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Abstract. In this paper we study the class of convex sequences of higher order defined using the
difference operators and investigate their properties. The notion of the convex sequence of order r € N
will be extended for r a real number. Some necessary and sufficient conditions such that a real sequence
belongs to the class of convex sequences of higher order » € R are introduced. Using different types of
means we will investigate the convexity of higher order for real sequences.

1. Introduction

Let K be the set of real sequences. A sequence (an)nen € K is called convex if ap42 — 2an4+1 + an > 0
for all n € N. Many generalizations of convexity of sequences were studied in the last years. A sequence
(an)nen is r-convex for a positive real number r if L,.a,, > 0 for all n € N, where the operator L, is given by

Lyan, = apio — (1 +1)ans1 + ra,.

This concept was introduced by Lackovié¢ and Jovanovié [5]. Another generalization was introduced by Kocié
[4] using the operator:
Lpqan = ani2 + (P + @Q)ans1 + pgan, p,q €R.

The higher order of convexity was introduced using the difference operator of order r, r € N defined as

follows:
ATa,, = Z(fl)’ulc <]:> Gnak, N € N.

k=0

A sequence (an)nen is called convex of order r if A"a, > 0 (see [6]). Let K, be the set of all convex real
sequences of order r. The class of convex sequences of higher order has attracted the attention of many
mathematicians. The reader should consult the papers of Lupag [1]-[2], Nicov4 [7], Tincu [11]-[12].

Denote (z); = z(z + 1)...(x + [ — 1) the Pochhammer symbols and |z] the integer part of x. A natural
question was raised whether the assertion € N for the convex sequences of order r could be extended to
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R. An answer of this question was given in [10] considering the operator A” : K — R, defined by

o0

ATan = (-1 -

k=0

kanJrk ; (1)

an+k 1S & convergent series.

*7’>k
|

o0
with the convention A%a,, = a,,, for every n € N, where Z (
k=0
Let
M, :={(an)nen € K|A"a, > 0, for every n € N}

be the class of convex sequences of order r, r € R. Note that for r € N, it follows M, = K.
A few properties of the operator A", r € R are summarized in the following lemmas (see [10]).

Lemma 1.1. [10] The operator A" defined in the relation (1) verifies:
i) A" is a linear operator;
i) A" a, = ATa,1 — Aay,, for anyr € Ry .

Proof. From the relation (1) it follows imediately that A" is a linear operator. In order to prove the identity
ii) we calculate

Aapp — Aap= (—1)m Z (7k7ﬂl)kan+k+1 LT Z an+k
k=0 ’ =0
(=) —r —r — 1
- {Z [((k _>k1)} - k:l)k] e an} D Z Fns
Pt ! !

Therefore, A" a, = A"ap 1 — ATa,. O
In the condition that the series A"a,,, r € R is convergent, the following result is obtained:
Lemma 1.2. [10] Let Z be the set of integer numbers. For ry € Z, ro € Ry and n € N, the identities
AT tT2q, = AT (Aa,) = A (A™ay,), (2)
hold.

Proof. We have

L AT2 _ r1 T2 ri]+|r2 o (= k o (=7 4
A" (A™ay) = L JZ A (_1)L I+ JZ( kll) [Z( z"2) an+k+i]
= ! !

i=0
= r
1)lrul+lr] ZC(*H, [Z —T2,1 an+k+z] , where ¢(r, k) = % (3)
k=0 =0 ’

Therefore, we can write

'MW

=
Il
=]

A" (A™2a,) = (—1)Ltndtlre] Za +k [ c(—=r1,i)c(—re, k — 1)1

(5)ranterans

LT1J+LT2J Z a"+k

'M*

Il
=]

K2
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Using the Chu-Vandermonde formula (see [3])

k
(€ + )k Z<> Wi, k €N,

=0
we get

A" (A™a,) = L”JH”J Z Tl — TZ Qnyr = A" 2q, for any n € N.
O

The aim of this paper is to extend the notion of convex sequence and to investigate the properties of this new
class of convex sequences of higher order. The necessary and suficient conditions such that a real sequence
belongs to the class of convex sequences of higher order r» € R are given. Considerable attention has been
given by various authors to the study of mean-convex sequences. In the last section we are focused on the
u-mean-convex sequences introduced by G. Toader [8]. We will prove that the set of convex sequences of
higher order is a subset of u-mean-convex sequences of higher order.

2. Properties of convex sequences of higher-order

In this section we determine some necessary and sufficient conditions such that a real sequence to belong
to the class M,. In order to give these conditions we will calculate the value of the operator A", considering
the real sequence (a, )nen with the general term defined as follows

n = kZ:O %bk , n=0,1,..., where the sequence (b,)nen € K. (4)
%) (*T)k (o) n+k

We have A’a, = (=1)7) Z Ty Gtk (=1)lrl Zc(—r,kz) Z e(r,n+k —j)b;, where c(r,k) was
k= = J=0

defined in (3). Therefore, we get

> n—1 00 n+k
A"a, = (-1)l") Zc(—r, E)» c(ryn+k—j)b; + Z c(—r k) Z c(ryn+k —j)b;

| k=0 J=0 k=0 j=n
[n—1 o 0 k

= (-1l bJZc —r,k)e(r,n+k —j) —l—Zc(—r,k)ijJrnc(r,k:—j)
=0 k=0 k=0 j=0
_n—l

= (-1l b;S(0,n —j +an+u v,0)
| =0 v=0

where S(v, u) = Z c(—rk+v)e(r,k + p).
k=0

We will consider three cases:
Case 1. Let r € (0,1).
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We have
S(0,n— j) = éc(r,k)c(r,mkj) _ F(T)le — 2 (;Z!)kB(rJrnJrkfj,l —r)
= F(r)l"%l 3 /Olt’”(l tyrtnmaTt Li:o (7;)’“(1 —t)*| at
- [0 R e e

k
& (e (=r)I(k+v—r) 1 T(r+1) . 0 (— i
,,;)( )! I(1-r) Fk+v+1)T(r+1) T(1—r)IY kZ:O il Blk+v—nrr+1)

sinwr [ = (") sinr 1 —sin7r
= - =t Y AR -k dt =~ / 1ttt = ——.
™ /0 ( ) = k! ( ) T Jo ( ) (v —r)
For v = 0, we have
o~ 1k (e _ o~ (1) D(r+ k) 1 1 o~ (=7)k
S5(0,0) = — = B k
OO=> T =X T TG FOra ) 2w Ak
k=0 k=0 k=0
1 v IS (=) sinzr ! sin 7rr
= I 1—t)¥| dt = 1—t)tat
L(rT1—r) /0 ( ) L:_o k! ( ) ™ /0 ( ) wr
We obtain
. n—1 o]
sin 7r b; b
Arn:§b bn Ebn,, > - y
a S(0 ) + b,.5(0,0) +V1 +5(v,0) = - [j_or“‘n_jJrl,_or_V]
. n—1 o] . 00
sin7r b b, sinmr b
= )R D erermyd [ S ey X (5)
™ jzor—l—n i V:nr—i—n v ™ J_Zon—l—r i

Case 2. Let r > 1, r ¢ N.
Denote m = |r], m € Nand | = {r}, [ € (0,1), where |-| and {-} are the integer part and the fractional
part, respectively. From (1), (2) and (5), we have

r _ m+l _ m ! _ m Sinﬂ-loo bj
ATa, = A" g, = A™ (Ala,) = A ( — ;Onﬂj)

sin 7l b; sin 7l .
m = bTm l; )
Z |: ;n+k+l_j] T Z J ( ])

=0

where T, (1, 7) = (*Umz B n+k+l—j
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1 l—j
According to the relation - = - - (n+ - L , We can write
n+k+l—j5 n+l—j5 (n+l—7+1)

mm

Tnl,) :n+l*]2

=0

Jln 1= 1k (—pm
n+l—g+1) BWon+l-

2F1( myn+l—jn+1l—j+1;1).

T(c)T(c—a—0)

In the following we will apply the identity 2F(a,b;c;1) = T(c—aT(c—b)’
c—a)l'(c—

for ¢ # 0,—1,—2,... and

—1)™m!
Re(c—a—1b) > 0. Considering a = —m,b=n+1—j,c=n+1—j+1, it follows T;,,(,j) = M
(n+1=7)m+1
s1n7rl >
Therefore, A"a,, =
z; TL + l - .7 m+1
Case 3. Let r = p, p € N*.
Using (4) we can write a,, = i by (p Z p——————— k + 1 p ! Therefore
p (_p)k P n+k
APq, = (-1)? Z i dntk = (—=1)? Z c(—p, k) Z biccn+k—i+1,p—1),
k=0 k=0 i=0
where ¢(r, k) was defined in (3).
We have
n p p
APq, = (-1)P ZbZZc cln+k—i+1,p—1) +an+12c(—p,k)c(k—i+ 1,p—1)
i=0 k=0 i=1 k=i
= Z b;S1 + an+i52; where
i=0 i=1
P P
Sp = (—1)ch(fp,k)c(n+k—Z'Jrl,p— 1) and Sy := (— ch E—i+1,p—1).
k=0 k=i

For the above sums we will obtain the following results:

y u n—i—k—z—i—l) 1 u ok (P\L(n+k—i+p)P(n—i+p)
- k() - 1! _(pfl)!kzo( D k(k)r(n+ki+1)F(ni+p)

k=0
n—i+pk(—n+i—ppr 1 0)p

—1'Z<> n—l+p p—Dn—i+p
() fz+1 _ (1)p.w(1)k+i<kp '>(k+1)p1

(—1)” = (P (pz) p = vii(P—1\ T(k+p)
- . (1)k+( k )(k:)(k“) (1)k++( k )F(k+i+1)

k
1 =/p—i .
= . p ) @(=P)p—k—i =0, fori<p—1.
" k=0

Sy = (—1 P )k

(1)10—1
(p—1)!
These cases lead to the following result:

For i = p, we have Sy = = 1. It follows that APa,, = bp4p.



D.F. Sofonea, I. Tincu, A.M. Acu / Filomat 32:18 (2018), zzz—22z 6

n

Lemma 2.1. Let (by)nen be a real sequence. If a,, = g %bk, n=20,1,..., then
n—k)!
k=0

SIHWTZ ' re (071),
s

j:OnJrrf]
T _ . oo
Ala, = (_Umsmﬂlm!z b; . r>LréeN,
m j O(nle*])erl
b’l“+n7 TEN,

where m and [ are the integer part and the fractional part of r.
In the following we will raise the problem:

Problem 2.2. Let (an)nen be a real sequence and r € Ry.. What are the conditions such that
A"a, >0, for alln € N. (6)

As a response of this problem the next two theorems are proven.

Theorem 2.3. A real sequence (ay)nen verify the relation (6) for all r € N* if and only if there exists a
real sequence (b, )nen such that

n

ankz_o%bkv and by = 0 for all n = . @

Proof. From Lemma 2.1 it follows that the conditions (7) are sufficient such that A”a, > 0. Now, we
consider A"a,, > 0 for all n € N and we construct recursively a real sequence (b, )nen as follows:

n—1

o o (T)nfk
bo = ayp, bn = ap — Z mbk
k=0
The above relations lead to bg = A%y > 0, b, = A"a,—1 > 0 and a, = Z mbk. O
(n—k)!

k=0
In a similar way the following results can be obtained:

Theorem 2.4. A real sequence (an)nen verify the relation (6) for all v € Ry \N* if and only if there exists
a real sequence (by)nen such that

" (M) sinml = b;
n= b, and (—1)™ Yy ———~2—— >0, wh =rl,l=A{r}.
a kzzo (n—h)l g, and (—1) - m j;o = = where m = |r| {r}

3. The weighted arithmetic means of real sequence

Let a = (an)nen € K. The sequence (Cy,)nen of Cesaro means is defined as follows

a0+...+an

C, =
n+1

Definition 3.1. [9] A sequence (ap)nen s called mean-convex if the sequence (Cy)nen of Cesaro means is
convex.
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In [13] is considered the weighted mean:

p0a0+"'+pnan
po+-+pa

A, = , with p, > 0 for n > 0.

Toader [8] proved that the sequence (A, )nen is convex for any convex sequence (an)nen if and only there is

u > 0 such that
-1
n

where

n—1
u) <u>1H(u k), formn > 1, u
=1, = — — k), >1,ueR
(0 n n! P

In this case A, become
N 1 &Kfuti-1
n 1=0
Definition 3.2. [8] The sequence (an)nen is called u-mean-convez if (A% )nen s convew.

In the following we will study the convexity of higher order for the sequence (A%),en.

Theorem 3.3. The sequence (AY)nen verify

=Y ¢j(n,ru)A"(a;), r € Ry,

=0
where
n!
7’ j = 07
‘ _ (ut+7r+1),
cj(n, 1, u) = un! (u+r+1)-1 . 19 (8)
: . ) = 1,4. , 1.
(u+r+1), 7!
Proof. Using the following relation
aj = U A] A_] 1
it follows
A”a L J Z I agﬂ = L ! Z I {714;“ W Aj+i1:|

—-1lr! —T)i (=r)ir .
( 2) {Z{( i!) (ut )AL 45 i!) iﬂA;H] gA;_l}
1=0

DI & (= — 1), —1)lrl
:u+TArAu_j( 1) Z( r 1)l+1Au _'( 1) Au
u

U J u (i+1)! It J-t
U+T . j ” u —1)lr! "
— N LJZ Aml j( ) A,
U+T T u ] T U+T r u T
= ATAY — = LJZ Al = A" Aj jA+1AJ_71'

But
r+1 Au _ T AU T AU
ATTAY = ATAY - ATAY
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Therefore, we have

aj = ATAY + = ATA“ — —ATA“ =

A" utr MATA}L—lATA?71
u u

From the above relation we get

4! uy! J (G — D J
If we sum for j = 1, n, it follows
- 1);- Dy, 1
Z(T+u+ )J 1AT0,-:(T+U+ ) ATAU*—ATA’LOL.
7! J un/! Y

J=1

Since A" Af = A”ag, we have

n! un! (r+u+1);-1
ATAY = — ATag + — - A"q
(r+u+1), 0 jzzl(u—i-r—i—l)n J! !
O
Corollary 3.4. The coefficients (8) verify
i) cj(n,r,u) >0 forr € Ry, j=0,n;
e rn! U
i1) j;ocj(n,r,u) EOETS UE T TSN + R
Proof. In order to prove the condition ii) we calculate:
zn: ( ) n! n - u+r+1
ci(n,r,u) =
e S (ut+r+1), u+r+1
j=0 _]:1
n! un! 1 ~ u—i—r)
_ 1
(u+7r+1), + (ut+r+1),utr jz
n! un! 1 1 rn! U
= + —(u+r+1),—1;, = + )
(u+r+1), (w+r+),u+r |n! (u+r)u+r+1), u+r
O
Theorem 3.5. Let (an)nen € K. Then
i) AY(M,) C M,, forr >0;
it) If there exists A € Ry, such that
|A"a,| < A, forn=0,1,...,
then |
AT A < A rn! N U '
(u+r)(u+r+1), u+r

Thus, all convex sequences of higher order are u-mean-convex sequence of higher order. Therefore, the
set of convex sequences of higher order is a proper subset of u-mean-convex sequences of higher order.
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