be a soft subset of an STS (X,t,E) and x € X. Then x & G iff there exists a soft open set Fr
containing x such that Gg(\Fg = @

Proof. Let x & Gk. By Proportion (3.2)(ii), x € (GE) = Fr. So GEﬁFE = ®. Conversely, if there exists a
soft open set Fr containing x such that Gg ﬂPE = CD then Gg C F;. Therefore Gk C F;. Since x ¢ Fj, then
x&Gg. O

Theorem 4.6. If (X, 7, E) is a p-soft To-space, then Xg # Y, for every x # y € X.

Proof. Let x # y in a p-soft Ty-space. Then there is a soft open set Gg such that x € G and y & Ggor y € Gg

and x & Gg. Say, x € Gg and y & Gg. Now, yEﬁGE = . So, by the above lemma, x & yg. But x € xg. Hence
the proof is complete. [

Corollary 4.7. If (X, ,E) is a p-soft To-space, then P% # P_Z, forallx # yand o, € E.

It can be seen from the next example that the converse of the above theorem fails.

Example 4.8. Assume that (X, t, E) is the same as in Example (4.4). Then X1, # X,. On the other hand, x1 # x»
and there do not exist a soft open set satisfies a condition of a p-soft To-space. Hence (X, 7, E) is not a p-soft To-space.

We give a complete description for a p-soft T1-space in the following result and then we establish some
properties of this soft space.

Theorem 4.9. An STS (X, 7, E) is a p-soft T1-space if and only if xg is soft closed, for all x € X.

Proof Necessity: For each y; € X\{x}, there is a soft open sei G, such that y; € G;, and x ¢ G;,. Therefore
X\{x} = Ui Gi(e) and x & ;¢ Gile), for each e € E. Thus U;,Gi, = X\[x} is soft open. Hence, xf is soft
closed

Sufficiency: For each x # y, we have xg and yg are soft closed sets. Now, y € (xg)° = (X\{x})r and
x € (ye)°* = (X\{y))E. Since x ¢ (X\{x})r and y & (X\{y})E, then (X, 7, E) is a p-soft T1-space. [

Theorem 4.10. Let E be a finite set. Then (X, 7, E) is a p-soft T1-space if and only if xg = NGk : xeCGr € 1) , for
all x € X.

Proof. To prove the “If” part, let y € X. Then for each x € X\ {y}, we have a soft open set G such that x € G

and y € Gg. Then y ¢ () G(e), for each e € E. Therefore y & ({Gr : xeCGr € ). Since y is chosen arbitrary,
then the proof of this part is complete.

To prove the “only if” part, let the given conditions be satisfied and let x # y. As y & xg and E is finite, say
| E |= m, then we can choose at most 1 soft open sets G;, such that y ¢ Gi(e)) and x € G;, : j =1,2,.

Therefore ﬂl 1 G,E is a soft open set such that y ¢ ﬂl 1 GlE and x € ﬂ, 1 G,E Similarly, we can get a soft open
set Wi such that y € Wg and x & Wg. Thus (X, 7, E) is a p-soft T1-space. [
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Corollary 4.11. If (X, 7, E) is a p-soft T1-space, then xg = ﬁ{GE :x € Gg}, forall x € X.
Theorem 4.12. If (X, 7, E) is an enriched p-soft T1-space, then P is soft closed for all Py € X.

Proof. From Theorem (4.9), we get X \{ } is soft open. As (X, 1, E) is enriched, then a soft set Hg, deﬁmng as

H(e) = 0 and H(a) = X for each a # ¢, is soft open. Therefore X\ UHE is soft open. Thus (X\ YUHEg) = P
is soft closed. O

Corollary 4.13. If (X, 7, E) is an enriched p-soft T1-space, then the intersection of all soft open sets containing Uk is
exactly Ug, for each UECX

Proof. Let Ur be a soft subset of X and P € Ug. As P is soft closed, then X\ P; is a soft open set containing
Ug. We do similarly, for each P; € U;. Hence the proof is complete. [

Theorem 4.14. A finite STS (X, 7, E) is p-soft Ty if and only if it is p-soft T».

Proof Necess1ty For each y € X\{x} and x € X\{y}, we have yr and xg are soft closed. Since X is finite, then

Uyex\iye and Usexy () Xe are soft closed. Therefore (UyeX\{xlyE) = x¢ and (Uxex\ yXE)" = YE are soft open.
Thus (X, 7, E) is a p- soft T,-space.
Sufficiency: It follows immediately from Definition (4.1). 0O

Corollary 4.15. A finite p-soft T1-space is soft disconnected.

Remark 4.16. If X is infinite, then a soft set xg in a p-soft T1-space (X, T, E) need not be soft open as illustrated in
the following example.

Example 4.17. Let E be the set of natural numbers N and © = {®,Gp : G, is finite} be a soft topology on the set of
real numbers R. Then xg is not soft open, for each x € R.

Remark 4.18. In the definition of soft regular space in [22], if we say that x ¢ Hg, where Hg is a soft closed set, then
we have two cases:

(i) Either there exists at least e € E such that x ¢ H(e) and x € H(w), for each e # a. Then we can not find any two
disjoint soft sets Gg and Fg containing x and Hg, respectively.

(ii) Or x ¢ H(e), for each e € E. Then it is possible to find two disjoint soft open sets Gg and Fg containing x and
Hg, respectively.

Now, (ii) is the only possible case and so we can conclude that any soft open (soft closed) subset of a soft reqular space
must be stable. An unawareness of the authors in [22] about a strict condition on the shape of soft open subsets of
a soft reqular space caused some errors in their work which investigated and corrected by [15]. To avoid this strict
condition, we introduce a concept of a p-soft reqular space by using a total non belong relation instead of a non belong
relation.

Definition 4.19. An STS (X, t,E) is said to be p-soft reqular if for every soft closed set Hg and x € X such that
X & Hg, there exist disjoint soft open sets G and Fr such that HeCGg and x € Fg.

Proposition 4.20. Every soft reqular space is p-soft regqular.
Proof. The proof follows easily from Definition(4.19) and Proposition(3.2). [J

We show in the next example that the converse of the above proposition fails.
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Example 4.21. Let E = {e1, ez, €3} be a set of parameters and © = {CT), }?, G;
X = {x1, x0}, where

1i=1,2,...,7) be a soft topology on

E

G, = {(e1, {x1}), (e2, {x1}), (es, {x1 )l
G, = {(e1, {x2}), (e2, {x2}), (e3, {xa})};
Gz, = {(e1,0), (e2, {x1}), (e3, {x1})};
Gy = {(e1,0), (e2, {x2}), (e3, {x2})};
Gs; = {(e1, {x1}), (e2, X), (e3, X)};
Ge, = {(e1, {x2}), (e2, X), (e3, X)} and
G7E = {(elr @)1 (62/ X)/ (63, X)}

Then (X, ,E) is p-soft reqular. On the other hand, a soft open set G, is not stable, hence (X, 1, E) is not soft
regular.

We characterize a p-soft regular space in the following result.

Theorem 4.22. An STS (X, 7, E) is p-soft regular zﬁ‘for each x € X and soft open subset Fr of (X, 7, E) containing x,
there exists a soft open set Gg such that x € GrCGECFy.

Proof. Let x € X and Fg be a soft open set containing x. Then Fj, is soft closed and xg ﬁFE = ®. So there are

disjoint soft open sets Wr and Gg such that F%EWE and x € Gg. Therefore GEEWEEF e. Thus G_EEWEEF E.
Conversely, let F. be a soft closed set. Then for each x ¢ F,, we have x € Fr. By hypothesis, there is a soft

open set Gg containing x such that GECF £. Therefore FC (GE)C and Ggﬂ(GE)C ®. Thus (X, 7,E) is p-soft
regular, as required. [

Theorem 4.23. For any p-soft regular space, the following three statements are equivalent:

(i) (X, 7, E)isap-soft Tr-space.

(ii) (X, 7, E) is a p-soft T1-space.

(iii) (X, 1, E) is a p-soft To-space.

Proof. Obviously, (i) — (ii) — (iii).

(iii) — (i): Let x, y be two distinct point in X and (X, 7, E) be a p-soft Ty-space. Then there exists a soft open
set Gg such that x € Ggand y & Gg or y € Gg and x & Gg. Say, x € Gg and y € Gg. By Proposition (3.2), we

obtain that x ¢ G and y € G}. Since (X, 7, E) is p-soft regular, then there exist two disjoint soft open sets
Wi, and Wy, such thatx € Wy, and y € G%EWZE. This completes the proof. [J

Theorem 4.24. Let an STS (X, t, E) be soft regular. Then (X, t, E) is p-soft T1-space iff it is soft T1-space.

Proof. The proof of the "if” part follows directly from Proposition(4.3).

To prove the “only if” part, suppose x, y are two distinct points in X. Then there exist soft open sets Gr and
Fe such that x € Gg,y ¢ Gg, y € Fg and x ¢ Fg. Since Gg and Ff are soft open subsets of a soft regular space,
then they are stable. So y & Gg and x & Fg. Thus (X, 7, E) is a p-soft Ty-space. [

Theorem 4.25. A finite p-soft T»-space is p-soft reqular.

Proof. Let Hg be a soft closed set and x € X such that x € Hg. Then for each y € Hg, we have x # v.
Therefore there exist disjoint soft open sets G;, and F;, such that x € Gj,, y € F;.. Since a set { y y € X}is
finite, then we can take a finite number of soft open sets F;, such that H ECUI 1 F,,E Now, ﬂl 1 GlE is a soft

open set containing x and [U, 1 FZE]ﬂ[ﬂl 1 G,E] ®. Hence (X, 7, E) is p-soft regular. [

Definition 4.26. An STS (X, 1, E) is called:
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(i) p-soft Ts-space if it is both p-soft reqular and p-soft T1-space.
(ii) p-soft T4-space if it is both soft normal and p-soft T1-space.
Proposition 4.27. Every soft Ts-space is a p-soft Ts-space.
Proof. One can obtain the proof easily from Proposition(4.20) and Theorem(4.24). O

To see that the converse of the above proposition is not true in general, one can observe that a given soft
topological space in Example (4.21) is p-soft T3, but it is not soft T3.

Proposition 4.28. Every p-soft T4-space is a soft T4-space.
Proof. Straightforward. [

To show that the converse of the above proposition fails, we give the next example.

Example 4.29. Let E = {e1,¢e,e3} and t = {5 )-(:, Gi, :i=1,2,...,6} be a soft topology on X = {x1, x2}, where
G1; = {(e1, X), (e2,{x1}), (e3, X)};
(e1, X), (e2,{x2}), (e3, X)};

G, = {

G3E = {(elr X) (32/ ) (631 X)}

G4E = {(e1,0), (e2, {x1}), (e3, 0)};
Gs, = {(e1,0), (e2, {x2}), (e, 0)} and
G6F {(61/ w)/ (62/ X)/ (63/ (Z))}

Then (X, T, E) is a soft Ty-space. On the other hand, there does not exist a soft open set containing x, such that x;
does not totally belong to it. So (X, t, E) is not a p-soft T1-space, hence it is not a p-soft Ty-space.

Now, we elucidate a relationship among p-soft T;-spaces and deduce some results which associate them
with some soft topological notions such as soft subspace and soft product space.

Proposition 4.30. Every p-soft Ti-space is a p-soft Ti_1-space, fori=1,2,3,4.

Proof. We prove the proposition in case of i = 3,4. The other proofs follow similar lines.

Fori =3, letx # yand (X, 7, E) be p-soft T1. Then x¢ is soft closed. Since y & x¢ and (X, 7, E) is p-soft regular,
then there are disjoint soft open sets Gg and Fg such that xeCGr and y € Fg. Therefore (X, 7,E) is a p-soft
T>-space.

Fori =4, let x € X and HE be a soft closed set such that x @ Hg. Since (X, 7, E) is p-soft Ty, then x is soft

closed. Since xg ﬁH E= ® and (X, T, E) is soft normal, then there are disjoint soft open sets Gg and Fr such
that HeCGg and xgCFg. Hence (X, 7, E) is a p-soft T3-space. [

Theorem 4.31. The following three properties are equivalent if X is finite.
(i) (X, 7, E)isap-soft Ts-space.

(ii) (X, 7, E) is a p-soft T»-space.

(iii) (X, 7, E) is a p-soft T1-space.

Proof. (i) — (ii) — (iii): This is obtained from Proposition(4.30).
(iii) — (ii): This is obtained from Theorem(4.14).
(ii) — (i): This is obtained from Theorem(4.25) and Proposition(4.30). O

Lemma 4.32. If Ha,xa, is a soft closed subset of a soft product space (X X Y, 1 X T2, A1 X Ap), then Ha,xa, =
[(Ga,)" % Y]U[X X (Ua,)°], for some Gy, € t1 and Uga, € 1.
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Theorem 4.33. A finite product of p-soft T;-spaces (X;, Tr, A;) is a p-soft Ti-space, fori =0,1,2,3.

Proof. We prove the theorem for two soft topological spaces in case of i = 0,3. The other proofs follow
similar lines.

(i) Consider (X, 71,A1) and (X3, T2, A2) are two p-soft To-spaces and let (x1, y1) # (x2, y2) in (X3 X Xo, 71 X
Tp,A1 X Ap). Without lose of generality, let x; # x;. Then there exists a soft open subset G4, of
(X1,71,A1) such that x; € Gy, and x; & Gy, or x2 € Gy, and x1 & Ga,. Say, x1 € Ga, and x2 & Gy, .
Therefore (x1, y1) € Ga, X 5(; and (xp, y2) & Ga, X 5(: Thus (X1 X X, 71 X T2, A1 X Ap) is a p-soft Ty-space.

(ii) Let HAle2 be a soft closed subset of a soft space (X1 X X, 71 X 72, A1 X A). Then Ha,xa, = [(Ga, )C
XZ]U[Xlx(UAZ)C], forsome G4, € 11 and Uy, € 1. Forevery (x, y) & Ha,xa,, wehave (x, y) & (GAl)CXXz
and (x,y) & X1 X (Ua,)*. From Proposition(3.7), we obtain that x & (Ga,)° and y & (Uya,). Since
(X1,71,A1) and (X5, 72, Ap) are p-soft regular, then there exist disjoint soft open sets F; A and F, A
containing x and (G, )", respectively, and disjoint soft open sets F3, and Fy,, containing y and (U, )",
respectively. Thus H AleZE[Fz 4 X E]O[Z X Fy Az] and (x,y) € [Fy 4y X F3 Az]' From Proposition(3.8), we

obtain that [P1A1 X Fs,, ]ﬁ{[FzA1 X }E]O[Z X F4A2]} = (D;n\x;z- Hence the proof is complete.
0
Theorem 4.34. Every soft subspace (Y, Ty, E) of a p-soft T;-space (X, 7, E) is a p-soft Ti-space, fori =0,1,2,3.

Proof. we prove the theorem in case of i = 3 and the other proofs follow similar lines.
To prove (Y, Ty, E) is p-soft Ty, let x # y € Y. Since (X, 1, E) is a p-soft T1-space, then there exist soft open s sets

Gg and Fg such that x € Gg,y & Gg, y € Fg, and x & Fg. Therefore x € H;, = YﬂGE and y € Hy, = YﬂFE
Since y & Gg and x & Fg, then y & H;, and x & Hy,. Thus (Y, ty, E) is p-soft Tj.
To prove (Y, ty, E) is p-soft regular, let y € Y and Lg be a soft closed subset of (Y, 7y, E) such that y & Lg.

Then there exists a soft closed subset Hg of (X, 1, E) such that Lg = ?ﬁH g and y € Hp. Therefore there
exist dls]omt soft open sets Gg and Fg such that HrCGr and y € Fg. Now, we find that LECWLF_ = YﬂGE,

ye Wy, = YﬂFE and WlEﬂW2E ®. Thus (Y, Ty, E) is p-soft regular.
Hence (Y, 7y, E) is p-soft Ts. O

Proposition 4.35. Let f, : (X, 7, A) — (Y, 0, B) be a soft continuous map. Then if (Y, 0, B) is a p-soft T;-space and f
is injective, then (X, 1, A) is a p-soft Ti-space, for i = 0,1,2.

Proof. We only prove the proposition for i = 2
Consider 2 and b are two distinct points in X. By injective of f, there are two distinct points x and y in Y
such that f(a) = xand f(b) = y. Since (Y 0, B) is a p-soft T»-space, then there are two soft open sets Gp and Fp

such that x € Gp, y € Fp and GBﬂFB = @g. From Proposition (3.11), we obtain thata € f¢1(GB) be fbl(FB)
and f¢1(G3)ﬂf¢1(FB) = @y Thus (X, 7,A)isa p-soft Tr-space. [

For the sake of brevity, we omit the proofs of the next three results.

Proposition 4.36. Let f; : (X, 1,A) — (Y, 0, B) be a bijective soft open map. Then if (X, 1, A) is a p-soft Ti-space,
then (Y, 0, B) is a p-soft Ti-space, fori =0,1,2,3,4.

Proposition 4.37. Let f, : (X,7,A) — (Y,0,B) be a bijective soft continuous map. Then if (Y,0,B) is a p-soft
Ti-space, then (X, T, A) is a p-soft T;-space, fori =0,1,2,3,4.

Proposition 4.38. The property of being p-soft T; is a topological property, fori=0,1,2,3,4.
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5. Some results related to soft compact and soft Lindel6f spaces

Some properties of soft compact (soft Lindelof) spaces are presented and investigated in this section.
The relationships among soft compact p-soft T»-spaces, p-soft regular spaces and p-soft T3-spaces are illus-
trated and some properties of enriched soft compact spaces with compact spaces are studied. A formula
for computing the number of all soft subsets of an STS is given and then it is used to point out that a finite
STS need not be soft compact.

Proposition 5.1. Every soft closed subset HE of a soft compact (resp. soft Lindelof) space is soft compact (resp. soft
Lindelof).

Proof. Straightforward. O

Corollary 5.2. If Hg is a soft closed set and Fg is a soft compact (resp. soft Lindeldf) set in (X, T, E), then Hg NFe is
soft compact (resp. soft Lindelof).

Remark 5.3. The result which state that: every compact subset of a T,-space is closed, is one of the results in general
topology which is not true concerning soft topology. it worthily noting that some authors did mistake when they
generalized this result without imposing conditions on a soft compact set, see for example Theorem 3.34 in [24]. The
following example illuminates this error.

Example 5.4. Assume that (X, 7, E) is the same as in Example (4.21). Obviously, (X, 7, E) is a soft To-space and a
soft set He = {(e1, {x1}), (e2, X), (e3, {x2})} is a soft compact subset of X. However, Hg is not soft closed.

In the next proposition, we give a sufficient condition for a soft subset of a p-soft T»-space to be soft
closed.

Proposition 5.5. Every stable soft compact subset gof a p-soft T»-space is soft closed.

Proof. Let the given conditions be satisfied and let P} € S°. Since S is stable, then for each P! € S, we
get x # y. Therefore there are two disjoint soft open sets G;, and W, such that x € G;, and y € W;,.. It
follows that {W;, : i € I} forms a soft open cover of S. Consequently, §Eoz_YW,E Putting ﬁi_;ZG,E = H and

Ul 1W1E = Vi. Now, Hg and VE are soft open sets such that HEﬂVE = ®. Therefore HEﬂS = @ and this
implies that H £CS°. Since P% is chosen arbitrary, then 5¢ is soft open. Hence S is soft closed. [J

According to the definition of soft regular spaces [22], the result, on general topology, reported that
every compact T,-space is regular is not valid on soft topology as it can be seen from Example (4.21). As a
matter of fact, this result can be generalized on soft topology with respect to a p-soft regular space. To this
end, we shall utilize the following auxiliary result.

Theorem 5.6. Let Fg be a soft compact subset of a p-soft Tr-space. If x & Fg, then there are disjoint soft open sets Gp
and Vg such that x € Gg and Fg C VE.

Proof. Let x & Fg. Then for each y € Fg, we get that. x # y. Since (X, T E) is a p-soft T»-space, then there
exist soft open sets G;, and V;, such that x € GlE, y €V and G;, ﬂV,E = ®. Therefore {V, {Vi.} forms a soft open
cover of Fr. As Fr is soft compact, then Fr C U,-:;l V.. By putting Ui=111 Vi. = Ve and ﬂ,:GiE = Gg, it follows
that Vi and G are disjoint soft open sets. This completes the proof. [J

Theorem 5.7. Every soft compact p-soft T»-space is p-soft reqular.

Proof. Let Hg be a soft closed subset of a soft compact p-soft T>-space (X, 7, E) and let x € Hg. By Proposi-
tion(5.1), we get H is soft compact. By Theorem(5.6), there exist soft open sets G and Vg such that x € G,

Hg € Ve and Gg(\Vg = @. Thus (X, 1, E) is p-soft regular. [
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Corollary 5.8. Every soft compact p-soft T»-space is a p-soft Ts-space.

Lemma 5.9. Let Fg be a soft open subset of a soft reqular space. Then for each P} € F, there exists a soft open set Gg
such that Py € GgCFk.

Proof. Let Fr be a soft open set such that P; € Fg. Then x ¢ F.. Since (X, 7,E) is soft regular, then there
exist two disjoint soft open sets Gg and WE containing x and F,, respectively. Thus x € GECWC CFr. Hence
P; e GEQGEQWEQFE. 1

Theorem 5.10. Let HE be a soft compact subset of a soft reqular space and Fr be a soft open set containing Hg. Then
there exists a soft open set Gg such that HpCGrCGECFy.

Proof. Let the given conditions be satisfied. Then for each P; € Hg, we have P; € Fg. Therefore there is
a soft open set Wy, such that P{ € W,,,CW,,,CFr. Now, a collection of soft open sets {WXLE Py € Fr}

forms an N open cover of Hg. Since Hg is soft compact, then HECU, 1er5 Putting Gg = Uz 1erE Thus
HEQGEQGEQFE. O

Corollary 5.11. Every soft compact soft Ts-space (X, T, E) is a p-soft T4-space.

Proof. Suppose that Fi, and F,, are two disjoint soft closed sets. Then FZEEFC Since (X, 1,E) is soft
compact, then F», is soft compact and since (X, 7, E) is soft regular then there is a soft open set Gg such

that F2FCGECGECF” Obviously, FZFQGE, F1FC(GE)” and Ggﬂ(GE)C = @. Thus (X, 7, E) is soft normal. Since
(X, 7,E) is soft T3, then it follows from Theorem(4.24) that (X, 7, E) is a p-soft Ty-space. Hence (X, 7,E) is a
p-soft Ty-space [

It is well known in general topology that if X is finite, then X is compact. This fact stimulate us to ask the
following question: Is a finite soft topological space is soft compact?. The following theorem and example
point out that the answer is “No”.

Theorem 5.12. The number of all soft subsets of an absolute soft set X is 2/E1X,

Proof. For any soft subset G;, of an absolute soft set X, we have a map: G;: E — X. It will be known that
the number of all subsets of X is 2XI. Then for ¢; € E, we can define G;(e;) by 2X! distinct ways. Similarly,
for ¢j € E, we can define G;(ej) by 2X! distinct ways. By using the counting principle, the number of all soft

subsets of X is 2% x 2% x 2/ This completes the proof. [J
| —

|E| times
Corollary 5.13. An STS (X, 7, E) is discrete if and only if T consists of 2FIX! distinct soft open sets.

Example 5.14. Let E = {e, : n € N} be a set of parameters and © be a soft discrete topology on X = {1,2,3}. A
collection A which consists of all soft points of X forms a soft open cover of X. Obuiously, A has not a finite subcover.
So X is not soft compact in spite of X is finite.

Theorem 5.15. If (X, 1, E) is an enriched soft Lindelof (resp. enriched soft compact) space, then a topological space
(X, t.) is Lindelof (resp. compact), for each e € E.

Proof. Suppose that {H(e) : j € J} is an open cover of a topological space (X, 7.). Now, we construct a soft
open cover of (X, 1, E) as follows:

(i) All soft open sets F;, in which Fj(e) = Hj(e), for each j € J.

(ii) Since (X, 7, E) is enriched, then we take a soft open set G such that G(e¢) = 0 and G(a) = X, for all e # a.



M. E. El-Shafei et al. / Filomat 32:13 (2018), 4755-4771 4770

Obviously, {Fj;, : j € ]}OGE is a soft open cover of (X, 7, E). As (X, 7, E) is soft Lindelof, then there exists a
countable set S such that X = U F;.UGEe. Therefore X = {J Fj(e) = U Hj(e). Thus (X, 7.) is Lindelof.

j€s j€s j€s
One can similarly prove a case between parenthesise. [

In case of a compact space (X, 7.), it can be concluded from Example (5.14), that the converse of the
above theorem fails. So in the following result, we show under what condition the converse of the above
theorem is true.

Theorem 5.16. If a topological space (X, t,) is Lindelof (resp. compact) for each e € E and E is countable (resp.
finite), then an STS (X, 7, E) is soft Lindeldf (resp. soft compact).

Proof. Let{Gj, : j € ]} be a soft open cover of (X, 7, E). Then X = {J G/(e), for each e € E. Since E is countable,
i€l

then | E |= N, where N is the cardinal number of the natural numbers set, and since (X, 7.) is Lindelof for

each e € E, then there exists a family of countable sets S,, such that X = |J Gj(e), for each e € E. Therefore
j€ESm

X=U je U s,,Gje- Since a countable union of countable sets is countable, then (X, 7, E) is soft Lindeldf.
meN

One can similarly prove a case between parenthesise. [J

Theorem 5.17. Every uncountable (resp. infinite) soft subset of a soft Lindeldf (resp. soft compact) space has a soft
limit point.

Proof. We prove the theorem for an uncountable soft set and the other proof follows similar lines.
Let Hg be an uncountable soft subset of a soft Lindelof space (X, 7, E). Suppose that Hg has not a soft limit

point. Then for each P} € X, there exists a soft open set Gy, containing P; such that GXI.Eﬁ[HE \P;] = P.
Now, the collection A = {G,,.} forms a soft open cover of X. As X is soft Lindeldf, then there exists a

countable set S such that X = UiesGy,.- Therefore X has at most countable soft points of Hg. This implies
that Hg is countable. But this contradicts that Hg is uncountable. Hence Hg has a soft limit point. [

6. Conclusion

We present in this paper many effective notions to study soft set theory and soft topological spaces. First,
we introduce and study some properties of the notions of partial belong and total non belong relations.
We then use it to define p-soft T;-spaces which are stronger than soft Ti-spaces [22], for (i = 0,1,4), and
to define p-soft Ts-spaces which are weaker than soft T3-spaces [22]. One of the most significant idea is
defining a p-soft regular space based on a total non belong relation and clarify that p-soft regular space is
weaker than a soft regular space. In the investigation, we elucidate the relationships between compactness
and some p-soft separation axioms. The motivation of giving these soft separation axioms is, first, to
generalize existing comparable topological properties via soft topology (see, for example, Theorem (4.9)
and Proposition (4.30)), second, to eliminate restrictions on the shape of soft open sets on soft regular spaces
(see, Remark (4.18)), and third, to obtain a relationship between soft Hausdorff and p-soft regular spaces
similar to those exists on general topology (see, for example, Theorem (5.6) and Theorem (5.7)). In the end,
we hope that the concepts initiated herein will find their applications in many fields soon.
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