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Abstract. The main object of this article is to introduce the concepts of f—lacunary statistical convergence
of order a and strong f-lacunary summability of order a of sequences of real numbers and give some
inclusion relations between these spaces.

1. Introduction

In 1951, Steinhaus [33] and Fast [18] introduced the concept of statistical convergence and later in 1959,
Schoenberg [32] reintroduced independently. Bhardwaj and Dhawan [3], Caserta et al. [4], Connor [5],
Cakalli [10], Cinar et al. [11], Colak [12], Et et al. ([14], [16]), Fridy [20], Isik [24], Salat [31], Di Maio and
Koc¢inac [13] and many authors investigated some arguments related to this notion.

A modulus f is a function from [0, o) to [0, o) such that

i) f(x) =0ifand only if x = 0,

ii) fx+y) < f(x) + f(y) forx,y > 0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous in everywhere on [0,0). A modulus may be unbounded or
bounded.

Aizpuru et al. [1] defined f—density of a subset E C IN for any unbounded modulus f by

o fllk<n:keE))
0= i

and defined f-statistical convergence for any unbounded modulus f by

,if the limit exists

A (ke N:|—-0=¢)=0
i.e.

lim J%f(l{k <nihg—f=el) =0,

2010 Mathematics Subject Classification. 40A05, 40C05, 46A45

Keywords. (Modulus function, statistical convergence, lacunary sequence)
Received: 26 12 2017; Accepted: 29 03 2018

Communicated by Ivana Djolovié¢

Research supported by ... (optionally)
Email addresses: hacer . sengul@hotmail.com (Hacer Sengiil), mikailet68@gmail . com (Mikail Et)



H. Sengiil, M. Et / Filomat 32:13 (2018), zzz—zzz 2

and we write it as S/ — limxx = { or xx — ¢ (Sf ) . Every f—statistically convergent sequence is statistically
convergent, but a statistically convergent sequence does not need to be f—statistically convergent for every
unbounded modulus f.

By a lacunary sequence we mean an increasing integer sequence 6 = (k;) such that /1, = (k, —k,—1) — o0
asr — oo,

In [21], Fridy and Orhan introduced the concept of lacunary statistically convergence in the sense that
a sequence (xi) of real numbers is called lacunary statistically convergent to a real number ¢, if

}Lr?ohll{kelr =€l =€} =0
for every positive real number «.

Throughout this paper the intervals determined by 0 will be denoted by I, = (k- k'l
will be abbreviated by g,. Lacunary sequence spaces were studied in ([6], [7], [8], [9], [17] [19], [21], [2 ],
[25], [29], [35], [36]).

First of all, the notion of a modulus was given by Nakano [27]. Maddox [26] used a modulus function
to construct some sequence spaces. Afterwards different sequence spaces defined by modulus have been
studied by Altin and Et [2], Et et al. [15], Isik [24], Gaur and Mursaleen [22], Nuray and Savas [28], Pehlivan
and Fisher [30], Sengtil [34] and everybody else.

2. Main Results

In this section we will introduce the concepts of f—lacunary statistically convergent sequences of order
a and strongly f-lacunary summable sequences of order a of real numbers, where f is an unbounded
modulus and give some inclusion relations between these concepts.

Definition 2.1. Let f be an unbounded modulus, 0 = (k,) be a lacunary sequence and « be a real number such that
0 < a < 1. We say that the sequence x = (xx) is f—lacunary statistically convergent of order a, if there is a real
number € such that

rlgpof(h )af(lkEI H =€ 2 e}) =0,

where I, = (ky—1,k/] and f (h,)" denotes the ath power of f (h,), that is (f (h,)") = (f ()", f (h2)”, ..., f (b)Y,
This space will be denoted by S, In this case, we write S/* —lim x; = £ or x — ¢ (Sg’“)

Definition 2.2. Let f be a modulus function, p = (px) be a sequence of strictly positive real numbers and o be a
real number such that 0 < a < 1. We say that the sequence x = (xy) is strongly w* [0, f, p] —summable to € (a real
number) such that

w6, f,r] = {x = (xp) : hm — Z [f (xx — ED]P* = 0, for some 6’}.
h kel,
In the present case, we denote w® [0, f,p] — lim x; = £.

Definition 2.3. Let f be an unbounded modulus, p = (px) be a sequence of strictly positive real numbers and « be

a real number such that 0 < a < 1. We say that the sequence x = (xy) is strongly wé’“ (p) —summable to ¢ (a real
number) such that

w](;'a (r) = {x = (xg) : hm f(hr)“ L [f (xx — €] = 0, for some {’}.

In the present case, we write w!," (p) — limx; = £. In case of pi = p for all k € N we write w!," [p] instead of w/}" (p).
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Definition 2.4. Let f be an unbounded modulus, p = (px) be a sequence of strictly positive real numbers and o be
a real number such that 0 < a < 1. We say that the sequence x = (xx) is strongly w (p) —summable to £ (a real

number) such that

ef(P)—{x (xx) : hmf(h a;lxk— P =0, for some 6’}

In the present case, we write wy, f (p) —limx; = £. In case of px = p for all k € N we write wy f [p] instead of w§ f (p)-

The proof of each of the following results is fairly straightforward, so we choose to state these results
without proof, where we shall assume that the sequence p = (pi) is bounded and 0 < h = infipr < px <
sup, px = H < 0.

Theorem 2.5. Let f be an unbounded modulus. The classes of sequences wé’“ (p) and Sé’“ are linear spaces.

Theorem 2.6. The space w{f (p) is paranormed by

1 . i
gx) = sup {JW Z Lf (Ix)]” }

kel,

where 0 < a < 1and M = max(1,H).

Proposition 2.7. ([30]) Let f be a modulus and 0 < & < 1. Then for each |[u|| > 6, we have f (|lull) < 2f (1) 67 [|ull.
Theorem 2.8. Let f be an unbounded modulus, a be a real number such that 0 < a < 1and p > 1. If

lim,, e inf & f(” >0, thenwf [p] = w§ ( [p]-

Proof. Letp > 1 be a positive real number and x € wé’“ [p]. If lim, o inf [ (”) > 0 then there exists a number
¢ > 0 such that f (1) > cu for u > 0. Clearly

P Ll Ok O0F = s Y el = = s Y oY

kel, kel, kel,

and therefore wé’“ [p] € w ([p]-

Now let x € wf 0.f [p]. Then we have

|xy — €/ — 0asr — oo.
f(h ;‘

Let0 < 6 < 1. We can write

%

kel, kel,
| —€]=6

1 fla =T
£ ) kz,: [2f<1>61 ]
|xk—l7|>(5

1
FaT Ty LU - oF

\%

\%
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by Proposition 2.7. Therefore x € w/;“ [r].

If lim,—, inf @ = 0, the equality wé’“ [p] = w§ f [p] can not be hold as shown the following example:

Let f (x) = 2 y/x and define a sequence x = (xx) by

xkz{ \/h—yl lfk:ky 1’_1,2,....

0, otherwise.

Forsz,az%andpz g,wehave

1\8
(2h; )
14

Y [T = ~0asr - o

andsoxqéwg,f[p]. O

Maddox [26] showed that the existence of an unbounded modulus f for which thereis a positive constant
c such that f (xy) > cf (x) f(y), forallx >0, y > 0.

Theorem 2.9. Let f be an unbounded modulus, o be a real number such that 0 < a« < 1and py = 1 forall k € IN. If
limy,e0 f% >0, then w* [0, f,p] C Sé'“.

Proof. Letx € w* [0, f,p] and limy_,c % > 0. For € > 0, we have

1 1 1
=) flu-a) > h—af{Z |xk—€|] > f| Y, b—dl
" kel, r kel, r kel,
lx—t)=e
1
> gaflikel b~z elle)
c
> h—af(l{kelr e =€ = €} f (e)
a

o flkel:l—aze),
= @ F) f )" f (&)

Therefore, w” [0, f, p] — lim x; = £ implies Sé’“ —limx,=¢ 0O

Theorem 2.10. Let ay, ap be two real numbers such that 0 < a1 < ap <1, f be an unbounded modulus function
and let O = (k) be a lacunary sequence, then we have wé’“l (p) Sé’“z.
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Proof. Letx € w/;“l (p) and € > 0 be given and }; , ), denote the sums over k € I, |xy — €] > e and k € I,
[x — €] < € respectively. Since f (h,)" < f (h,)*™* for each r, we may write

ﬁz[f (kv — D™ (h Ty 2 U (= OF + ) [ (= 001
r kel,

MG WVCSNY

> ﬁ[zl[ﬂ@]pk]

> W[f(zl[‘?]m)]

> Hf% (Y, min(el", [e])]

S Hf% Ftk el - > e)l [min(el", [e]™)])

> o f(h 7y (ke s 012 el f ([minGel”, e1")]).

Hence x € Sf 20

Theorem 2.11. Let 6 = (k,) be a lacunary sequence and « be a fixed real number such that 0 < o < 1. If
liminf, g, > 1 and lim, e fu— > 0, then §/# ¢ Sf -

Proof. Suppose first that lim inf, g, > 1; then there exists a A > 0 such that g, > 1 + A for sufficiently large 7,
which implies that

h, A e\ (A )“
PN L) o> (=] .
k= 1+A k) “\1+2

If S/ —lim x; = ¢, then for every ¢ > 0 and for sufficiently large r, we have

g kel ze) = zomf kel =012 e
= ;EZ:;LV f(;llr)af(l{k €L | —4€ > 5”)
_FO) Kk fAked -2 el
NGNS
s L Ry ilkek: 0z d)
® Ty A A

This proves the sufficiency. [

Theorem 2.12. Let f be an unbounded modulus and 0 < a < 1. If (x¢) € S/ N S°, then S/ — lim x;. = Sé’“ —lim x;
suchthat|f(x)—f(y)|=f() y),forxzo,yzo.

=4

Proof. Suppose S/ —limx, = ¢4, SQ —limxy =6t and 61 # 6. Let0<e < fz‘ . Then for ¢ > 0 we have

lim flik<n:lo—bOlzel) _ 0
n—co f(n) ’
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and
fUlkel, :|xx — €] > e}))

lim — =0.
= £ ()

On the other hand we can write

fllk<n:6—bl22e)) fk<n:po—Gl2ell)  flk<n:lx— > &)

£ - f ) ' f )
Taking limit as n — oo , we get

fltk<n:lxg — 6] > el

1<0+ 7}1_1)1010 F o <1,
and so

lim flik<n:lo—blzel) L

n—oo fn)

We consider the subsequence

m : Xk = Cof 2 €}])

f(k

of sequence

o f k<l -Gl > ).

f( )
Then
TS (e < - o= 6] 2 €)]) = ﬁf(‘{ke [:311, - 6l 2 e})
= Jﬁf(éuk €l :lx - bl > e}|)
< 7 LAtk b=l 2 el)
= 7 L) sy f k€ L b= Gl = )
and
éf(h,)“ = f(hl)“ +f(hz)“ + ..+ f(hm)”
= f(ky —ko)* + f (ko — k)" + .. + f (ki — ku—1)”
= F (k= kol)® + £ (ky — Ka])* +. +f(|k — ke ])®
)f(kl) FO +1f O = F RO+ et [ ) — o
< |f ) = fko)| +|f (k) = £ (k)| + oo + |f (k) = f (kiur)
= f(kl) f ko) + f ko) = f k1) + ... + f (k) = f (k1)
Using (2) in (1), we have
Y )" )
—— f(k <kt e — 6] > )]y < 2 —f(kel: - &l > e)l)

f(km> £ e S0

D

@)
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SO

m: Xk = o 2 e}]) =0,

f(k

but this is a contradiction to
k<n:|xx—£&| >
lim fllk<n:lx - > €}l) _1

n—co f (n)
Asaresult, {, = 6. O

Now as a result of Theorem 2.12 we have the following Corollary 2.13.

Corollary 2.13. Let O = (k,) and 0’ = (s,) be two lacunary sequences and 0 < a < 1. If (x) € S/ N (Sé’“ N Sg’,“),
then Sf —limx; = Sf — lim x.

Theorem 2.14. Let f be an unbounded modulus. If lim py > 0O, then wé’” (p) — im x; = € uniquely.

Proof. Letlimpy = s > 0. Assume that wé’“ (p) - limx; = ¢; and wé’“ (p) - limx; = &. Then

[f (e — &)
f(h)k; e

and

[f (e — &DT
f(hy); o

By definition of f, we have

IA

D
MG -G < s | )L (= EDF + ) I (= DT
f(hy);: -0 70 ; =0 ; (=

= f(h)az [f (Ixx = D] + f(h) Z[f(|xk—fz|]

kel, kel,

where sup, px = H and D = max (1, 2H‘1) . Hence

f(h) ;[ﬂwl AN

Since limy_, px = s we have £; — £, = 0. Thus the limit is unique. O

Theorem 2.15. Let 0 = (k,) and 0’ = (s,) be two lacunary sequences such that I, C |, for all r € IN and o, oy two
real numbers such that 0 < oy < ap < 1. If

lim inf f (hr):
r—00 f ()

>0 3)

where I, = (ky-1, k1, hy = ky =k, and [, = (s,-1,5;], €, = 5, — 5,1, then wg'az (P) c w];'al (P) .
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Proof. Letx € w;’,“z (p) . We can write

1 1
- - E — ¢ Pk - E —¢ Pk 2 ¢ Pk
f(fr)az keJ, [f (|Xk |)] f(gr)az keJ,—1, [f (|Xk l)] ’ f(gr)az kel, [f (|Xk l)]

1 k
> ; [f (e — €D
> f(hr)a1 1 Z [f (i — €|)]Pk .

f&)*™ f )™ kel,
Thus if x € wé’,az (p), thenx € w{;m (). O

From Theorem 2.15 we have the following results.

Corollary 2.16. Let 6 = (k;) and 6’ = (s,) be two lacunary sequences such that I, C J, for all ¥ € N and o, oy two
real numbers such that 0 < ay < ap < 1. If (3) holds then

D wy (p) cwy (p), ifar =2 = 0,
(i) w!, (p) W™ (p), if ar =1,
(iii) !, (p) € W} (p) , if o = a2 = 1,
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