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Abstract. Let U be a unital x-algebra and 6 : U — U be a linear map behaving like a derivation or an
anti-derivation at the following orthogonality conditions on elements of U: xy = 0, xy* =0, xy = yx =0
and xy* = y*x = 0. We characterize the map 6 when U is a zero product determined algebra. Special
characterizations are obtained when our results are applied to properly infinite W*-algebras and unital
simple C*-algebras with a non-trivial idempotent.

1. Introduction

Several authors studied linear (additive) maps that behave like homomorphisms, derivations or (right,
left) centralizers of (Banach) algebras when acting on special products. We refer the reader to [1, 2, 4, 11]
for a full account of the topic and a list of references. An interesting question is concerned with derivations.
Over the last few years considerable attention has been paid to characterizations of derivations through
zero products (for instance, see [1, 2, 4, 8, 11, 13] and the references therein). Motivated by these research, in
this paper we consider the problem of characterizing linear maps on *-algebras behaving like derivations
or anti-derivations at orthogonal elements for several types of orthogonality conditions.

Throughout this paper all algebras and linear spaces will be over the complex field C. Let U be an algebra
and M be a U-bimodule. Recall that a linear map d : U — M is called a derivation if d(xy) = xd(y) + d(x)y
for all x, y € U. Each map of the form x — xp — ux, where p € M, is a derivation which will be called an
inner derivation. Also d is called an anti-derivation if d(xy) = yd(x) + d(y)x for all x, y € U.

It was shown in [4] and [7] that every additive map 6 behaving like a derivation at zero product elements
on a unital prime ring A containing a nontrivial idempotent must have the form 5(x) = d(x) + &x, where
d: A — Ais an additive derivation and £ is a central element of A. Note that nest algebras are important
operator algebras that are not prime. Jing et al. in [17] showed that, for nest algebras on a Hilbert space and
standard operator algebras on a Banach space, the set of linear maps acting on zero products like derivations
with 6(1) = 0 coincides with the set of inner derivations. Li et al. showed in [18] that every linear map 6
behaving like a derivation on zero products with 6(I) = 0 on a nest subalgebra of a factor von Neumann
algebra is a derivation. In [13] additive maps on some operator algebras behaving like («, f)-derivations are
characterized. In [8] additive maps on a prime ring acting on some orthogonality condition are described
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where the ring has an involution and nontrivial idempotents. For other related references, see [13, 14] and
the references therein.

In this paper we consider the problem of characterizing linear maps behaving like derivations or anti-
derivations at orthogonal elements for several types of orthogonality conditions. In particular, we consider
the subsequent conditions on a linear map 6 : U — U where U is a zero product determined x-algebra
with unity:

(i) derivations through one-sided orthogonality conditions
xy=0=x6(y) + 6(x)y =0 [IP1];

xy* =0 = x5(y)* +0(x)y* =0 [Py];

(ii) anti-derivations through one-sided orthogonality conditions
xy=0= yo(x) +o(y)x =0 [P3];

xy* =0=8(y)*x+y*o(x) =0 [P4];

(iii) derivations through two-sided orthogonality conditions
xy=yx =0=>x6(y) + 6(x)y = yo(x) + o(y)x =0 [IPs];

xy* = yFx =0 = x6(y)* + o(x)y* = 6(y)*x + y*6(x) =0 [Pg];

where x,y € U. Our purpose is to investigate whether the above conditions characterize derivations
(*-derivations) or anti-derivations (x-anti-derivations) on zero product determined x-algebras with unity.
Also we give applications of our results for some C*-algebras. Particularly, we characterize linear maps
behaving like derivations or anti-derivations at orthogonal elements for several types of orthogonality
conditions on properly infinite W*-algebras or unital simple C*-algebras with a non-trivial idempotent,
which includes B(H), the set of all bounded operators on a Hilbert space H with dim H > 2.

2. Primary tools

We denote the center of an algebra U by Z(U) and the Lie bracket defined by [x, y] = xy — yx for all
x,y € U. Let U be a x-algebra with unity 1 and d : U — U be a map. We say that d is a x-map if
d(x*) = d(x)* for all x € U. Note that if d is a derivation or an anti-derivation, then d(1) = 0.

Remark 2.1. Let d : U — U be an inner derivation where d(x) = xu — ux for some p € U. If d is a *-map, then
XX — pux* = prx* —x*u* forall x € U. So Rey = %(y + u*) € Z(U). Conversely for p € U with Rey € Z(U),
the map d : U — U defined by d(x) = xp — px is a *-inner derivation.

Let U be an algebra and Mbe a U-bimodule. Recall that alinear map d : U — Mis called a Jordan derivation
if d(xy + yx) = xd(y) + d(x)y + yd(x) + d(y)x for all x, y € U, or equivalently, d(x?) = xd(x) + d(x)x for all x € U.
Clearly, each derivation is a Jordan derivation. The converse is, in general, not true. From the classical result
of Bresar [3], each Jordan derivation on semiprime algebras is a derivation. Since every semisimple Banach
algebra is a semiprime Banach algebra and all C*-algebras are semisimple Banach algebras, it follows that
any Jordan derivation on a C*-algebra is a derivation.

The question of characterizing linear maps through zero products, Jordan products, etc. on algebras
sometimes can be effectively solved by considering bilinear maps that preserve certain zero product prop-
erties (for instance, see [1, 2, 6, 10]). Motivated by these, Bresar et al. [5] introduced the concept of zero
product (Jordan product) determined algebras, which can be used to study linear maps preserving zero
products (Jordan products) and derivable (Jordan derivable) maps at zero point.

An algebra U is called zero product determined if for every linear space X and every bilinear map
¢ : UxU — X, the following holds: If ¢(x,y) = 0 whenever xy = 0, then there exists a linear map
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T : U — X such that ¢(x, y) = T(xy) for all x, y € U. If U has unity 1, then U is zero product determined
if and only if for every linear space X and every bilinear map ¢ : U x U — KX, the following holds: If
¢(x, y) = 0 whenever xy = 0, then ¢(x, y) = P(xy, 1) (see [12]). Also in this case ¢p(x,1) = ¢(1,x) forallx € U.

Recall that a W*-algebra is called properly infinite if it contains no nonzero finite central projection and a
unital algebra U is called simple if 0 and U are the only ideals of U.

Remark 2.2. Every algebra which is generated by its idempotents is zero product determined [6]. So the following
algebras are zero product determined:

(i) Any algebra which is linearly spanned by its idempotents.
By [16, Lemma 3. 2] and [23, Theorem 1], B(H) is linearly spanned by its idempotents. By [23, Theorem 4],
every element in a properly infinite W*-algebra U is a sum of at most five idempotents. In [20] several classes
of simple C*-algebras are given which are linearly spanned by their projections.

(ii) Any simple unital algebra containing a non-trivial idempotent, since these algebras are generated by their
idempotents [4]. In particular, this class includes B(H) with dim H > 2.

The ideas of the proof of the next lemma come from [2].

Lemma 2.3. Let U be a zero product determined algebra with unity 1. Suppose that X is a linear space and
¢ : U XU — Xis a bilinear map satisfying

xw=yx=0=¢x,v)=0 (x,ycU).
Then
P, y) + Py, x) = ey, 1) + oL, yx) and - d(lx,yl, 1) = ¢(1, [x, y1),
forallx,y € U.
Proof. Fixs,t € U such that st = 0. Define a bilinear map ¢ : U X U — X by
YY) = otx, ys).

It is easily checked that 1(x,¥) = 0 whenever xy = 0. Since U is a zero product determined algebra, it
follows that ¢(x, y) = P(xy, 1) for all x, y € U. Hence

P(tx, ys) = ¢(txy, s),

for all x, y € U, when st = 0. Now fix arbitrary elements x, y € U and define ¢ : U X U — X by
(s, t) = P(tx, ys) — P(txy, s).

From the above, we see that ¢(s, t) = 0 whenever st = 0. So ¢(s, t) = @(st, 1) for all 5, € U. Thus
P(tx, ys) — Pp(txy, s) = p(x, yst) — p(xy, st),

forall x,y,s,t € U. Setting x =s = 1, we have
Pt y) + oy, £) = (1, yb) + P(ty, 1),

forallt,y € U.
Now for any x, y € U we have

d(x, y) + Py, x) = Pxy, 1) + ¢(1, yx)

and

Py, %) + d(x, y) = ¢(yx, 1) + (1, xy).

By comparing these equations, we get

o([x, y1, 1) = (1, [x, y1),
forallx,ye Y. O
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The condition ¢(x, 1) = ¢(1, x) (for all x € U) does not seem to follow from Lemma 2.3. But we have the
next lemma which has been proved in [14, Theorem 3.5].

Lemma 2.4. Let U be an algebra with unity 1. Suppose that X is a linear space and ¢ : U X U — X is a bilinear
map satisfying

xw=yx=0=¢x,v)=0 (x,ycU).

Then

o, p) + lp,x) = Plap, 1) + (1, px) and  ¢(p,1) = ¢(1,p),

for all x € U and any idempotent p € U. If U is linearly spanned by its idempotents, then

o0 y) + Oy, ) = Pley, 1) + ¢(L yx) and - p(x, 1) = P(1, %),
forallx,y € U.

3. Main results

From this point on, unless specified otherwise, we assume U is a zero product determined *-algebra
with unity 1.
First, we characterize derivations on U through one-sided orthogonality conditions.

Theorem 3.1. Let 0 : U — U be a linear map. Then
(i) 6 satisfies

xy=0=x0(y)+6(x)y=0 (x,yeU) [P]

if and only if there is a derivation d : U — U and an element & € Z(U) such that 6(x) = d(x) + Ex for all
xeU.

(ii) 6 satisfies
xy* =0 = x5(y)* +0(x)y* =0 (x,yeU) [P,]

if and only if there is a x-derivation d : U — U and an element & € U such that 6(x) = d(x) + Ex for all
xelU.

Proof. (i) Suppose 0 satisfies [IP;]. Define a bilinear map ¢ : U X U — U by ¢(x,y) = x6(y) + 6(x)y. If
x,y € U such that xy = 0, then ¢(x,y) = 0. Since U is a zero product determined algebra, it follows that
¢(x,y) = p(xy, 1) and P(x, 1) = ¢(1,x) forall x, y € U. So

x0(y) + 6(x)y = xyo6(1) + 6(xy) and x6(1) = 6(1)x 1)

forall x,y € U. Let & = 6(1), then & € Z(U). Defined : U — U by d(x) = 6(x) — Ex. By (1), it is easily
checked that d is a derivation.

The converse is proved easily.

(ii) Suppose 0 satisfies [IP;]. Set & = 6(1). Defined : U — U by d(x) = 6(x) — Ex. Then d is a linear map
which satisfies

xy* =0 = xd(y)* +dx)y* =0 (x,yeU) )

and d(1) = 0. We will show thatd is a x-derivation. To this end, we consider the bilinear map ¢ : UXU — U
by ¢(x, y) = xd(y*)* + d(x)y. If x, y € U such that xy = 0, then x(y*)* = 0 and (2) gives ¢(x, y) = 0. Since U
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is a zero product determined algebra, we get ¢(x, y) = ¢(xy, 1) and ¢(1,x) = ¢(x,1) for all x, y € U. From
equations ¢(1,x) = ¢(x, 1) and d(1) = 0, we have

d(@x*)* = d(x),
for allx € U. So d is a x-map. Now, by equation ¢(x, y) = ¢(xy, 1),
xd(y*)* +d(x)y = xyd(1)* + d(xy),

forall x, y € U. Since d is a *x-map, it follows that d is a derivation.
The converse is proved easily. [

Note that in part (ii) of the above theorem, it is not necessarily true that & € Z(U). For example, take any
& € Ubut not in Z(U) and define 6 : U — U by 6(x) = Ex. Then 0 satisfies [IP>] and 6 is the sum of the zero
derivation and &x, but & ¢ Z(U).

Remark 3.2. Let 6 : U — U be a linear map. Then
(i) o satisfies [IP1] if and only if

o(xy) = x6(y) + 6(x)y —x6(L)y  (x,y € U)

with (1) € Z(U). Part (i) follows from Theorem 3.1 directly.
(ii) 6 satisfies [IP>] if and only if

6(xy) = x6(y*)* + 0(x)y — xyo(1)*  (x,y € U).

To see part (ii), suppose that O satisfies [P2]. By Theorem 3.1, there is a *-derivation d : U — U and
an element & = 6(1) € U such that 5(x) = d(x) + &x for all x € U. Since d(x) = 6(x) — Ex is a *-map,
(O(x) — &x) = 6(x*)* —x&* forall x € U. So

O(xy) = xd(y) + d(x)y + Exy
= x6(y) + 6(x)y — x&y
= x(6(y) — &y) + 6(x)y
= x6(y*)* + 6(x)y — xyo(1)*

forall x,y € U. The converse is immediate.

By [24, Theorem 4.1.6] and [24, Theorem 4.1.11] respectively, every derivation on a W*-algebra and every
derivation on a simple C*-algebra with unity is an inner derivation. In view of these results and Theorem
3.1, we have the next corollary.

Corollary 3.3. Let U be a properly infinite W*-algebra or a unital simple C*-algebra with a non-trivial idempotent.
If6 : U — U is a linear map, then

(i) 6 satisfies [IP1] if and only if there are u,v € U such that 6(x) = xp — vx for all x € U and y —v € Z(U).
(ii) 6 satisfies [IP,] if and only if there are p,v € U such that 6(x) = xp — vx for all x € U and Reu € Z(U).

Proof. In our proof we use the fact that U is a zero product determined algebra. (i) Suppose 6 satisfies [IP1].
By Theorem 3.1-(i), there is a derivation d : U — U and an element & € Z(U) such that 5(x) = d(x) + &x for
all x € Y. Since every derivation on U is inner, it follows that d(x) = xu — ux for all x € U, where u € U.
Settingv = p — &. So 6(x) = xu —vx forallx € U and u —v € Z(U).

The converse is clear.

(ii) Suppose 6 satisfies [IP;]. By Theorem 3.1-(ii), there is a *-derivation 4 : U — U and an element
& € U such that 6(x) = d(x) + &x for all x € U. Now d is a x-derivation which is inner. So by Remark 2.1,
there is a u € U with Reu € Z(U), such that d(x) = xu — px for all x € U. Setting v = u — &. It follows that
O0(x) =xu—vxforallx e U.

The converse is clear. [
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In the next theorem we characterize anti-derivations through one-sided orthogonality conditions.
Theorem 3.4. Let 6 : U — U be a linear map.
(i) Suppose that
xy=0= yo(x)+o(y)x=0 (x,yeU) [Ps].

Then there is a Jordan derivation d : U — U and an element & € Z(U) such that 6(x) = d(x) + Ex for all
xeU.

(ii) Suppose that
xy* =0=6(y)*x+y*6(x) =0 (x,yeU) [P4].

Then there is a *-Jordan derivation d : U — U and an element & € U such that 6(x) = d(x) + x& for all
xeU.

Proof. (i) Define a bilinear map ¢ : U x U — U by ¢(x, y) = yo(x) + 6(y)x. Then p(x,y) = 0 forallx,y € U
with xy = 0. Since U is a zero product determined algebra, we obtain ¢(x, y) = ¢(xy, 1) and p(1,x) = P(x, 1)
forall x,y € U. So

yo(x) + 0(y)x = 6(L)xy + 6(xy) and O6(1)x = x6(1), 3)

forallx,y € U. Let £ = 6(1), then & € Z(U). Define d : U — U by d(x) = 6(x) — Ex. By (3) and the fact that
& € Z(U), it follows that d is a Jordan derivation.

(i7) Consider the bilinear map ¢ : U x U — U by ¢(x,y) = 6(y*)*x + y6(x). If x, y € U such that xy = 0,
then ¢(x, y) = 0. Since U is a zero product determined algebra, we get ¢(x, y) = d(xy, 1) and ¢(1,x) = P(x, 1)
forall x,y € U. Define d : U — U by d(x) = 5(x) — x&, where & = 6(1). By ¢(1, x) = ¢(x, 1),

S(*)* +xE = EXx + 6(x), @)
for all x € U. So d(x*) = d(x)*, for all x € U and hence d is a x-map. By ¢(x,y) = p(xy, 1),
o(xy) = yo(x) + 6(y™*)*x — & xy, ()
for all x, y € U. From (4) and (5), it follows that
d(x?) = 6(x%) — x*&
= x0(x) + 6(x*)*x — E¥x% — x%E

= x5(x) + O(x)x — x&Ex — x*&
= xd(x) + d(x)x,

for all x € U. Thus d is a x-Jordan derivation. O

Remark 3.5. In Corollary 3.8 below, we will see that the converse of Theorem 3.4 (both parts) is not true and in part
(ii) of Theorem 3.4, & is not always in Z(U). Also the following equivalent conditions are contained in the proof of
Theorem 3.4.

Let 6 : U — U be a linear map. Then

(i) o satisfies [IP3] if and only if
O(xy) = 6(y)x + yo(x) —xd(L)y (v, y € U)

with 6(1) € Z(U).
(ii) 6 satisfies [IP4] if and only if

O(xy) = 6(y* ) x + yo(x) —6(1)*xy  (x,y € U).
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If a unital algebra U contains a non-trivial idempotent ¢, let 4 = e and e, = 1 —e. Define the Peirce
decomposition with respect to e by U;; = e;Uej,i,j = 1,2. Let M be a unital U-bimodule. We say U;; is
faithful to M if U;ym = {0} implies e;m = 0 and mU;; = {0} implies me; = 0, for all m € M. Clearly, Uy; and
U, are always faithful to M. Peirce decomposition can be useful for characterizing derivable maps, see
[19, 21, 22].

Lemma 3.6. Let U be a unital algebra with a non-trivial idempotent e, C be the set of all commutators in U, and M
be a unital U-bimodule. Suppose Uy» and Uy from the Peirce decomposition with respect to e are faithful to M. If
d is a derivation from U to M such that d(c) = mc,Vc € C, for some fixed m € M thend =m = 0.

Proof. Lete; =eande; =1—e Foranya € U and i, j = 1,2, let a;; = ejae; € U;j. Note a;p = [e1a,e;] and
ay = [eoa,e1], so ap, a1 € C. For any ai, bio € Ui and ax, by € Uxn, d(anbi2) = d(ain)biz + awd(bin) =
ma12b12 + alzmbu. Thus a12mb12 = 0. Since 7/[12 is faithful, eome; = 0. Slmllarly, from d(ﬂ21b21) = d(6121)b21 +
ﬂ21d(b21) = ma21b21 + a21mb21, we get ejmep = 0. From d([ﬂlz, b21]) = m[alz, b21] and

d([a12, ba1]) = [d(a12), ba1] + [a12, A(D21)] = [mana, bar] + [a12, mby]
= mlai, by ] + a1amby — byymaiy,

we get aipmby — boymaip = 0. It follows aiomby = byymayp, = 0. Since Uy and Uy are faithful, eyme; =
eomep, = 0. Thus m = 0.

To see d(a) = 0,Ya € U, write a = a1 + a2 + ax + axn by the Peirce decomposition with respect to e.
Since d(a12) = d(axn) = 0, we only need to show d(a11) = d(ax) = 0. For any by, € Uiz, anbiz € Urz. Thus
d(ﬂnblz) = d(blz) =0. So d(a11b12) = d(a11)b12 + Clud(blz) gives d(au)blz = 0. Since 7/{12 is faithful, d(a11)61 =0.
For any b21 (S 7/{21, d(ﬂ11)b21 + 611161(1721) = d(6111b21) = 0. Thus d(ﬂ11)b21 = 0. Since 7/[21 is faithful, d(ﬂn)@z =0.
Therefore d(a11) = 0. Similarly we can show d(ax») =0. O

Corollary 3.7. Let U be a simple unital algebra with a non-trivial idempotent e and C be the set of all commutators
in U. If d is a derivation from U to U such that d(c) = mc,Vc € C, for some fixedm € U thend =m = 0.

Proof. 1f U is a simple unital algebra with a non-trivial idempotent e, then the Peirce decomposition U;; with
respect to e are faithful to U; indeed, to see U;; is faithful, for any m € U, if mU;; = {0}, then Ume;Ue; = {0}.
Thus Ume;U # U. So Ume;U, as an ideal of U, must be zero, and me; = 0. Similarly we can show
U;jm = {0} implies ejm = 0. The conclusion now follows from Lemma 3.6. O

Now we can easily obtain the next corollary as a consequence of Theorem 3.4.

Corollary 3.8. Let U be cither a properly infinite W*-algebra or a simple unital C*-algebra with a non-trivial
idempotent. If 6 : U — U is a linear map, then

(i) 0 satisfies [IPs] if and only if 6(x) = 0, for all x € U.

(ii) 6 satisfies [IP4] if and only if & = 5(1) is skew-Hermitian and 6(x) = Ex, for all x € U.

Proof. In our proof we use the fact that U is a zero product determined algebra and every Jordan derivation
on U is a derivation.

(i) Suppose 6 satisfies [IP3]. By Theorem 3.4-(i), there is a Jordan derivation (hence a derivation) d : U —
U and an element & = 0(1) € Z(U) such that 6(x) = d(x) + &x for all x € U. Putting this in Eq. 3, we get
d([x, yl) = —2&[x, yl forall x,y € U.

If U is a properly infinite W*-algebra then, by [15], every element of U is the sum of two commutators.
In particular, the unity 1 can be written as a sum of two commutators. Thus —2&-1 =d(1) =0,sod = £ = 0.

If U is a simple unital C*-algebra with a non-trivial idempotent, d = £ = 0 by Corollary 3.7

The converse is clear.

(ii) Suppose 6 satisfies [IP4]. By Theorem 3.4-(ii), there is a *-Jordan derivation (hence a derivation)
d: U — U and an element & = 6(1) € U such that 6(x) = d(x) + x& for all x € U. Putting this in
Eq. 5 we get d([x,y]) = —=&*[x,y] — [x, ylé for all x,y € U. Let 6¢(x) = Ex — x&, for all x € U. Then
(d = 0e)([x, y]) = —(&* + &)[x, y]. Similar to (i), we getd — 0 = 0 and £* + & = 0, so ¢ is skew-Hermitian and
O0(x) = d(x) + x& = 0s(x) + x& = &x, forall x e U.

The converse is clear. O
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It should be noted that there are linear maps on unital *-algebras satisfying [IP3] and [IP4] that are not left
multipliers, hence nonzero, as shown in the following example.

Example 3.9. Let A be an abelian unital %-algebra generated by idempotents. Define a new unital *-algebra as

Car_[a b)Y, O N P _[un w2 _ [ v
follows.ﬂ—{(c d).a,b,c,d,eﬂ}wzth(c d) _(b* d*).Foranyu—(uzl iy and v = 21 022,u+v

is defined by the usual matrix addition and uv is defined by

"o = U11011 U11012 + U12022
U1011 + U221 U202

Define a linear map 6 on U by 6(u) = (uO uél
12

both [P3] and [IP4], but o is not a left multiplier, as 5(1) = 0.

) . A direct computation shows 0 is a %-antiderivation, so O satisfies

Remark 3.10. A linear map 6 : U — U behaving like a derivation or an anti-derivation at x*y = 0 can be
characterized by setting T(x) = 6(x*)*, it follows that T behaves like a derivation or an anti-derivation at xy* = 0
and hence characterizations of O can be obtained from [IP,] and [IP4], respectively.

Next we will consider a linear map 6 : U — U behaving like a derivation at two-sided orthogonality
conditions.

Remark 3.11. Let U be a unital algebra and 6 : U — U be a linear map. Then the following are equivalent.
(i) Forallx,y € U,
O(xy + yx) = x0(y) + o0(x)y + yo(x) + 6(y)x — xyo(1) — 6(1)yx.

(ii) There are linear maps dy,d, : U — U such that, forall x,y € U,

(a)
S(xy + yx) = 6(x)y + xd1(y) + yo(x) + da(y)x.
(b)
di(xy + yx) = di(x)y + xdi(y) + d1(y)x + yd1(x) + [x, [6(1), y]]
and
da(xy + yx) = da(x)y + xda(y) + da(y)x + yd(x) + [x, [6(1), y]].
(c)

di(x) = da(x) + [6(1), x].
(iii) There are linear maps dy,dy : U — U such that, for all x,y € U,
6(x) = dy(x) + x5(1) = da(x) + 6(1)x,

di(xy + yx) = di(x)y + xd1(y) + di(y)x + ydi(x) + [x, [0(1), y]]

and

da(xy + yx) = do(x)y + xd2(y) + da2(y)x + yda(x) + [x, [6(1), y]]1.
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Proof. Let & = 6(1).
(i) = (ii): Define linear maps d1,d» : U — U by

di(x) =0(x) —x& and dy(x) = O(x) — &x.
It is clear that (a) and (c) hold for d; and d,. From the definitions of d; and d,, we have, forall x, y € U,

di(xy + yx) = 0(xy + yx) — xy& — yx&
= x6(y) + 6(x)y + yo(x) + 6(y)x — xyé — Eyx — xy& — Eyx
= xd1(y) + da(y)x + yd1(x) + d1(x)y + x&y — xy&
= xd1(y) + di(y)x — [&, y]x + ydi(x) + d1(x)y + x[&, y]
= xd1(y) + di(y)x + ydi(x) + di(x)y + [x, [, y].

By a similar method we get
da(xy + yx) = do(x)y + xda(y) + do(y)x + ydo(x) + [x, [, Y]]
(ii) = (i): From (b), d1(1) = d2(1) = 0. Define linear maps T, T, : U — U by
T1(x) = 6(x) —=di(x) and  Ta(x) = 6(x) — da(x).
Then T1(1) = T»(1) = 6(1) and for all x, y € U,

Ti(xy + yx) = 6(xy + yx) — di(xy + yx)
= 0(x)y + xd1(y) + yo(x) + da(y)x
— di(x)y — xdi(y) — da(y)x — yda(x) — [x, [, y]]
= Ti(0)y + yT1(x) + di(y)x = [, ylx — di(y)x — [x, [&, yl]
= T1(x)y + yT1(x) + x[y, &],

Setting x = 1, we get T1(y) = y&. Similarly we obtain T>(y) = £y. Hence
di(y) =6(y) —y& and  da(y) = 6(y) - &y.
Replacing d1(y) and d»(y) with these identities in (1), we get (7).
(i) = (iii): The proof is similar to that of (i) = (ii).
(iif) = (i): This is straightforward. [
Theorem 3.12. Let 6 : U — U be a linear map. Suppose that
xy=yx=0= x0(y) + 6(x)y = yo(x) + d(y)x =0 (x,y € U) [Ps].
Then, forall x,y € U,
O(xy + yx) = x6(y) + 8(x)y + yo(x) + 6(y)x — xyd(1) — o(1)yx
and
[x, y16(1) = 6(1)[x, y].
Also if [x,[6(1), y]] = 0 for all x, y € U, then there are Jordan derivations dq,d; : U — U such that, for all x € U,

5(x) = d1(x) + x5(1) = da(x) + 6(1)x.
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Proof. Define a bilinear map ¢ : UXU — U by ¢(x, y) = x6(y)+6(x)y. So P(x, y) = 0, whenever xy = yx = 0.
Hence by Lemma 2.3, we get, for all x, y € U, ¢([x, y],1) = $(1, [x, y]) and

¢, y) + Oy, x) = plxy, 1) + ¢(1, yx),
Therefore 6(1)[x, y] = [x, y]6(1) and
x6(y) + 0(x)y + yo(x) + o(y)x = &(xy) + xyd(1) + 6(yx) + 6(1)yx.
Now by Remark 3.11, the rest of theorem is given. [

If 6(1) € Z(U), it is obvious that [x, [0(1), y]] = 0 (x, y € U) and d; = d; in the above theorem. Indeed, in this
case there is a Jordan derivation d : U — U such that 6(x) = d(x) + 6(1)x for all x € U.

Theorem 3.13. Let U be a unital %-algebra which is generated by its idempotents and 6 : U — U be a linear map
satisfying [Ps]. Then there is a Jordan derivation d : U — U such that 5(x) = d(x) + 6(1)x for all x € U, where
o(1) € Z(U).

Proof. Define a bilinear map ¢ : UXU — U by ¢(x, y) = x6(y) +6(x)y. So P(x, y) = 0, whenever xy = yx = 0.
By Lemma 2.4, we get ¢(p, 1) = ¢(1, p) for all idempotent p € U. Sopd(1) = 6(1)p for each idempotent p € U.

Since U is generated by its idempotents, it follows that 6(1) € Z(U). Since U is a zero product determined
algebra, the conclusion follows from Theorem 3.12. [J

In the next corollary we apply Theorem 3.13 to some C*-algebras which are generated by its idempotents.

Corollary 3.14. Let U be either a properly infinite W*-algebra or a unital simple C*-algebra with a non-trivial
idempotent. Suppose that 6 : U — U is a linear map. Then 6 satisfies [Ps] if and only if there are u,v € U such
that 6(x) = xu — vx for all x € U, where u —v € Z(U).

Proof. Since U is generated by its idempotents, from Theorem 3.13 it follows that there is a Jordan derivation

d : U — U such that 5(x) = d(x) + 6(1)x for all x € U, where 6(1) € Z(U). The rest of proof is obtained by
using a similar argument as that in the proof of Corollary 3.3-(7) . [

Theorem 3.15. Let 6 : U — U be a linear map. Suppose that

xy* = y*x =0 = x6(y)* + 6(xX)y* = 6(y)*x +y*o(x) =0 (x,yeU) [Psl.
Then, forall x,y € U,

O(xy) + 6(x* y*)* + xyd(1)* + 6(1)yx = 5(x)y + x5(y™*)* + 6(y)x + yd(x*)*,

S(xy) + 0(x* y*)* + 6(1)*xy + yxd(1) = 6(x*)*y + x6(y) + 6(y*)*x + yd(x)

and

Red(D)x, y] = [x, yIRed(L).
Moreover,

(0(0x, y]) ~ 8(D)lx, y)* = 6(Lx, y1*) — 6(Dlx, y1*
and

©O([x, yD) = [x, ylo(1)* = o(lx, y1*) = [x, yI*o(1).
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Proof. Define bilinear maps ¢, ¢ : U x U — U by

G(x,y) = xO(y™)* +(x)y and P(x,y) = yox) + 5(y*)*x,
for all x, y € U. It follows that ¢(x, y) = 0 and ¢(x, y) = 0, whenever xy = yx = 0. By Lemma 2.3, we get

O, y) + Oy, x) = Plxy, 1) + ¢(1,yx) and  d(lx,yl, 1) = (1, [x, y]),
Yy + Py, 0) = ply, ) + ¢ yx) and  P([x, ¥l 1) = (1, [x, y]),

for all x, y € U. The desired conclusion now follows from these equations. [

Theorem 3.16. Let U be a unital x-algebra which is linearly spanned by its idempotents and 6 : U — U be a linear
map satisfying [P¢]. Then there are x-Jordan derivations d1,d, : U — U such that

0(x) = di(x) + 0(1)x = da(x) + x6(1),
forall x € U, where Red(1) € Z(U).
Proof. Define bilinear maps ¢, : U x U — U by

O(x, y) = x0(y*)* + 6(x)y and Y(x, y) = yo(x) + 6(y*)*x,

for all x, y € U. It follows that ¢(x, y) = 0 and (x, y) = 0, whenever xy = yx = 0. By Lemma 2.4, we get
¢(x, 1) = d(1,x) and P(x,1) = (1, x) for all x € U. Set £ = 5(1). Therefore

x&E* +6(x) = 6(x*)* + &x (6)
and
xXE+0(x*)* = 6(x) + &*x, @)
for all x € U. By comparing equations (6) and (7), we get x(& + &*) = (£ + &*)x for all x € U. Hence
Re& € Z(U).
Define d; : U — U by di(x) = 6(x) — éx. Then d; is a linear map and by (6), we have d1(x*) = di(x)* for

all x € U. Hence d; is a x-map. If xy = yx = 0, then by hypothesis, definition of d; and the fact that d; is a
*-map and Re¢ € Z(U), we have

xdy(y) +di(x)y = xdi(y*)* + di(x)y
= x(0(y*) = Ey*)* + (0(x) = Ex)y = 0
and
ydi(x) + di(y)x = yda(x) + di(y*)*x
= y(0(x) = &x) + (O(y™) — Ey*)*x
= —yéx —y&rx = —yx(&E+ &%) = 0.

So d; satisfies [IP5] and d1(1) = 0. Hence by Theorem 3.12, d; is a Jordan derivation, since U is a zero product
determined algebra.

By a similar method as above, we can show that there is a x-Jordan derivation d, : U — U such that
o(x) =dy(x)+xéforallxe U. O

In Theorem 3.16, if 6(1) € Z(U), it is obvious that d; = d». Indeed, in this case there is a Jordan derivation
d: U — U such that 5(x) = d(x) + 6(1)x for all x € U. Note that in this theorem, it is not necessary that
& € Z(U). For example, take any & € U such that & is not in Z(U) and Reé € Z(U). Then the linear map
0 : U — U defined by 6(x) = &x satisfies [IP¢] and 6 is the sum of the zero derivation and x¢, but & is not in
Z(U).

In the next corollary we apply Theorem 3.15 to properly infinite W*-algebras and unital simple C*-
algebras which are linearly spanned by its idempotents, several classes of such C*-algebras are given in
[20].
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Corollary 3.17. Let U be a properly infinite W*-algebra or a unital simple C*-algebra which is linearly spanned by
its idempotents (in particular B(H)) and 6 : U — U be a linear map. Then § satisfies [IP¢] if and only if there are
u, v € U such that 5(x) = xu — vx for all x € U, where Reu € Z(U) and Re(u —v) € Z(U).

Proof. Suppose 6 satisfies [IPs]. Since U is linearly spanned by its idempotents, by Theorem 3.16, there
is a x-Jordan derivation d : U — U and an element & € U such that 6(x) = d(x) + &x for all x € U and
Re& € Z(U). Since every Jordan derivation on U is a derivation and any derivation on U is inner, it follows
that d is an inner derivation. Hence there is a € U with Rey € Z(U), such that d(x) = xu — uxforall x € U.
Letting v = p — &. So Reé = Re(u —v) € Z(U), Rey € Z(U) and 6(x) = xp — vx for all x € U.

The converse is proved easily. [

It seems that the converse of Theorems 3.12, 3.13, 3.15 and 3.16 do not hold.

Remark 3.18. The proofs of our results regarding conditions [IP1], [IP3] and [IPs] work in a more general setting for
characterizing maps from a zero product determined unital algebra to its bimodules. More specifically, by a similar
method we can obtain Theorem 3.1-(i), Theorem 3.4-(i) and Theorem 3.12 for a linear map 6 : U — M satisfying one
of the conditions [IP1], [IP3] and [IPs], respectively, where U is a zero product determined unital algebra and M is a
U-bimodule.
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