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Abstract. In this paper, some new partially ordered Banach spaces are introduced. Based on those new
partially ordered Banach spaces and applying some fixed point theorems, we present a new approach to
the theory of nonlinear sequential fractional differential equations. An example illustrating our approach
is also discussed.

1. Introduction

Fractional differential equations have attracted huge attention in the past few years because of their
unique physical properties and their potential in the modeling of many physical phenomena and also in
various field of science and engineering [11, 15-17]. During last years, the study of such kind of problems
have received much attention from both theoretical and applied point of view [10, 22, 25-27].

Initial and boundary value problems of fractional order have extensively been studied by several
researchers in recent years. A variety of results ranging from the theoretical aspects of existence and
uniqueness of solutions to the analytic and numerical methods for finding solutions have appeared in the
literature, see [1-4, 7, 12, 14, 18, 19, 25, 28-30] and the references therein.

In this paper, we consider the initial value problem of the nonlinear sequential fractional differential
equation

D*u(x) = f(x,u(x), Du(x)), x€(0,TI, D

lim x'%u(x) = up, Lmx""*D%(x) = uy, 2)
x—0 x—0

where 0 < @ < 1,0 < T < 0. The D** is the sequential fractional derivative presented by Miller and Ross
[20]

D*u = D, 3
Dkau — Da@(k—l)au’ (k — 2’ 3, . )’ ( )

where D is the classical Riemann-Liouville fractional derivative of order a.

2010 Mathematics Subject Classification. 26A33, 34A08, 34A12

Keywords. Partially ordered sets, Fixed point, Sequential fractional differential equation, Existence, Uniqueness.
Received: 29 12 2017; Accepted: 14 06 2018

Communicated by Jelena Manojlovié¢

Email addresses: h_fazli@tabrizu.ac.ir ( Hossein Fazli), juanjose.nieto.roig@usc.es (Juan J. Nieto)



H. Fazli, Juan ]. Nieto / Filomat 32:13 (2018), zzz—zzz 2

Problem (1)-(2) is of interest because it appears in mathematical models of physical phenomena. A clas-
sical example is Langevin equation which is widely used to describe the evolution of physical phenomena
in fluctuating environments and the steady nonlinear fractional advection-dispersion equation [8, 9, 13].
Another example for an application of problem (1)-(2) is the Basset equation which describes the forces that
occur when a spherical object sinks in a incompressible viscous fluid [5, 6].

Our main aim is to prove existence and uniqueness of solution for (1)-(2). This is done in Section 4.
Our main tool is the fixed point theorems which are applied in the appropriate partially ordered sets as
well as iterative methods, whose description can be found in [21, 24], and which we recall in Section 2. As
essential tools for our reasoning we need a partially ordered set involving fractional derivatives to compare
the solutions. To this end, we will introduce in Section 3 the appropriate weighted spaces of continuous
functions and equip them with a partial order. The advantage and importance of this method arises from
the fact that it is a constructive method that yields monotone sequences that converge to the unique solution

of (1)-(2).

2. Preliminaries

Here, we recall several known definitions and properties from fractional calculus theory. For details,
see [7,17, 23].

Definition 2.1. The Riemann-Liouville fractional integral I* of order a > 0 of a function u : (0,T) — R is defined
by
Iu(x) := —f (x = O u(0)dc,
I'(@) Jo

provided the right-hand side is defined for almost every x € (0,T). We note that for u € L(0, T) we have that
“u € LY(0, T).

Definition 2.2. The Riemann-Liouville fractional derivative D* of order 0 < a < 1 of a function u : (0,T) — R is
defined by

1 d (¥ .
Ty fo (x = O "u(O)dC,

provided the right-hand side is defined for almost every x € (0, T).

D%u(x) = %Il_“u(x) =

Lemma 2.3. Let a, f > 0. If u € LY(0, T), then I*IPu = I**Pu almost everywhere on (0, T).
Lemma 2.4. Let a > 0. Ifu € L}(0, T), then D*I*u = u almost everywhere on (0, T).

Lemma 2.5. Assume that u € C(0, T] N LY(0, T) with a fractional derivative of order 0 < a < 1 that belongs to
C(0, TINLY0, T). Then

I*D*u(x) = u(x) + cx*74,
for some c € R.

Now we present the fixed point theorems which play main role in our discussion. For details, see [21].

Definition 2.6. Let (X, <) is a partially ordered set and A : X — X. We say that A is non-decreasing if x < y implies
Ax) < A(y).

Definition 2.7. Let (X, <) is a partially ordered set and x, y € X. We say that x and y are comparable if either x < y
or y < x (or both, in which case x = y).
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Theorem 2.8. (Partially Fixed Point Theorem). Let (X, <) be a partially ordered set and let d be a metric on X
such that (X, d) is a complete metric space. Furthermore, let A : X — X be a continuous and non-decreasing mapping
such that

A0<k<1:dAX),Aly) <kdlx,y), Vy=x, (4)
Jxg € X : x9 < A(x). ©)

Then A has a fixed point.

Theorem 2.9. Assume the hypotheses of Theorem 2.8, except the continuity of A. Moreover, we assume that if a
non-decreasing sequence x, — x in X, there exists a subsequence {x,,} of {x,} such that every term is comparable to
x. Then A has a fixed point.

Theorem 2.10. Let all the conditions of Theorem 2.8 (resp. Theorem 2.9) be fulfilled and let the following condition
holds:

For every x, y € X, there exists z € X which is comparable to x and y.

Then A has a unique fixed point %. Moreover, for every x € X, lim, . A"(x) = X.

3. Partially Ordered Spaces

Hereafter we suppose a and D* are as in (3). Now we introduce the following weighted continuous
spaces and equip them with a partially order.

Definition 3.1. We introduce the weighted spaces of continuous functions
Ci-4[0,T] = {u € C(0, T] : x*%u € C[0, T]},

with the norm ||ullc, 0,17 = Maxo<x<i Ix!=u(x)|.

Definition 3.2. We define the following spaces of functions
o

1410, T = {u € C1-4[0, T]: D%u € C14[0, T},
with the norm
llullca 1o,m1 = lulle, 410,11 + 1D ulle, 0,11
We show below in Theorem 3.6 that C{_ [0, T] is complete.

Lemma3.3. Leta > 0and 0 <y < 1. Ifu € C,[0, T}, then I*u € C,_,[0, T]. Moreover, the following inequality
holds:

) < Wil o1 o
T+ a-y)

for every x € (0, T].

Proof. See [15]. O

Consequently, from Lemma 3.3, we have the following property.

Lemma 3.4. Fora > 0and 0 <y <1, 1% s linear and continuous from C,[0, T] to C, [0, T]. Precisely, the following
inequality holds:

I'(1-7y)
I(Jé < T(Jé .
% ulle, o, < T +a—7) Ilutllc, o,y
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Lemma 3.5. Assume that u € C{_ [0, T] and limy_ x1%u(x) = ug. Then
I*D*u(x) = u(x) — upx*2,
for every x € (0, T].
Proof. Since C1-,[0,T] € C(0, TINLY(0, T), from Lemma 2.5, we have [*D%u(x) = u(x) + cx*~! for some c € R.
Therefore, ¢ = x!~*[*D%u(x) — x!~*u(x). Taking the limit as x — 0, we have ¢ = —u. It is important to note
that lim,_,o x'"¢I*D%u(x) = 0, because of Lemma 3.3. [

Theorem 3.6. The space C{__ [0, T]is a Banach space.

Proof. Let {u,} be a Cauchy sequence in C‘lﬂa[O, T], then {u,} and {D*u,} are Cauchy sequences in Ci_,[0, T].
It follows that
Uy Sy , D, Crg @)

As {u,} € C_ [0, T], using Lemma 3.5 we get
I*D%uy, (x) = uy(x) + (lirr(} xl’“un(x))x“’l,

for every n € N. Now, from the continuity of Riemann-Liouville fractional integral operator from C, [0, T]
to C,[0, T], we deduce

u® = ux)+ ( lim lim xl_“un(x))x“_1
n

—00 x—0

u(x) + (lirn lim xl’“un(x))x“’l,

x—0 n—oo

the last equality following from the uniformly convergent of {x'~%u,}. Therefore, we have
I“u@ = u(x) + (lim xl_“u(x))x“_l.
x—0
Finally, using Lemma 2.4, we immediately get that @ = Du, and hence the result. [

Definition 3.7. We define the following order relation for C{_ [0, T],

1-a

u<v & x%ulx) <x(x), *D%(x) < xD(x), x€[0,T].

Lemma 3.8. (C{_ [0, T], <) is a partially ordered set and every pair of elements has a lower bound and an upper
bound.

Proof. 1t is easy to see that C{_ [0, T]is a partially ordered set. Now we prove that every pair of elements in
C{_,[0, T has a lower bound and an upper bound. Let u,v € C{__ [0, T] and define

w(x) = I* min{D*u(-), D*v(-)}(x) + min{uy, vo}x*~?,
and
w(x) = I* max{D*u(-), D*v(-)}(x) + max{ug, vo}x*,

where 19 = lim,_ox'%u(x) and vy = lim,_0x'"%v(x). Then from Lemma 3.3 and Lemma 2.4, we have
weCy [0,Tland w € C{__ [0, T]. On the other hand, it is easy to see that lim,—,o x1%w(x) = min{uo, v} and
lim, 0 x!"*D%w(x) = min{u;,v1} where

uy = lim x'D%u(x), vy = lim x'" D% (x).
x—0 x—0
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Silmilarly, we have lim,_,o x1%w(x) = max{up, vp} and lim,_,o x'"*D*w(x) = max{u, vy} Owing to the
monotonicity of Riemann-Liouville fractional integral I* and using Lemma 3.5, we have

wx) < I*D%(x) + minfug, vo}x* !

a—1 1

u(x) — upx®™" + minfug, vo}x*~
u(x),

on (0, T]. Similarly, we get w(x) < v(x) on (0, T]. The same argument implies w(x) > v(x) and w(x) > v(x) on
(0, T]. Finally, from Lemma 2.4 and utilizing the fact that D1 = 0, we have

IA

Dw(x) = min{Du(:), D*0(-)}(x),
and

D*w(x) = max{Du(-), D*v(-)}(x),
on (0, T]. Therefore, we get

Dw(x) < Dux),  D'w(x) < D),
and

DT(x) > Dulx),  DW(x) > D(x),

on (0, T]. Therefore w and w are a lower bound and an upper bound of {u, v}, respectively. [

4. Weighted Cauchy Type Problem
In this section, we intend to give an existence and uniqueness result for the initial value problem (1)-(2).

Definition 4.1. A functionu € C{_ [0, T]is called a lower solution of the initial value problem (1)-(2), if D*u(x) <
f(, u(.), D%())(x) for every x € (0, T] and

Hm x™u(x) < up, Hmx'™D%u(x) < uy.
x—0 - x—0 -

To prove the main results, we need the following assumptions:

(H1) f:[0,T]x R* - R be a function such that for every u € C1_ [0, T, f(., u(), D*u(.))(x) € C,[0, T] for
some (0 <y <L
(H2) fis non-decreasing in all its arguments except for the first argument and

flx,u,0) = f(x,4,0) < Li(u— i) + La(v — 9),

for some Ly, L, > 0 whenever x € (0, T] and u > ii,v > 7.
Theorem 4.2. Assume that (H1)-(H2) hold. Then there exists 0 < 6 < T such that the existence of a lower solution
for (1)-(2) in C{__ [0, 6] provides the existence of a unique solution u € C{__ [0, 6] for (1)-(2).
Proof. We choose 6 > 0 such that the inequality
I(a) I'(a)
-~ 7 6“ ,
TGa)  ° Ta)) =
holds. Now we define A : C{_ [0,6] — C{__ [0, 6] by

Au(x) = uox* ! + ul%xzal + PYFC u(), D u))(x).

L = max{Ly, Lo} [6**
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It is obvious that u is a solution of problem (1)-(2) if and only if u is a fixed point of the operator A.
First, we show that for any u € C{_| [0, 6], we have Au € C{__ [0, 6]. Since

Au(x) = upx*~' + ul%xz“_l + (-, u(), DUu()(x),

and
D Au(x) = urx™ ' + I°F (-, u(-), D*u(-)(x),

it is sufficient to verify that I°f(-, u(-), Du(:))(x) € Ci1—4[0,6]. By Lemma 3.3, I*f(-, u(-), D*u(:))(x) €
Cy-al0,06] € C1-4[0, 6] which implies Au € C{__[0,6]. So the operator A is well defined. For simplicity,
we define the function Ny : [0, T] — R as follows

Nyu(x) := f(-, u(-), D*u(-))(x).

Now let u, i € C{_ [0,0] with u < i . From the non-decreasing assumption of f in all its arguments
except for the first and using the monotonicity of Riemann-Liouville fractional integral operator, we obtain

x4 m%xz‘*-l + P, u(), D))

upx® 1+ 1y %xz“l + PF( (), D)) (x)

Au(x)

IA

= Ai(x),

and

D" Au(x) x4+ IVF (- u(), Du(-)(x)

X+ I F (- u(), D u(-))(x)

D*Aii(x),

on (0, 6]. On the other hand, for any x € (0, 6] and for any u € C{_ [0, 0], we can prove that

] F(l - )/_) 1+a—y SN 0,
Il +2a-y) x—0

IA

|x1‘“12“Nfu(x)' < INyulle,o,r

and

e I'l-vy) _
‘xl oszfu(x)‘ < ”Nfu”C’/[O’T]F(l+—a)—/y)xl y — 0.

Therefore,

lim x' % Au(x) = ug = lin(’Jl x1YAfi(x),

x—0 x—

and
lirr(} xITCDYAu(x) = uy = 1in% XD Aii(x).
X—> xX—
This proves that A is a non-decreasing operator. Also, for i < u, we have

[P (N @ = Ny )0

HAu(x) — Aii(x)

. [0,] Ci-al02]
< L1' 12 (u() - () )(x) — L2||12“1)“(u(-) —())(x) cr 03]
ikl CORLOC MRS L CORLDC
+Laf| P (u) - aO)) -+ LD (e —a0))|
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. ﬁifiﬂ)ii e 25 Tl =l

+L262“F(3 )HD“ “DU o TR0 r(z )HDQ ~ D, o
< max{Ll,Lz}(éz“ Fr((f)) Efz‘;))ii e 101
= -t

Take a monotone non-decreasing sequence {u,} € C{__[0,06] converging to u. Therefore, the sequences
x17%u, and x'7*D*u, converge uniformly to functions x'~*u and x}"*D*u on [0, 8], respectively. Then, for
every x € [0, 0], we get

Uy (x) < A Tup(x) < - < YU, () <,
and
XD (x) < XD up(x) < - - < XD U (x) < -,
and the convergence of these sequences of real numbers to x'~*u(x) and x!~*Du(x), respectively, implies
X%, (x) < x%u(x), forallx €[0,0], ne N,
and
X1 D 0, (x) < XD u(x), forallx €0,0], n € N,

therefore, the limit is an upper bound for all the terms u,, in the sequence, i.e. u, < u forn € N.
Let u be a lower solution for (1)-(2) in C¢_ [0, 6]. Indeed, we have D**u(x) < f(-, u(-), D"u(-))(x) for every
x € (0, T] and

lim x*%u(x) < up, hm XD u(x) < uy.

x—0

Therefore, by Lemma 3.5 and the monotonicity of Riemann-Liouville fractional integral operator, we deduce

xl—aDaE(x) — xl—a([}(ii.%xl—aﬂaz(x)]xa—l +Iaz)2az(x))

< w +x1ﬂllaz)2a£(x)
< w + XU a(), DY) (x)
— xlﬂlz)aAE(x)’
and
1-a _ 1-a : 1-a a-1 aqya
xulx) = «x ([}Clgr&x g(x)]x +IZ)E(x))

< up +x1ﬂllaz)az(x)

= up+ x““([“([}}g& xl_“i)”‘g(x)]x“_1 + IHDZHE(X)))
= up+ [lim xl_”‘D“g(x)]%x“ + xR DM (x)

(@) o
I'2a )
= xAu(x).

= Up+ U X¥ + XDy (x)

Therefore, u < Au. Thus an application of the Theorem 2.10, together with Lemmas 3.8, yields the existence
and uniqueness of the solution of u € C{_ [0, 6] of the problem (1)-(2). Moreover, the unique solution of
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(1)-(2) can be obtained as lim,,,oo A"u forevery u € C{__ [0, 6]. In particular, the unique solutionu € C{_ [0, 6]
of (1)-(2) can be obtained as lim,,—, #,(x) where

() 2a1

T(2a ) + P e (), DU () (x),

U, (%) = x4 Uy ——

where ug(x) = u(x). O
Example 4.3. Let us consider the following linear initial value problem

D?*u(x) — k1x* Du(x) — xou(x) = x7, x€(0,T],
(6)

limy o x'™%u(x) =a,  lime_ox™*D%(x) =

T , T
TGw ™ T(a)
the conditions (H1)-(H2) hold. On the other hand, ug(x) = ax®~! + brr((z‘f 2a=1 is q lower solution of (6). Therefore,
using Theorem 4.2, the initial value problem (6) has a unique solution in C{__ [0,1]. Furthermore, to solve (6), we

can apply the method of successive approximations by setting

-1
where0<a <1, T>1,a,b,x1,% >0, max{xy, x2} < ( + ) and y < 1. In this case, it is easy to see that

un(x) = up(x) + Kllza(x“i)“un,l (x)) + Kz(lz“un,l(x)) + %77, (neN).

We can now form the first few successive approximations as follows

a— + p———L F(O() 204 1

ui(x) = ax T2 )
I'(2a) Aa-1 T(a) a1 T(a) a1 TA-y) 5
+bxq F(4) + ax F(S) + bxy F(4) +—F(1—y+2a)x 7, 7)
Similarly,
Mz(x) = o +b1_1|-'((2a)) 20—1
I'2a) a1 I'2a) F(4a) a1 I'(a) F(Ba) 5a-1
(br(4 e Tt T T Tea)
F(a) I'(4ar) o=, Il-y+a) I'2a) oy
T(30c) T(60c) Il -vy+2a)I'(4a)
T(oz) 3a—1 F(O() 40:1 r( 0() 6a—1 F(a) 5a—1
K2 (ar(?’a)x +bF(4 ) + biq F(6 )x +aK2—F(5a)x
[(@) g FA-y) 4 A=) 5,
+bkzmx6 1 + mx4 )/) + mxz Y. (8)

It is interesting to point out that u,, n = 1,2 of (7) and (8) serve as approximate solutions of increasing accuracy as
n — oo,

Remark 4.4. In a similar way, we can deal with the following initial value problem of the nonlinear sequential
fractional differential equation, more general than those in (1)-(2), are defined by

D u(x) = f(x, u(x), Du(x), D*u(x),- -, D" Vu(x)), xe(0,T], )
lim XD () =y, (k=0,---,n—1), (10)

where) < a < 1.
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We could carry out a similar argument to prove the existence and uniqueness results for problem (9)- (10).
We do not try to give here an account of the extremely wide details on this topic, we only confine ourself to
introduce the necessary spaces with appropriate order on them, and omit the full details of the processes.

Definition 4.5. For 0 < a < 1, we define the following space

CVILY

1-a

[0/ T] = {1/[ € Cl*a'[o/ T] : Dkau € lea[o/ T]/ k= 1/2/” N 1}/

equipped with the norm

n-1
lallcrs oy = Y_ 1D ulle, o1
k=0

Definition 4.6. We define the following order relation for C}* [0, T],
u<v = D) < ¥ DM(x), x€[0,T], k=0,1,---,n—1.

Theorem 4.7. Let 0 < a < 1. Then the space C}* [0, T]is a Banach space and (C}¢ [0, T], <) is a partially ordered
set and every pair of elements has a lower bound and an upper bound.

Definition 4.8. A functionu € C}* [0, T]is called a lower solution of the initial value problem (9)-(10), if D"*u(x) <
f('/ E()/ Daﬂ(')/ Dzaﬂ(')/ Tty D(nil)az('))(x)for every x € (0/ T] and

lin(}xlf‘)‘D“g(x) <u, k=0,1,---,n-1.
X—

To prove the main results, we need the following assumptions:
(H3) f:[0,T] xR" — R be a function such that for every u € e, [0, T],
fCu(), D u(), D*u(), -+, D" Du())(x) € [0, T1,

for some 0 <y < 1.
(H4) fis non-decreasing in all its arguments except for the first argument and there exist L > 0 such that

n
f(x/ull"' /un)_f(xrﬁlr'“ /ﬁn) SLZ(ul_ﬁl) Ui Z ﬁi/ l= 1/2/'“ , M.
i=1

Theorem 4.9. Assume that (H3)-(H4) hold. Then there exists 0 < 6 < T such that the existence of a lower solution
for (9)-(10) in C{__ [0, 6] provides the existence of a unique solution u € C{__[0, 8] for (9)-(10).

Acknowledgement

The first author would like to thank University of Tabriz for the financial support of this research.

The work of ].J. Nieto has been partially supported by the Ministerio de Economia y Competitividad of
Spain, Agencia Estatal de Investigacion under grant MTM201675140-P, and XUNTA de Galicia under grant
GRC2015-004, and and co-financed by the European Community fund FEDER.



H. Fazli, Juan |. Nieto/ Filomat 32:13 (2018), zzz—zzz 10

References

(1
[2]
[3]
[4]
[5]
[6]
[71
(8]
191
(10]
(11]
(12]
[13]
(14]
(15]

[16]
(17]

(18]
(19]
(20]
[21]
[22]

[23]
[24]

[25]
[26]
[27]
(28]
[29]

(30]

B. Ahmad, ].J. Nieto, Boundary value problems for a class of sequential integrodifferential equations of fractional order, J. Funct.
Spaces Appl. 2013 (2013), Art. ID. 149659.

B. Ahmad, J.J. Nieto, Sequential fractional differential equations with three-point boundary conditions, Comput. Math. Appl., 64
(2012), 3046-3052.

S. Aljoudi, B. Ahmad, J.J. Nieto, A. Alsaedi, A coupled system of Hadamard type sequential fractional differential equations with
coupled strip conditions, Chaos, Solitons and Fractals, 91 (2016), 39-46.

F. Bahrami, H. Fazli, A. Jodayree Akbarfam, A new approach on fractional variational problems and Euler-Lagrange equations,
Commun Nonlinear Sci Numer Simulat., 23 (2015) 39-50.

A.B. Basset, On the motion of a sphere in a viscous liquid, Philos. Trans. R. Soc. A. 179 (1888) 43-63.

A.B. Basset, On the descent of a sphere in a viscous liquid, Q. J. Pure Appl. Math. 41 (1910) 369-381.

M. Belmekki, , J.J. Nieto, , R. Rodriguez-Lépez, Existence of periodic solution for a nonlinear fractional differential equation,
Bound. Value Probl. 2009 (2009) Art. ID. 324561.

D.A. Benson, S.W. Wheatcraft and M.M. Meerschaert, Application of a fractional advection-dispersion equation, Water Resour
Res. 36(6) (2000) 1403-1412.

D.A. Benson, S.W. Wheatcraft, M.M. Meerschaert, The fractional-order governing equation of Lévy motion, Water Resour. Res.
36 (2000) 1413-1423.

A. Carpinteri, F. Mainardi, Fractals and Fractional Calculus in Continuum Mechanics, Springer Verlag, 1997.

K. Diethelm, The Analysis of Fractional Differential Equations, Springer-Verlag, Berlin, 2010.

K. Diethelm, N.J. Ford, Analysis of fractional differential equations, J]. Math. Anal. Appl. 265 (2002) 229-248.

H. Fazli, F. Bahrami, On the steady solutions of fractional reaction-diffusion equations, Filomat, 31 (2017) 1655-1664.

H. Fazli, ].]. Nieto, F. Bahrami, On the existence and uniqueness results for nonlinear sequential fractional differential equations,
Appl. Comput. Math. 17(1) (2018) 36-47.

K.M. Furati, A Cauchy-type problem with a sequential fractional derivative in the space of continuous functions, Bound. Value
Probl. 2012 (2012), 1-14.

R. Hilfer, Applications of fractional calculus in physics. World Sci. Publishing, River Edge 2000.

A.A. Kilbas, HM. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, in: North-Holland
Mathematics Studies, vol. 204, Elsevier Science B. V, Amsterdam, 2006.

M. Klimek, M. Blasik, Existence-uniqueness of solution for a class of nonlinear sequential differential equations of fractional
order, Cent. Eur. J. Math. 10(6) (2012) 1981-1994.

Q. Li, H. Su, Z. Wei, Existence and uniqueness result for a class of sequential fractional differential equations, J. Appl. Math.
Comput. 38 (2012) 641-652.

K.S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, Wiley and Sons, New York,
1993.

J.J. Nieto, R. Rodriguez-Lépez, Contractive mapping theorems in partially ordered sets and applications to ordinary differential
equations, Order, 22 (2005) 223-239.

K. Oldham, J. Spanier, The Fractional Calculus; Theory and Applications of Differentiation and Integration to Arbitrary Order,
in: Mathematics in Science and Engineering, vol. V, Academic Press, 1974.

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

A.C.M. Ran, M.C.B. Reurings, A fixed point theorem in partially ordered sets and some applications to matrix equations. Proc.
Amer. Math. Soc. 132 (2004) 1435-1443.

L. Rodino, D. Delbosco, Existence and uniqueness for a nonlinear fractional differential equation, J. Math. Anal. Appl. 204 (1996)
609-625.

S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integral and Derivatives: Theory and Applications, Gordon and Breach,
Longhorne, PA, 1993.

PJ. Torvik, R.L. Bagley, On the appearance of the fractional derivative in the behavior of real materials, J. Appl. Mech. 51 (1984)
294-298.

Z.Wei, Q. Li, ]. Che, Initial value problems for fractional differential equations involving Riemann-Liouville sequential fractional
derivative, J. Math. Anal. Appl. 367 (2010) 260-272.

Y. Tian, ].J. Nieto, The applications of critical point theory to discontinuous fractional order differential equation, Proceedings of
the Edinburgh Mathematical Society, 60(4) (2017) 1021-1051.

S. Zhang, Monotone iterative method for initial value problem involving Riemann-Liouville fractional derivatives, Nonlinear
Anal. 71 (2009) 2087-2093.



