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Abstract. It is shown that the following symmetric system of partial difference equations
Cmn = dm—l,n + Cn-1n-1,

dm,n =Cp-1n + dm—l,n—lr

is solvable on the combinatorial domain C = {(m,n) eN;:0<mn< m} \ {(0,0)}, by presenting some
formulas for the general solution to the system on the domain in terms of the boundary values c;;, c;o, d;,

d;o, j € N, and the indices m and n. The corresponding result for a related three-dimensional cyclic system
of partial difference equations is also proved. These results can serve as a motivation for further studies of

the solvability of symmetric, close-to-symmetric, cyclic, close-to-cyclic and other related systems of partial
difference equations.

1. Introduction

By Cy?, 0 < n < m, we denote the binomial coefficients, which are obtained, for example, as the coefficients
of the polynomial P,,(x) = (1 + x)™, m € Ny, that is,
Py(x) = Col + Cl'x + Cy'x® + -+ CI_ X1 + Clix™,
for an m € INj.
The coefficients satisfy the following equalities
Cy=Cp=1, melNy, (1)
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and the recurrent relation

cm=Cmt oy ol 2)

n-17

for all m,n € N such that n < m. By definition is taken that C}} = 0 if m < n, which is used in the paper.

Many books contain some results on the coefficients (see, for example, [10, 13, 15, 24, 25, 59]; books
[10] and [13], among other things, contain many basic relations which include the coefficients/numbers
and present basic methods for dealing with them, [15] presents many relations containing the coefficients
and methods for proving them, as well as many methods for calculating finite sums of various types, [24]
presents a list of numerous relations and combinatorial identities, [25] presents, among other things, some
advanced methods for dealing with combinatorial identities, while [59] contains various combinatorial
applications).

The notation seems a bit deceiving because it does not reveal the real character of recurrent relation (2).
However, if it is written in the following way

Cmn = Cm—1n + Cm—1,n-1, (3)

it becomes clear that (2) is a difference equation with two independent variables, that is, a partial difference
equation, while (1) are some conditions given on the discrete half-lines m = n and n = 0, m € I, that is,
some boundary-value conditions on the following domain

C = {(m,m) € N2:0 < n < m}\{(0,0)),

which, we call the combinatorial domain (point (0, 0) is excluded since the value co is essentially not used in
calculating the other values of the sequence ¢y ).

One of the basic problems for any kind of difference equations, as well as for other types of equations,
is their solvability. Some old results on partial difference equations, devoted mostly to the problem of their
solvability, can be found, for example, in [9, Chapter 12] and [11, Chapter 8]. For some results in the area
up to 2003, see the monograph [3]. See, also [16]. The solvability of difference equations and systems with
one independent variable is an ancient topic (see, for example, [2, 6, 9-12, 14, 15]). Some recent attention
on the solvability of difference equations has been, among other things, attracted by S. Stevi¢’s note [27],
which explained the solvability of the following nonlinear second-order difference equation

Xn-1

_— 4
irbr . ENo 4)

Xn+1 =
by transforming the equation to a solvable one by using a suitable change of variables (for more details, as
well as more general results see [22, 29, 30, 50] and the references therein). It has turned out that closely
related methods and ideas can be applied to some other classes of difference equations (see [38, 51, 53]
and the references therein), as well as to some related systems of difference equations (see, for example,
[1, 28, 31-33, 47-49, 52, 54, 55]; [28] solves a two-dimensional close-to-symmetric relative of (4), while
[48] studies a three-dimensional relative of (4) of the type). For some other methods for solving difference
equations and systems, and related topics, see also [5, 8, 34, 38, 44]. The main feature of papers [1, 22, 33, 48—
51, 53], as well as of many quoted in their lists of references, is that decisive role in their solvability plays
the following difference equation

Xy = pXy_1 +b,, neN, 5)

which is solvable one (see, for example, [2, 15], where three methods for solving the equation, which
essentially correspond to the three methods for solving the linear first-order differential one, are presented).
We would like to mention that even behind the solvability of some product-type difference equations and
systems is the solvability of equation (5) (see, for example, [35, 37, 46, 56-58] and the references therein).
Moreover, in some cases, the solvability of the product-type systems is shown by using the solvability of
some special cases of the corresponding product-type equation, that is, of the following equation

Zy = bnzfl"_l, n € N.
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For some recent results on equation (5), see [40] and [42], which are partly motivated by a well-known
problem in [4] (see, also recent paper [41]). All these facts show that equation (5) occupies one of the central
roles in the area of solvability of difference equations and systems.

During the investigation of solvable difference equations and systems Stevi¢ has noticed the fact that
for the binomial coefficients there is a closed-form formula. Namely, it is well-known that

m!
Cl=—"—, 0<n<m.
" nl(m - n)!

The formula presents a solution to equation (3), which suggests potential solvability of equation (3) on
the combinatorial domain. That equation (3) can be “solved” is a well-known fact (see, for example, [11,
p-239]), but the general solution presented therein is not suitable for solving boundary-value problems on
the combinatorial domain. These facts lead us to the natural problem of trying to find closed-form formula
for solutions to equation (3) on the domain in terms of its boundary values cgj, ¢;;, j € N. The problem
was solved in [36], and by using the methods and ideas appearing therein, including some ideas related to
solving equation (5), some related results were later obtained in [39], [43] and [45].

On the other hand, during the 90’s Papaschinopoulos and Schinas have started studying concrete
symmetric and related systems of difference equations ([17]-[19]), which have motivated experts to do
research in the direction (see [1, 7, 20, 21, 26, 28, 31-35, 37, 46, 48, 49, 52, 54-58] and the numerous references
therein). Note also that some of these papers, such as [18]-[21], study, among other things, the invariants
of some systems of difference equations, which in a wider sense also belong to the area of solvability
(invariants of equations and systems are not their solutions, but can help in getting some results on their
long-term behavior).

These two directions in the investigation of difference equations and systems of one independent variable
inspired us to study the solvability of symmetric, close to symmetric and other related classes of partial
difference equations.

In this paper we start with the investigation by showing that the following system of partial difference
equations

Cnn = dm—l,n + Cm—-1,n-1, (6)

dm,n =Cm-1n t dm—l,n—lz

which is a natural two-dimensional extension to equation (3), is solvable on C. To do this we will use the
method of half-lines described in [36], a half-constructive method which essentially uses the solvability of
some special cases of equation (5) on the intersection of domain C and the lines y =t +k, t € Z, whenk € IN,
along with an inductive argument with respect to k. More precisely, in the case of system (6) will be used
the case of equation (5) when a, = 1 for every n, as it was the case in [36]. The case essentially reduces
application of equation (5) to telescoping summations along with iterated summations. Nevertheless the
solvability of equation (5) in the special case is crucial. It should be also mentioned that the behavior of
the solutions to the equation (5) in the case can be quite complex (see [14, 23]), but this problem is not
considered here. The solvability of a closely related tree-dimensional cyclic system of partial difference
equations is also studied. As far as we know, these are the first results of this type in the literature and
this paper initiates the study of the solvability of symmetric, close-to-symmetric, cyclic, close-to-cyclic and
other related systems of partial difference equations. We use the standard convention Zé’:k aj = 0, when
kle Zandl <k.

2. Main results

In this section we formulate and prove the main results in this paper.
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2.1. System (6) on the combinatorial domain

The method of half-lines requests “solving” system (6) on the half lines which are obtained as intersec-
tions of domain C and the lines
y=t+k teZ,

when k € N, for first several k-s and then based on the obtained ”solutions” should be guessed what is the
general solution to the system on C. We will find solutions to the corresponding equations for k = 1,2, 3,
and then guess a formula for the general solution to the system (from the mathematical point of view
the case k = 3 need not be presented, but we include it for a clearer presentation and the benefit of the
reader). Before this we formulate a known lemma which will be frequently used in this paper. Beside the
formulation in the terms of the binomial coefficients ([10, 15, 24]), it can be also formulated as a sum of a
rational sequence and can be found in many problem books and books on finite differences ([2, 4, 15]).

Lemma 1. Assume that k,r € INy. Then

r+1 r+1’

n
k+j
Z Cr ] — Cn+k+1 _ Ck
j=0

for every n € N.

Letm =n+1, then
Cn+ln = Cppn-1 + dn,nr dn+1,n = dn,n—l + Cnyns
for n € IN, from which it follows that

n
n
Cntln = C10 + Z djj, dnsin =dio+ Lo Cjjy 7)
j=1

for n € INy.
Letm =n+ 2, then
Cn+2,n = Cpn+ln-1 + dn+1,nr dn+2,n = dn+1,n—1 + Cn+1,ns

for n € IN, and consequently

n
Cnsan = €20 + Z dj+1,j,
=

(®)

n
Apson = dap + Z Cj+1,js
=

for n € INy.
From (7), (8) and some calculation, it follows that

n j
Cpaapm = C20 + Z (dl,o + Z Ci,i)
=1 i=1

n
=g+ ndig+ ) (n—i+1)ci )
i=1

n j
Auon =dog + Z (Cl,o + Z di,i)
=1 P

=dag +ncrg+ Y (n—i+1)dy, (10)
i=1
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for n € INy.
Let m = n + 3, then

Cn+3n = Cn+2n-1 1 dn+2,nr

dn+3,n = dn+2,n—1 + Cn+2,ns

for n € IN, from which it follows that

n
Cn+3n = C30 + Z djs2,j,
j=1

n
dpian = dzp + Z Cjs2,js

=

for n € INy.
From (9)-(11) and some calculation, it follows that

n j
Cn+3n = €30 + Z (dz,o + jeio + Z(j —i+ 1)di,i)

=1 i=1

nn+1 - Lo
=30 +7’ld2,0 + %Cl,o +;du;(]—l+l)

nn+1 - n—i+1)(n—-i+2
=030 +nd2,0 + gC1/0 +Zdi’i( )( )
i=1

2 2
and
1 j
Apizpn = dso + Z (C2,0 + ]'d1,0 + Z(] —i+ 1)Ci,i)
=1 i=1
nn+1 - n—i+1)(n—-i+2
=d30 + Ny + %dl,o " Z; Ci,i( )2( )
1=
for n € INp.

2047

(11)

One of the crucial points in this analysis is to note that the last two formulas can be written in the

following, combinatorial, from (forms which include some binomial coefficients):

n
_ -1 n n+1 n—i+2
Cnian = Cy e+ Cldao + Cyero + Z Cy '™y,
im1

and
n
Auasn = Coldsg + Cleyg + CiHldio + Z Chi ™2y,
P

for n € INy.

(12)

(13)
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Equalities (7), (9), (10), (12), (13), suggest that the following formulas hold

) 1-1 n
n+21-2j-1 n+21-2j-2 —i+2]-2
Cn2l-1p = Z G J T eyjia0 + Z CQ,_ZHJ dajo + Z Cy " i, (14)
j=1 j=1 i=1
) 1 n
_ n+21-2j-1 n+21-2j n—i+21-1
Cn+2ln = sz-z]‘ C2j0 + Z C21—2j+1d2j—1r0 + Z Gl G (15)
=1 j=1 i=1
) 1-1 n
_ n+21-2j-1 n+21-2j-2 n—i+21-2
Anvoi-1n = ) Cyloi ™ dajr10+ Z Colajq Cjo+ Z Cy 5" cij, (16)
=1 =1 i=1
) 1 n
_ n+21-2j-1 n+21-2j n—i+21—1
ot = Czl—zj dajo + Z C21—2j+1C2]"1/0 + Z Gy iy 17)
=1 j=1 i=1

forn e Ngand [ € N.
Letm=n+2l+1, then

Cn+2l+1n = Cn+2in—1 + dn+21,n/

(18)
dn+21+1,n = dn+2l,n71 + Cn+2ins
forn € IN.
From (18), it follows that
n
Cna2l4ln = Cor41,0 + Z dsio1s,
s=1
n (19)
Auso141,0 = doje1,0 + Z Co+2Lss
Jj=s

for n € INy.
Using the hypotheses (15) and (17) in (19), it follows that

n

! s
_ s+21-2j-1 s+21-2j —i2l-1
Cna2i+1n = Col+1,0 + _5_ ( _5_ Colyj dajo+ _5_ Colajs1C2i-10 + E (G di,i)
' =1 i=1

!
s=1 j=1

1 n ) n n n
s+21-2j-1 s+21-2j s—i+21-1
cuant ) o ) G 4 ) enan Y O + )i ) G 0)
j=1 s=1 j=1 s=1 i=1 =i

=i

and

n

1 1 s
s+21-2j-1 s+21-2j —i4+21-1
Aps21+1,n = dar10 + Z (Z Colla) ™ egjo + Z Cola) adaj10+ Z (G- Ci,z’)
=1 =1 = i=1

1 1 n n n
_ s+21-2j-1 s+21-2j s—i+21-1
=da10 + Z o ) Culpi”  F Z d2j-1,0 Z Colgpr * Z Cij Z Ca (21)
j=1 j=1 s=1 i=1 s=i

s=1

=

for every n € INy.
By Lemma 1, we have

n
s+21-2j—=1+t _ ~n+21-2j+t 20-2j+t  _ ~n+20-2j+t
Z C21—2j+t - C21—2j+1+t C21—2j+1+t - C21—2]’+1+t’ (22)
s=1
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forevery1 <j<landt € Ny and
n
s—i+21-1+t _ ~n—i+2l+t _ ~21-14t _ ~n—i+2l+t
Z C21—1+t - C21+1! C21+t - C21+i.‘ 4 (23)
s=i

forevery1 <i<mandt € Ny.
Using (22) and (23) in (20) and (21), we get

i l n
_ n+21-2j n+21-2j+1 n—i+21
Cn+2+1,n = C2l4+1,0 + Z d2j0Cy 5100 + Z 2j-10Cy 51y F Z d;,iC5 7,
= =) i=1

1+1 ! n

_ ) n+21-2j+1 212  ~n—i+2l

= Z C2J—1r0C21—2 j+2 + Z dz;,oCZZ_z j+1 + Z diiCy ™, (24)
=1 =1 i=1

and

1 ) n

_ n+21-2j n+21-2j+1 —i+21

Apioiiin = dop1,0 + Z Czj,ocz,_2j+1 + 2 dzj—1,0C2[_2j+2 + Z c;iCyr'e,
= im1

j=1
1+1 1 n
_ ) n+21-2j+1 o AnH21-2j n—i+2l
= Z, d2j-10Cy 50 F Z, €2j0Cy 541 + Z ¢iiCy (25)
j=1 j=1 i=1

for every n € INy.
Letm =n+ 2]+ 2, then

Cra2l+2n = Cpadlain—1 + Ana2ieins  Ans2is2n = Apa2iein-1 + Cna2l+ins (26)

forn € IN.
From (26), it follows that

n n
Cna242,n = Co142,0 + Z Asioiv1,r  Ansoivon = doreo + Z Cot2l41,5/ (27)
s=1 s=1

for n € INy.
Using (24) and (25), as well as (22) and (23) in (27), it follows that

n 1+1 1 s
_ s+2[-2j+1 s+21-2j —i+2]
Cn+2i+2,n = C2142,0 + Z ( 2 d2j—1,0C21_2j o T 2 C2j,0C21_2]-+1 + Z Ci,icizl )
s=1 j=1 j=1 i=1
1+1 n 1 n n n
_ ) s+21-2j+1 ) s+21-2j . s—i+21
= caunzot ) a1 ), Gl 4 ) enin ) o+ ) e ) LG
j:l s=1 j:l s=1 i=1 s=i
1+1 1 n
_ ) n+21-2j+2 _on21=-2j+1 o on—i+2l+1
= Co420 + Z d21*1r0C21—2j+3 + Z C21/0C21—2j+2 + Z c,,lczm
j=1 j=1 i=1

1+1 1+1 n

_ Ant21-2j+1 ) n+21-2j+2 n—i+20+1

- Z C2J,OC21—2;'+2 + Z d21*1,0C21—2j+3 + Z CiCon (28)
j=1 =1 i=1
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and

n 1+1 1
s+21-2j+1 s+21-2j +21
Ap21son = dariao + E ( z €2j-10C5 5, AR E d2j0Cy15 o+ z d;;iCy)'
=1 =1 =1

1+1 ! n
s+21-2j+1 ) s+21-2j S—i+2]
= A0 ¥ ZC21 “’Zczl a5 +ZduZC
j=1 s=1

1+1 1 n
_ ) n+21-2j+2 ~~n+21-2j+1 n—i+21+1
- d21+2,0 + Z C2]—1,0C2172j+3 + Z d2],OC2172]-+2 + Z dl 1C2]+1
j=1 j=1 i=1
1+1 1+1

n
_ _on21-2j+1 ) n+21-2j+2 n—i+21+1
- Z 420Gy, a2 T Z C21_1/0C21—2j+3 + Z diiCyy ™ (29)
=1 =1 i=1

for every n € INy.
From (7), (9), (10), (24), (25), (28), (29) and the induction we get that (14)-(17) hold for all n,I € INj.

Now we are in a position to formulate and prove our first main result in this paper.

Theorem 1. Assume that (ax)keN, (Br)keN, (Vi)kew and (Ox)ken are given sequences of complex numbers. Then the
solution to system (6) with the following boundary-value conditions

ko =0k Ckk =Pk, o=Vt Ak =0r, ke, (30)
is given by
m=n+1 n+1 m=n=1 n 1
n
m—=2j-1 m—i—1
Cmn = Z Cm n+1- 2]0(2] 1+ Z Cm n— 2]7/2/ +Zcm n— 1(S (31)
i=1
m=n+1 m=n=1 n 1
- 2j-1 1
— m—zj— m—i—
i = m n+1 2])/21 1+ Z Cm -n— 2](12] ch n-1Pis (32)
j=1 i=1

when m—n =1 (mod 2)

m n

T
m 2j-1 m—i—1
Cmn = Z m-n— 2]0(2] +Zcm n— 2]+1)/2] 1 +ZC —n-1Pis (33)
j= j=1 i=1
mT 2 1 ?ﬂ n
_ m j— m—i—1
A = Z m-n— 2]7/2] + Zcm n— 2]+1a21 1t Zcm -n— 16 (34)

j=1
when m —n = 0 (mod 2), for every m,n € N such that m > n.
Proof. If we put 2 = m —n + 1, when m —n = 1(mod 2) in (14) and (16), that is, 2] = m — n, when

m —n = 0(mod 2), in (15) and (17) and employ in such obtained formulas the boundary-value conditions
in (30), formulas (31)-(34) are easily obtained. O
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Remark 1. From Theorem 1 we see that the general solution to system (6) on C is given by

m=n+1 n+1 m=n=1 nl
c c Cojonp + c’” 2 0 + cm s
mpn = m— n+1 -2j 2j-1,0 m-n—2j 2j,0 m-n—1%ir

m=n+1 n+1 m=n=1 n 1

m-2j-1 —i-1
An = Z Cm n+1- 2]d2] 10+ Z Cm n— 2]C2]r0+ZCm —n—-1Ciir

whenm —n =1 (mod 2)

m n m n

m—2j m—i—
Cmn = Zcm n— 2]62]r0+Zcm —n— 2]+1d2] 10+ZC —n— 1C“’

m 2j-1 m—i—1
dm,n Z M—n— 2]d270+ZCm —n— 2]+1C2] 10+Zcm —n— 1dlll
=

when m — n = 0 (mod 2), for m,n € IN such that m > n.
Remark 2. If
gk = Vg and ﬁk =, ke N,

then from Theorem 1 we see that

Cmn = dm,n/
for every (m,n) € C. Moreover, after some calculation from (31) and (33), we obtain

m—-n

_ m—1-j m—i-1 .
Cm,n—Zcmn,ch b
j=1

which is the formula for general solution to equation (3) on domain C obtained in [36]. O

From formulas (31)-(34) we see that to get closed-form formulas for solutions to equation (6) we should
know some closed-form formulas for the sums of the following forms:

m=n+1 m=i n 1
2

n

m—2j m—2j— 1 m—i—1
Z Cm n+1- 2] Z Cm n-2j Cjr Zcm n—1Cir
j=1 i=1

when m —n =1 (mod 2), that is, of the following ones:

m=n m-n
2 7

m-2j-1 m—2j ) Mm—i—
m—n—2jC]’ : |Cm—n—2]'+1c]’ z ,Cm n— 1C7’

j=1 i=1

—.
Il
—_

when m —n = 0 (mod 2), for every m, n € N such that m > n.

One of the cases where we can give some more compact formulas for the solution to system (6) is
presented in the following corollary.
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Corollary 1. Assume that p,0 € C, and (ax)kew and (Vi)ren are given sequences of complex numbers. Then the

solution to system (6) with the following boundary value conditions

co=0a, Ck=p dro=VYr dix=96 keN,

is given by
m=n+1 n+1 m=n=1 n 1
c c Qpjr + c’” 21y + 6C]
mam m— n+1 —2j42j-1 m— n—ijz] m-n’s
m—n+1 m—n-1 n 1
- -2j-1
— m—2j—
An = m n+1 2])/2] 1+ Z Cm —n— 2]a2/ +ﬁcm ns
j=1

when m—n =1 (mod 2)

% Tﬂ n
_ m 2j-1
Cmn = Z m—n— 2]0(2] + Zcm n— 2]+17/2] 1 +‘8Cm ns
—
7 " %
— m—2j-1 m=2] , m—1
dmf” - Cm n— 2])/21 + Z Cm—n—2j+1062]’1 + 6CW1*”’
j=1 j=1

when m —n = 0 (mod 2), for every m,n € N such that m > n.

Proof. If we put boundary-value conditions (35) in (31)-(34), we get

m—n+1 m-n-1 n 1

_ m—2j m—2j-1 m—i—1
Cmn = Z Cm n+1— Z]az] 1 Z Cm n— 2]7/2] +6ZCm n-1’
i i=1

m=n+1 m=n-1 n 1
dup= Y C"” + sz]la +ﬁ cmf*1
mn m— n+1 2]7/2] 1 m—n—2j 2j m-n—1/
=1

whenm —n =1 (mod 2)

= n
_ cm 2j-1 m—2j m—i—1
Cmpn = Z m—n— 2]0(2/ + Z Cm n— 2]+17/2J 1+ ﬁz Cm—ﬂ—l’
i=1

j=1
% 2 1 Yﬂ n
m J= m—i—1
dm,n - Z m—n— 2])/2] + Zcm —n— 2]+1a2] 1t 6ZCm n—17
j=1

On the other hand, by Lemma 1, we have

n
m—-i-1 _ ~m-1 m-n-1 _ ~m-1
Z C - Cm—n - Cm—n - Cm—n'

m—n—1

By using equality (44) into (40)-(43), the formulas in (36)-(39) follow, finishing the proof.

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Remark 3. Note that in the special case, when
ak:yk:O, kEN,

from (36)-(39) it follows that

Cmpn = 5C$:}1, dm,n = ﬁcﬁ:},/
when m —n =1 (mod 2), while

Con = PCI} Ay = 6CHL

m-n’

when m —n = 0 (mod 2), for every m,n € N such that m > n.

2053

The case when the sequences (a2j-1)jen, (a2))jen, (2j-1)jen and ()2j)jen, are constant is one of the
interesting ones. From (36)-(39) we see that to find closed-form formulas for the general solutions to system

(6) in the case, it is necessary to calculate the following sums:

m=n+1 m=n-1

2 2
m—2j m=2j-1
Z Cm—n+1—2j’ Z Cm—n—Zj’
=1 =1

whenm —n =1 (mod 2), and

mon mon
2 2
m—2j-1 m—2j
Cm—n—Zj’ Z Cm—n—2j+1’
=1 =1

when m —n = 0 (mod 2), for every m,n € IN such that m > n, which can be written in the following

somewhat neater forms:

m=n=1 m=n=3

i)
&
2
li
-
0
N =
= 4+
N
e
KN
.
<
g
=
i

whenm —n =1 (mod 2), and

m=n=2 m=n=2

2j+17

2 o
— n+2j-1 n n+2j
Ay 1= Z C2]. =, by = Z c
- =

2
n+2j
- Z C2j+1’
=0

when m —n = 0 (mod 2), for every m,n € IN such that m > n, or to avoid using the modulo function as

follows:
k k-1
n+2j-1
Ap+2k+1,n = Z C2] ! ’ bn+2k+1,n =
=0 j=0
k k
- n+2j-1 n
Ap+2k+2,n -= Z C2] ! ’ bn+2k+2,n = Z C
j=0 j=0
when k € INj.
Note that
2k 2k
n+j—1 n+j n+j—1 +2k
An+2k41,n + bnroksrn = Z Cj == Z (C]' = Cj_1] ) = Cgk ’
j=0 j=0
and

2k+1 2k+1

— N _ n+j-1 _ n+j n+j-1\ _ +2k+1
Ans2ks2,n + bnvakeon = Z C]' = Z (C]' - C]'_1 = Cyn

=0

7

(45)
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for k € INp. _

However, we are not able to find closed-form formulas for a,,42k+1 1, bu+2k+1,1, Gns2k+2,0 and byyox42,4, at the
moment. Namely, all the methods that we have used so far in trying to find the closed-form formulas only
transformed the sums which define the sequences to some other ones, for which we are not able to find
closed-form formulas, either. Nevertheless, we have obtained several interesting relations and facts which
could serve as a motivation for further investigation in the area. Now we will present some of them.

First, note that

=

k
2j-1 2j-2 | ~n+2j-2
An+2k+1,n = Z Z; == Z Z;lj Zj+ : )
j=0 =1
k=1
_ n+2] n—1+2j-1
- 2]+1 + Z C
j=0
= bn+2k+1,n + A2k -1, (46)
for k € INg.
From (45) and (46), it follows that
An+2kn-1 1
Ai2ksin = % + EC;’: = (47)
for k € INy.

Using the change of variables
Xn i= Anioksrn, N EN,

for a fixed k, equation (47) can be written in the form of the equation in (5) and by solving it, we obtain
CTRTIR w I R
. 2K+
An+2k+1n = s Z : C2k+]’ (48)

omn 2n—]+1
=1

for k € INg.
From (46) and (48), we see that the problem of calculating the sums a,,42¢+1,, and by1o¢4+1,, is equivalent
to the calculation of the sum

n
Suii= Y 2ICA, (49)

for k € INy.

Another method for calculating the sum a,,4.2¢+1,, is by using suitable polynomials such that the sum in
(49) is one of their coefficients (the method is used in [10, 15, 25]). One of the most natural polynomials is
the following one:

k
Prioka(®) = ) (1+ )22y,
j=0
whose coefficients at x% is equal to ,42k+1-

By some calculation we have

_ i (1 + x)2k+2 _ x2k+2
Pn+2k—1 (x) - (1 + x)" (1 + x)2 _ x2

— ((1 + x)n+2k+1 _ (1 + x)n—1x2k+2)(1 + 2X)_1

— ((1 + x)n+2k+1 _ (1 + x)n—1x2k+2) Z(_z)]x]’
j=0
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where, of course, the last equality holds for |x| < 1/2.
Comparing the coefficients at x** in these two expansions of the polynomial is obtained

2k
Askiin = ) (-2)ChL, (50)
j=0

However, the sum is also not so easy to calculate.

2.2. On a three-dimensional relative of system (6)

Having solved system (6) on C it is natural to ask if some of its three-dimensional cousins are also
solvable. One of the most natural ones is the following cyclic system:

bm,n =Cm-1n t bm—l,n—lz
Cnn = dm—l,n + Cm—-1,n-1, (51)

dm,n = bm—l,n + dm—l,n—lz

where (m, n) € C.
Letm =n+1, then

bn+1,n = bn,nfl + Cuns  Cn+ln = Cun-1 7+ dn,n/ dn+1,n = dn,n—l + bn,nr

for n € IN, and consequently

n
bpsipn = b1 + Z Cjjr
j=1
n
Cn+ln = C10 + Z djj, (52)
=

n
dps1n = d1po + Z b,
j=1

for n € INy.
Letm =n+ 2, then

bn+2,n = bn+1,n—1 + Cut1ns Cn+2n = Cn+ln-1t dn+1,n1 dn+2,n = dn+1,n—1 + bn+1,nr
for n € IN, and consequently
n
buson = bap + Z Cj+1,jr
j=1

djs1js (53)

n
Cn+2,n = C20 +

j=1

n
Apson = dap + Z bjs1,,

=1

for n € INy.
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From (52), (53) and some calculation, it follows that

n j n
buizn = bao + Z (c10+ ) i) = bag +ric1o + D=+ (54)
Cna2pn = C20 + Z (dl() + Z blz) =0 +ndig + Z(” —i+1)b;;, (55)
j=1 i=1
n j n
vz =dao+ ) (B0 Y cis) = dao+ nbro + Y (1= i+ iz (56)
j=1 i=1 i=1
for n € INy.

Letm = n + 3, then
bn+3,n = bn+2,n—1 + Cn2ns  Cnt3n = Cpt2n—1 + dn+2,n/ dn+3,n = dn+2,n—1 + bn+2,nr
for n € IN, from which it follows that

n
busan = bap + Z Cj+2,js
j=1

n
Cnt3n = C30 + Z djs2,js (57)
=

n
dnian = dsp + Z biia,js
=

for n € INy.
From (54)-(57) and some calculation, it follows that

bpsan = b3 +Z(C20 + jdi0 +Z(]_l+1)b11)

1
=b3,0+ncZ,o+ i )d10+2b”2(]_1+1)
i=1 j=i

= C871 bg/o + CTCZ,O + Cngldl/o + Z Cgiﬂzbi,i, (58)

i=1

n j
Cn+3n = €30 + Z (dz,o + jb1o + Z( j-i+ 1)Ci,i)

=1 i=1
n
= Cg_1C3,Q + C’fdz,o + Cg+1b1,0 + Z CZ_H—ZCZ',,', (59)
i=1
and

3 —d30+2(bzo+]C1o+Z(]—l+1)du)

j=1

= Cg_ldg,,o + C’i’bZ,O + Cg+1C1,() + Z Cg_H—zdili, (60)

i=1
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for n € INy.
Let m = n + 4, then
bn+4,n = bn+3,n—1 + Cu+3ns  Cn+dn = Cn+3n—1 + dn+3,n/ dn+4,n = dn+3,n—1 + bn+3,n/

for n € IN, from which it follows that

n
buan = bypo + Z Cj+3,js
=

n
Cntdn = Cap + Z djs3,j, (61)
=1

n
Apian = dap + Z bis3,js
j=1

for n € INy.
From (58)-(61), some calculation and Lemma 1, it follows that

n j
i—1 i i+1 j—i+2
bn+4,n = b4/0 + E (Cé C3,0 + C]1d2,0 + Cé bl,O + E Cé Cl',,')
j=1 i=1

n
=bso + CTCg/() + C;H'ldz,o + Cg+2b1,() + Z Cg_i+3ci,i, (62)
i=1

n j
j—1 i j+1 j—i+2
Cn+an = C40 + Z (Cé d3/0 + Cibzro + Cé 10 + Z Cé d,‘,j)

j=1 i=1
n
=C40 + Crlld:glo + C;+1b2,() + C§+2C1,0 + Z Cg_H—Bd,’,,’, (63)
i=1

and

n j
-1 ' j+1 j—i+2
dn+4,n = d4/0 + Z (Cé 173,0 + CiCz/o + Cé dl,O + Z Cé bi,j)
j=1

i=1
n
=dag + Cibyg + Cylesg + Cidig + ) Co by, (64)
i=1
for n € INy.
Letm =n +5, then
bn+5,n = bn+4,n—1 + Cu+ans  Cn+5n = Cn+an—1 + dn+4,n/ dn+5,n = dn+4,n—1 + bn+4,n/

for n € IN, from which it follows that

n
buisn = bsp + Z Cj+d,js
=

n
Cn5n = C50 + Z djsa,j, (65)
=1

n
Apispn = dsp + Z bitajs
j=1
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for n € INy.
From (62)-(65), some calculation and Lemma 1, it follows that

n j
i j+1 j+2 j—i+3
bn+5,n = b5,0 + Z (C4,0 + CidS,O + Cé bz,o + Cé c10+ Z Cé d,‘,i)
=1 i=1
n
= b5/0 + CTCALO + C;H-ldg/o + Cg+2b2,o + CZ+3C1/0 + 2 CZ_1+4di,i/
i=1
" j
j j+1 +2 j—i+3
Cn+5n = C50 + (d4,0 + Céb&o + Cé C20 + Cé d1,0 + Z Cé bi,i)
j=1 i=1

n
=c50 + C’fd;;[o + Cg+1b3,0 + Cg+262/0 + CZ+3d1,o + Z CZ_Z+4bi,i,

i=1
and
n j
j j+1 j+2 j—i+3
dn+5,n = d5/0 + Z (b4/0 + C4C3,0 + Cé dz/o + Cé bl,() + Z Cé C,',i)
j=1 i=1
n
= d5,0 + C;’b4,0 + Cg+1C3lo + Cg+2d2,0 + CZ+3b1,0 + Z CZ_I+4Ci,,‘,
i=1
for n € INy.

Letm = n + 6, then

bn+6,n = bn+5,n—1 + Cu+5n,  Cn+6n = Cn+5n—1 t dn+5,n1 dn+6,n = dn+5,n—1 + bn+5,nr

for n € Ny, from which it follows that

n
buten = beo + Z Cj+5,js
p=

n
Cntén = Co0 + Z djss,js
=

n
dn+6,n = dé,() + Z bj+5,j/

=1
for n € INy.
From (66)-(69), some calculation and Lemma 1, it follows that

n j
i j+1 j+2 i+3 j—i+4
bn+6,n = b6,0 + Z (C5,Q + C{d4,0 + Cé bg/o + Cé Co0 + Ci dl,O + Z Ci bi,,‘)

j=1 i=1

n
= b6,0 + CTC5/0 + C;+1d4,0 + Cg+2b3,0 + CZ+362,0 + Cg+4d1,() + Z Cg_H—Sbi,j,

i=1

n j
j i+1 j+2 i+3 j—i+4
Cn+6n = Co0 T+ Z (d5,0 + C{b4]0 + Cé C30 + Cé dz,o + Ci bl,O + Z Ci C,‘,i)

j=1 i=1

n
=Cpp0 t+ Crlldao + C§+1b4,0 + Cg+2C3,0 + CZ+3d2,0 + Cg+4b1,0 + Z CE_HSCI‘,,',

i=1

2058

(66)

(67)

(68)

(69)

(70)

(71)
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n ]
j i+1 j+2 j+3 j—i+4
dn+6,n = d6,0 + Z (b5/0 + C]1C4,0 + Cé d3/0 + Cé bz,o + Ci 10 + Z Ci di,,')

=

i=1

n
= d6,0 + C7b5,0 + Cg+1C4,0 + C;H—ng,,o + CZ+3b2,0 + C751+4C1,0 + Z Cg_HSd,'ri,

for n € INy.

i=1

2059

(72)

Equalities (52), (54)-(56), (58)-(60), (62)-(64), (66)-(68), (70)-(72), suggest that the following formulas hold:

)
bn+31—2,n = Z‘ Cglt:;l]_sj_
j=1
I .
bn+3l—1,n = CZ;S;]-_SJ_
j=1
l .
bn+31,n = C;;SSI]._SJ_
j=1
l .
Cn43l-2,n = C;lt?;lj_?)j_
j=1
l .
Cn43l-1n = C;llt33l]-_3]_
j=1
l .
Cn+3ln = C;lt33l]-73]7
j=1
l .
dn+3l—2,n = C§;¥;3]7
j=1
l .
dusaion = ) Con
j=1
l .
dn+3l,n = Cglt?;l]-_?’]_
=1

for every n € INp and [ € IN.
Letm =n+3l+1, then

bn+3l+1,n

Cn+3l+1,n

-1 -1 n
1, n+31-3j-3 n+31-3j-2 4 n—i+31-3
bsj-20 + Z Csz-sj—z csjo + Z. CS!—SJ'—l daj-10 + ZA Cais™ G
= = =1
1 -1 n
1, n+31-3j n+31-3j-2 4 n—i+31-2 5.
bsj-10 + Z Coiaja1Caj-20 + Z Caiajor sjo + Z Gz ™ i
=1 j=1 i=1
! ! 1
1y n+31-3j n+31-3j+1 4 n—i+3l-1y,
bajo + Z CasgjrC3j-10 + Z Carajrz 9320+ Z Coy™ i
j:1 j:l i=1
-1 -1 n
1. n+31-3j-3 ; n+31-3j-2, n—i+31-3 7.
C3j-20 + Z Coijr B3j0 + Z Caiajor Baj-10+ Z s ™ i
j=1 j=1 i=1
1 -1 n
1. n+31-3j 5 n+31-3j-2, n—i+31-21 .
C3j-1,0 + Z C31-3j+1d3ff2r° + Z C3l—3J'—1 bajo + Z Caz™ i
j:1 j:l i=1
I ! 1
1. n+31-3j ) n+31-3j+1 ) n—i+31-1 , .
C3j0 + Z C3l—3j+1d3]_1/0 + Z C31_3j+2 bsj-20 + Z G i
=1 =1 =1
-1 -1 n
1, n+31-3j-3, n+31-3j-2 n—i+31-37, .
dsj20 + Z Caisjn Dajot Z Cargjr G310+ Z Cas™ i
=1 =1 i=1
i -1 n
1, n+3l-3j, n+31-3j-2 n—i+31-2 .
dsj-10 + Z Caajmabai20 + Z Corgjor Gj0+ Z G i
]'=1 ]':1 i=1

/ ) n
1, n+31-3j, n+31-3j+1 n—i+31-1 7. .
dsjo + Z C3I—3j+1 bsj-10 + Z C31—3,'+2 C3j-20 + Z G dii,
j=1 j=1 i=1

= bn+3l,n—1 + Cu+3lns

= Cp+3ln-1 1 dn+3l,nr

dn+31+1,n = dn+31,n—1 + bn+31,n/

forn € N.

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)
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From (82), it follows that

bpssiiin = b0 + Z Cj+3l,js
j=1

n
Cna3l4ln = C3141,0 + Z djs3ljs (83)

n
dus3iv1,n = dai10 + Z bjsalj,
j=1

for n € INy.
Using the hypotheses (75), (78) and (81) in (83), and employing Lemma 1, it follows that

n 1 ! i
s+31-3j-1 s+31-3j s+31-3j+1 i+3]— 1
bl’l+3l+1 n - b3l+1 0 + Z Z C3l*3j C3j,0 + Z C3173j+1d3]’—1,0 + Z C3l*3j+2 b3] 2,0 + C;l 11 l,i
s=1  j=1 j=1 j=1

1+1 !

_ n+31-3j+2 n+31-3j n+31-3j+1 n—i+3]

- Z C31 —3j+3 bsj20 + Z C3l 3j+1310 + Z C3I—3j+2 dzj10 + C Ciis (84)
j=1 j=1

n ) 1 ! s
_ s+31-3j-1 5 s+31-3j, s+31-3j+1 s—i+31—1 )
Cut3l+1n = C3141,0 + Z ( Z C3,_3]- dsjo + Z C31_3j+1b3]—1,0 + Z C3,_3]»+2 cj20+ ) C 7,
= 1 -

s=1  j=1
1+1 1 I n
_ n+3l-3j+2 n+31-3j 5 n+31-3j+1; n—i+3l 3.
- Z C31—3j+3 C3j-2,0 + Z C3l—3j+1 dsjo + Z Cis 2 bsj-10 + G i, (85)
=1 =1 j=1 i=1

and

n 1 1 1 s
_ s+31-3j-1, s+31-3j s+31-3j+1 5 s—i+31-1
Aysai+1n = daie1,0 + Z (Z C3,_3j bzjo + Z C3,_3j+1C3;—1,0 + Z C3,_3]»+2 dzjo0+ ) Cy 7 b )
s=1 j=1 j=1 i=1

j=1
I+1 ! !
_ n+31-3j+2 5 n+31-3j, n+31-3j+1 n—i+31
- Z C31—3j+3 dsj-20 + Z C31—3j+1b31f0 + Z C3l—3j+2 C3j-1,0 + C bij, (86)
j=1 j=1 j=1

for every n € INy.
Letm =n+ 3l + 2, then

bussison = bpadiein—1 + Cusdletn,
Cn3l+2,n = Cradieln—1 + Anadletn, (87)

dn+3l+2,n = dn+3l+1,n—1 + bn+3l+1,n/

for n € IN.
From (87), it follows that

buiairon = bz + 2 Cj+31+1,js
j=1

n
Cna3l42,n = C3142,0 + Z djs3141,js (88)
=

n
Apsaieon = dale20 + Z bjtais1,js
j=1
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for n € INy.
Using (84)-(86) in (88), and employing Lemma 1, it follows that

n I+ I I s
_ s+31-3j+2 s+31-3j 5 s+31-3j+1, s—i+31 7.
busairan = barroo + Z (Z Calajes C3j-20 F Z Cagimsio + Z Calgjn Dajmro+ ) G5 i
=1 j=1 =1 =1 =

1+1 1+1 ) n

_ n+3[ 3j+2 n+31-3j+3 n+31-3j+1 ; Z n—i+31+1

- Z 31-3j+3 b3] 10+ Z Csz 3j+4 C3j-2,0 + Z C31—3j+2 d3],0 + C31+1 dij (89)
]:1 i=1 =

no I+ I I
_ s+31-3j+2 5 s+31-3j4 s+31-3j+1 s—i+3]
Cna3l+2,n = C31+2,0 Z ( Z Calajus Daj-20 + Z Casajerb3i0 + Z Calgjea C3j-10 + C b
=1 j=1 =1 =1

1+1 1+1 1 n

_ n+3l-3j+2 n+31-3j+3 5 n+3l-3j+1; n—i+31+1

= Z Casjes G3j-10 F Z Coisajea D3j-20 + 2 Caiginn Dajo+ Q) Gyl b (90)
j=1 i=1 i=1 i=1

and

1+1

n ! !
_ s+31-3j+2 5+31-3j s+31-3j+1 s—i+3]
Apsaivan = dalr20 + Z (Z Calajs Daj20+ Z Carlgje1C3i0 + Z Colzjnr 93j-10 + C sz
s=1 j=1 j=1 j=1

1+1 1+1 1 n
_ n+31 3j+2 n+31-3j+3; n+31-3j+1 n—i+31+1 .
- Z 31-3j+3 d3j1,0 + Z Csz 3j+4 baj20 + Z C31—3j+2 C3j0 + Cyr o Ciir 1)
j=1 i=1 i=
for every n € INy.
Letm = n+ 3]+ 3, then
busisan = busaison-1 + Cusslezn,
Cns3143n = Cpadla2n—1 + Ausdlen, (92)

dn+3l+3,n = dn+3l+2,n—1 + bn+3l+2,n/

forn € IN.
From (92), it follows that for n € INy

busaiezn = bairapo + Z Cjs3l42,js
=1

n
Cna3l43n = C3143,0 + Z djs3142,s (93)
j=1

n
Aus3ie3n = daiez0 + Z bjtais2,j-
=

Using (89)-(91) in (93), and employing Lemma 1, it follows that

n 1+1 1+1 1 s
_ s+31-3j+2 s+31-3j+3 ; s+31-3j+1, s—i+31+17,
busaiean = banso + (Z Colajus C3j-10 F Z Calajra D3j-20+ Z Calsjre Dajo+ Q2 Gy bi
s=1 j=1 i=1 i=1 =
1+1 1+1 1+1 n
_ n+31 -3j+2 n+31-3j+3 n+31-3j+4 5 n—i+31+27,
- Z 31-3j+3 bsjo Z G 34 G310 F Z C3l—3j+5 dsj20 + Cirz i (94)
=1 =1 i=1
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n I+1
Cn+3l+3,n = C31+3,0 + Z ( Z
s=1 j=1

1+1

j=1

I+
Aui3le3n = da1430 + Z Z
s=1 j=1

1+1

_ n+31-3j+2 5
ZC3Z 3j+3 d31,0

for every n € INy.

From this and by induction we see that formulas (73)-(81) hold for every n € Ny and / € IN.

Now we formulate and prove the main result regarding the three-dimensional system (51).

_ n+3l-3j+2
= Z C31—3j+3 €30 + Z C
A =

s+31 3j+2

31-3j+3

1+1

s+3l 3j+2

31-3j+3

1+1

1+1

1 s
s+31-3j+3, s+31-3j+1
daj-10 + Z (Sh 3j+4 bsj-20 + Z C31—3j+2 Csjo + Z
j=1 i=1

1+1

n
n+31-3j+3 5 n+3l1-3j+4; n—i+3142 .
31-3j+4 dsj-1,0 + Z C31—3j+5 bsj-20 + 2 Gz ,
— .

1+1

/ s
s+31-3j+3 s+31-3j+1 5
bsj-1,0 + Z Coilajea G320+ Z Coajrz dajo+ Z &
=1 i=1

1+1

n
n+31-3j+3; n+31-3j+4 N—i+314+2
+ Z C31—3j+4 bsj-10 + Z C3l—3j+5 C3j-2,0 Z Coindi
=1 =1 i=1

2062

Cz,i)

(95)

)

(96)

Theorem 2. Assume that (By)kenN, (Ek)keN, VkeN, V)ken, Ox)ken and (&)keN are given sequences of complex
numbers. Then the solution to system (51) with the following boundary value conditions

bro =Pr, brk=Pr, Cko =Yk

k € N, is given by
m=n+1 n+1

Dy = Z Cor i Bo1 +
m=n+1 n+1

Cmpn = Z Cm n— 3]+1y3] 1+

m—n+1
3

_ m-3j
n = Z Cm n— 3]+163] 1
=1

when m —n =2 (mod 3), by
bm,n = Z CZ:?,C;;zﬁBj—Z +
=1

m—n+2
3

_ m=3j+1
Cmn = Z Cm n— 3]+2y3] -2+
j=1

m=—n+2

3
m=3j+1
4 Z Cm—n—3j+263]’*2 +
=

QU
&
B

1l

m=n+1

Yy c
j=1

m=n+1
3

LG
=1

m—n+1
3

Yo

=

m=n=1
3
M —.
)G
=1

m=-n-1

X c
j=1

m=n=1

Y e
j=1

Chk =Yk Ao =0k, drx = O,

m=n-2

-3j+1 ' - m-3j—1 i1
—n—3j+2y3]_2 + Z Cm n— 3]63] + Zcm n—lél’
—

m—n-2
3 n
3j+1 ) m=3j-1, m—i—1
n—3j+2631_2 + z i Cm—n—3jﬁ3] + z ,C —n— 118”
j=1 i=1

m=n-2
3 n

3j+1 ) m=3j-1 m—i—-1 —
n73]'+2ﬁ3]_2 + Z Cm n—. 3]7/3] Zcm —n— 1‘)/1’

j=1 i=1

mnl
n

3j-1 . m—i—1 75
—n— 3]y3] + Z Cm n— 3]+1631_1 +Zcm n-1Yis

i=1

Hl—él—l n
3j-1 m-3j ) m—i—1
n-3{031 T Z Coimn-sju1P3i-1 +Zcm n— 1‘S
j=1 i=1
m=n-1 n 1
n
3j-1 m—i—1
n— 3]!8 it Z Cm n— 3]+17/3] 1 +Zcm n— 1:81’
j=1 i=1

97)

(98)

(99)

(100)

(101)

(102)

(103)



S. Stevic et al. / Filomat 32:6 (2018), 2043-2065 2063

when m —n =1 (mod 3), by

% % ”1 n n
_ m 3j-1 m=3j+1 ) m—i-1 7.
bm'” - m n— 3]53] Z m—n— 3]+17/3] 1+ Z Cm n—3j+263]_2 + Z Cm—n—lﬁl’ (104)
j=1 j=1 i=
< 3j-1 - 3j - 3j+1 -
— m=oj— m=9j , m-oj+ . m—i—
Cmn = Cm n— 3]7/3] Z Cm—n—3j+163]_1 + Z Cm—n—3j+2ﬁ3]_2 + Z C 17/" (105)
=1 =1 =1 i=1
f?lT 3 ] ”X n % 3' 1 n
— m=oj= m-sj+ . m—i—17.
dm'” - Z m—n— 3]63] Z Cm n— 3]+1‘83] 1+ Z C111—11—3]'+27/3]_2 + Z Cm—n—lél’ (106)
j= j=1 i=

when m —n = 0 (mod 3), for every m,n € Ng such that m > n.

Proof. If we putm =n + 3l -1, when m —n = 2(mod 3) in (74), (77) and (80), put m = n + 3] — 2, when
m —n = 1(mod 3) in (73), (76) and (79), and put 3] = m — n, when m — n = 0(mod 3) in (75), (78) and (81),
we get

m=n+1 m=n+1 m=n-2 n 2
_ m—=3j m+1-3j ) m 3j-1 m—i—1
by = Z Crmnr1-3b3i-10 + Z Comnzj4263j-20 + Z mon-3j13j0 + Cm w1 iis (107)
=1 =1 =1
m=n+1 n+1 m=n+1 m-n=2 n
_ ) - m=3j+1 ) - m=3j-1 m—i—1
Con = Z Cm n— 3]+1C3]_1,() + Z Cm—n—3j+2d3]_2r0 + Z Cm n— 3]173],0 + Zcm e 1b1 is (108)
i=1 j=1 i=1
m—n+1 m—n+1 m—n-2
3 3 n
_ m=3j ) m=3j+1 ) m-3j-1 m—i—1
dm/” - Z Cm—n—3j+1d3]_1/0 + Z Cm—n—3j+2b31_2r0 + Z Cm n— 3]C3]/0 + Zcm n-15iis (109)
=1 =1 =1 i=1
when m —n =2 (mod 3), by
m=n+2 m=n-1 m=n=1 n 1
- 3j+1 - -3j-1 -3j <
_ m=3j+ ) m—3j— m=3j ) m—i—1
bmr” - Z Cm—n—3]’+2b3]_2/0 + Z Cm n— 3]C3]r0 + Z Cm n—3]’+1d3]_1r0 + Zcm n-1Ciis (110)
=1 =1 i=1
m—n+2 m-n—-1 m=n-1
Con=Y C' o+ Y C a0+ Y MY bsiig+ cm -1, (111)
m,n a m-n—3j+2°3j-2,0 — m-n-3j*37,0 - m-n— 3]+1 3j-10 m—n—-1%,is
J= J= j=
m—n+2 m—n-1 m—n-1 n 1 n
_ m=3j+1 ) m—3j-1 m-3j m—i-1 7,
dm/” - Z Cm—n—3j+2d3]’2/0 + Z Cm n— 3]b3]/0 + Z Cm —n— 3]+1C3] 0+ Zcm—n—lblﬂ’ (112)
=1 =1 =1
whenm —n =1 (mod 3), by
% ”X n n
_ m-3j— 1 m=3j+1 ) m—i-1 7,
bm,n - Z Cm—n—S] 30 T Z Cm n— 3]+1C3] 10+ Z Cm n—3j+2d3]_2r0 + Z Cmfnflblrl’ (113)
j=1 i=1
% WI n YYI n n
_ m=3j-1 m=3j+1 ) m—i—
Cmn = Cm i 3]63],0 + Z Cm e 3]+1d3] 1,0 + Z Cm n—3j+2b3]*2r0 + Z C e 161 ir (114)
5 i=1

m n

n
_ m 3j-1 m=3j+1 —i-1
dmr” - Z m—n— 3]d3]r0 + Z Cm —n— 3]+1b3] 0t Z Cm ”_3]-+2C3];2,0 + Z Cﬁ*%*ld"ri’ (115)
]: =1



S. Stevic et al. / Filomat 32:6 (2018), 2043-2065 2064

Employing (97) in (107)-(115), are easily obtained formulas (98)-(106). O

Remark 4. Theorems 1 and 2 can be extended for the case of their natural k-dimensional extension. We
leave the formulation and the proof of the result to the interested reader as an exercise.
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