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Abstract. In this paper, two kinds of system of fuzzy differential inclusions are introduced and studied.
An existence of the solutions for one system of fuzzy differential inclusions is proved by using continuous
selection theorem. An existence of the solutions for another system of fuzzy differential inclusions is also
proved by employing the fixed point theorem in the generalized metric space. The results presented in
this paper improve and extend some known results concerned with the multivalued Cauchy problem and
fuzzy differential inclusions.

1. Introduction

Since Zadeh [47] introduced the concept of fuzzy sets in 1965, the theory and application of fuzzy systems
has been developed a lot in various aspects, especially in the theory of fuzzy control systems. For a fuzzy
logic system, we usually apply fuzzy differential equations (FDEs) to analyze the performance of the system.
With this method, the IF-THEN rules of the system could be embeded into FDEs. Therefore it is important to
discuss the solution of fuzzy differential equations[5, 6]. Fuzzy-valued map were firstly developed by Puri
and Ralescu [41]. They generalized and extended the concept of Hukuhara differentialbility (H-derivative)
for a set-valued maps to fuzzy maps. After that, Kaleva [27] and Seikkala [43] started to develop a theory
for fuzzy differential equtions(FDE) based on this idea. However, as the quite different properties between
the solutions of fuzzy differential equations and crisp cases, this approach has some disadvantages that
the diameter of the solution x(t) is unbounded as the time t increases [18]. Hiillermeier [23] overcame this
problem by replacing the FDE by a family of differential inclusions

{ X'B e FR(txp(t), 0<p<1
xB(to) € [Xolp

This approach was exploited by Diamond in [15-18]. Above all, we can see that the study of FDEs has
received much attention, and with the references there are many works being done for the solution of the
FDEs in different cases [7, 9, 11, 12, 28-33, 48].
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In 2011, Choudary [13] pointed out that the proof of the celebrated theorem of Nieto [36] is not true,
which makes it still an open question that under what righthand side conditions a FDE has a solution.
As we know, the solution of a differential equation with discontinuous righthand side could be obtained
in the sense of differential inclusions [20], which makes it interesting to discuss the FDEs through Fuzzy
differential inclusions (FDIs).

Moreover, it is necessary to treat the qualitative properties for a complex system. For FDEs, most of the
discussions on qualitative problems are based on the idea of Hiillermeier [21]. Therefore, it is important to
discuss the solutions of fuzzy differential inclusions for the qualitative theory of FDEs.

Fuzzy differential inclusions were first presented by Baidosov [8]. Aubin [3] and Dordan [19] discussed
the viability theory of the FDIs with toll sets. Lakshmikantham [31] presented a theorem to show that under
what conditions the attainable sets of FDIs are the level sets of a fuzzy map. In 2000, Zhu and Rao [49]
introduced a class of differential inclusions for fuzzy maps as follows

Fitaay (' (1) > (or 2)a(x(t)),
i.e. X'(t) € (Ft,x))aet) (O [Fitxtylacery)
x(to) = xo

for some function a : E — [0, 1], where E is a Banach space.

The FDIs in [15, 23, 31] are actually a class of parameterized differential inclusions. The FDIs in Zhu's
work [49] make it possible to discuss the system in time-varying cases, that is, the dependence of the velocity
of state on the system is time-varying. We should notice that the idea of Zhu is equivalent to Dordan’s
method in the sense of toll sets, thus the tools and results of differential inclusions and viability theories
could be employed in FDIs. Moreover, for a fuzzy control system

{ X () = fx(b), u(t)),
y = g(x(),u(t), u(®) € U()

the state x, the output y, and even the description of the system f are all probably fuzzy because of the
uncertainty of the system, but the system control u has to be crisp for the sake of realizability. One can
easily see that it is more feasible to get crisp control u of the system by selection theorems in sense of FDIs.

In this paper, we introduce and study two types of systems of fuzzy differential inclusions. We show
an existence of the solutions for one of the systems of FDIs by using continuous selection theorem. We
also show an existence of the solutions for the other system of FDIs by employing the fixed point theorem
in the generalized metric spaces. The results presented in this paper improve and extend some known
results concerned with the fuzzy initial value problem studied by Hiillermeier [23], the fuzzy differential
inclusions discussed by Zhu and Rao [49] and the multivalued Cauchy problem considered by Petrusel
[40].

2. Preliminaries
In this section, we will present some definitions and results which might be utilized in this paper.

Definition 2.1. A fuzzy subset A of R" is defined with its membership function, s : R" — [0, 1]. Then the fuzzy
set A could be rewritten as {(x, ua)l x € R"}. The a-open level set of A is denoted by

(A)a = {x|pa(x) > a)
and the a-closed level set of A is denoted by
[Aler = {xlua(x) = a}

for a €[0,1) and « € [0, 1], respectively.
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Sometimes, we do not distinguish a fuzzy set A and its membership function 4, that is, the membership
of x € R" could be simply written as A(x).
Denote E" = {u : R" — [0, 1]| u satisfies 1)- 4) below}, where

1) u is normal, that is, there exists an x € R" such that u(xg) = 1;

2) u is fuzzy convex, that is, for any x,y € R" and A € [0,1], u(Ax + (1 — A)y) > min{u(x), u(y)}, which is
equivalent with that for any a € [0, 1], [u]a = {x| u(x) > a} is a convex set[47];

3) u is upper semicontinuous, that is for any a, [u]a is a closed set;

4) [ulo = {x € R"| u(x) = 0} is compact.

It is obviously that, for each u € E”, the a-closed level sets [1]a are elements in Px(R"), the family of the

compact and convex subsets of R". Then each 1 in E” corresponds a family of subsets {[u]a}!_, in Pt(R"),

and we have a representation theorem below for this corresponding relation. The discussion in this paper
about fuzzy sets are all based on E".
Lemma 2.2. [37] Ifu € E", then

(i) [ula € P(R") forall 0 <a <1;

(i1) [ula, C [uly, forall0 <oy <ap <1;

(ii1) If {ou} is a non-decreasing sequence converging to a > 0, then [u]a = Mis1[t]a,;

Conversely, if {Aa| 0 < a < 1} is a family of subsets of R" satisfying i)- iii) mentioned above, then there exists a
u € E" such that [ula = Aa and [u]o = Up<pc1 Aa C Ao.

Let (X, d) be a metric space, Y C X, x € X and ¢ > 0, and we have the notations below.

D(Y,x) = D(xY)=infld(x,y)ly €Y},
Bx(x,e) = {yeYldlx,y) <e},
V(Ye) = {xeX|D(Y,x)<e},
Py(X) = {Y c X]Yis nonempty closed in X}.
If X is a linear normed space, || - || is the norm, let

Pr(X) = {Y c X[Y is nonempty compact and convex in X}.

For any A, B € Px(X), we define the metric on Pi(X) as follows:
H(A,B) = inf{e > 0]JA c V(B, ¢),B C V(A4, ¢)}.

It is easy to see that the pair (P¢(X), H) is a complete metric space and H is the Hausdorff distance induced
by d. Based on the metric defined above, the metric on E” could be defined with the same notation. For
any u,v € E, let

H(u,v) = sup H([u]a, [v]a).
a€l0,1]

Then we know that (E", H) is a complete metric space [42]. Therefore, the continuity of fuzzy functions and
the convergence of fuzzy sets can be discussed based on the metric H here.

Definition 2.3. Let (X,d) be a a metric space and T : X — 2X be a multivalued map. Then x* € X is called a fixed
point for T if x* € T(x*). The set of all fixed points will be denoted by FixT.
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Definition 2.4. [25] Let A, B be two metric spaces. A multivalued map T : A — 2% is called upper semicontinuous
at xg € A if and only if for any neighborhood U of T(xy), there exists a neighborhood V of xq such that for each x € V
we have T(x) C U. T is said to be upper semicontinuous (u.s.c.) on A if it is u.s.c. at any point xo € A.

Remark 2.5. A fuzzy valued map F : X — E" can generate a real valued function F: XX R" - [0,1], where for

anyx € X,y € R", F(x, y) = F(x)(y). In the following discussion we do not distinguish F and F for the convenience,
and denote F(x) by Fy).

In this paper we denote an open subset in R X R"” x R" by Q with (to, xo, yo) € Q. A fuzzymap F : Q) — E"
is called convex if for every (t,x,y) € Q,a,b € R" and A € [0, 1], we have

Fitxy)(Aa + (1 = A)b) 2 min{F,x,)(@), Ft,x,) (b))

Leta:R"XR" — [0,1) and B : R" X R" — [0,1) (or [0, 1]) be two functions and I an closed interval in
R. We consider the following fuzzy differential inclusions: for fuzzy map F : Q — E" and G : Q — %,(R"),
finding x € C(I,R") and y € C(I, R™) such that

Fooxt,yion (' (£) > a(x(®), y(1)),
G ayon(y' (D) > Bx(t), y()), (1)
x(to) = xo, y(to) = Yo
and
Ei iy (' (D) 2 a(x(?), y(#)),
Gaexyi) (V' (1) = B(x(t), y(1)), @)
x(to) = xo, y(to) = vo,
It is easy to see that problems (1) and (2) are equivalent to the following problems
X () € (Eeext)y0) atxe),vo)r

Y (1) € (Gxey,ye))peo,ye)s
x(to) = x0, y(to) = Yo

and
X' () € [Fiexo,yn)ato,ym),
Y (1) € [Geextry, v Ipeety, v
x(to) = xo, y(to) = Yo,
respectively.

3. Solutions of Fuzzy Differential Inclusion (1)

Lemma 3.1. (Yannelis-Prabhaker) [46] Let D be a paracompact Hausdorff topological space, Y be a topological vector
space and F : D — 2Y be a multifunction with nonempty convex values. If F has open lower sections, that is, for
any y € Y, FY(y) = {x € D| y € F(x)} is open in D, then there exists a continuous function f : D — Y such that
f(x) € F(x) for any x € D.

Definition 3.2. [49] Let F : QQ — E" be a fuzzy map. The map F is called lower open if F,y)(z) is lower
semicontinuous in (t,x,y) € Q.

Theorem 3.3. Let Q) be an open subset in R X R" X R™ with (ty, xo, yo) € Q. Suppose that F : QO — E" and
G : Q — F(R™) are convex and lower open fuzzy maps and that a : R" X R" — [0,1) and § : R" x R" — [0, 1)
are upper semicontinuous functions. Moreover, if F and G satisfy the condition below for some L > 0,
sup sup (a1, b1) = (az, b2)llgesm < Ll(x, y) = (1, 0)l|ges
ar €[F(t,x,y)]o,b1 €[G(Ex,y)]o a2€[F(t14,0)]o,b2€[G(t,0)]o
on some neighborhood 1 = (w-, w,) for any x, y, u and v, then there exists two continuous differentiable functions
x:1— R"and y : I = R", which are the solution of problem (1).
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Proof. We define a multifunction F : Q — 2%’ by
F(t/ X, y) = (F(t,x,y))a(x,y)/ (tr X, ]/) € Q.

As the values of fuzzy map F belongs to E”, F(t,x, y) is always nonempty. For any a,b € F(t, x, y) and
A € [0, 1], by the convexity of F, we have

Fitxy(Aa + (1 = A)b) 2 min{Fx,)(a), Fx,) (b)) > alx, y)
and so
Aa+(1—-A)b € E(t, x, y),

which means that f(t, x,y) is convex for each (t, x, y) € Q. To utilize Lemma 3.1, we need only to prove that
F has open lower sections. For any z € R",

F(2) = {(t,x,y) € Qlz € F(t,x, )} = {(t,x, Y) € Q| F(2) > ax, ).
Denote the complement set of f‘l(z) by
Nz {(t/ X, y) € Ql F(t,x,y)(z) < a(x, y)}

Then it is sufficient to show that N is a closed set. In fact, for any given a sequence {(t,, X, ¥»)} € N with
(tn, X0, }/n) - (t,x, y), we have

F(tmxn,yrx)(z) < a(x}’l/ ]/n)
By the lower open property of F and the upper semicontinuity of «, we obtain

Ftx,)(2) < liminf(z) < lim sup a(x,, y») < a(x, y),

n—oo

which means (f,x,y) € N and N is a closed set. From Lemma 3.1, there exists a continuous function

f:Q — R"such that f(t, x, y) € F(t,x,y) for each (f,x,y) € Q.

Similarly, we can also define the other multifunction G(¢,x,y) = (G x,))pw,y), and get the continuous

selection g(t, x, y) € (~§(t, x,y) for each (t, x, y) € Q with the same method. Thus, the existence of the solution
of Cauchy problem

x'(t) = f(t, x(t), y(t)),
y,(t) = g(t/ x(t)/ ]/(t)),
x(to) = xo, y(to) = Yo

under the Lipschitz condition

ICF(E X, ), gt x, ) = (f(E 4, 0), g(E, w, 0))llReen

= sup sup (a1, b1) — (a2, b2)llRrsm
a1€[F(t,x,y)] b1 €[G(t,x,y)] B a2€[F(t,u,0)]a,bre[G(t,u,0)]p

< sup sup (a1, b1) — (a2, bo)lIRen
a1 €[F(tx,y)]o,b1€lG(E,x,y)]o a2€[F(t,1,0)]0,b2€[G(tu,0)]o

< L, y) = (u, 0)llgen

on some interval I = [w_,w.] is a classical result. Therefore, there exists two continuous differentiable
functions x : I — R" and y : I — R™, which are the solution of problem (1). This completes the proof. O

Remark 3.4. Theorem 3.3 extends Theorem 1 of Zhu and Rao [49] from a differential inclusion to the system of fuzzy
differential inclusions.
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4. Solutions of Fuzzy Differential Inclusion (2)

In this section, to get the solution of problem (2), we need some more definitions and lemmas. We
should notice that the metric defined in the proof of the following Theorem 4.8 is not the normal case,
which makes us have to employ the concept and properties of the generalized metric space. The concept
of the generalized metric space was introduced by Luxemburg [38] and Jung [24] as follows:

Definition 4.1. The pair (X, d) will be called a generalized metric space if X is an arbitrary nonempty set and d is a
function d : X X X — [0, +oo] which fulfills all the standard conditions for a metric.

A generalized metric space is complete if all the Cauchy sequences in this space converge.

Definition 4.2. Let (X, d) be a generalized metric space and T : X — Py(X) be a multivalued operator. A sequence
(xn)nen C X is called the sequence of successive approximations of T if and only if xo € X and (x,,) € T(x,—1) for all
n € N U{0}.

Lemma 4.3. [2] Let O € R X R" X R™ be an open set, (to,xo,y0) € Q and F : Q — Pi(R" X R™) an upper
semicontinuous multivalued operator. Then there exist I = [ty — a, to + a] C R (where a > 0) and M > 0 such that

(l) I'x BRnXRm((xO, yo), ﬂM) C Q,
(ii) ||IF(t, x, y)lIl £ M on I X Bresrr((x0, Yo), aM).

Lemma 4.4. [10] Let X be a Banach space and V,U : I — P(X) be two multivalued measurable operators with
compact values. If v(t) € V(t) is a measurable selection, then there is a measurable selection u(s) € U(t) such that

llu(t) — oIl < HU(), V(t), Vtel

Lemma 4.5. [39] Let (Z, d) be a complete generalized metric spaceand T : Z — Py(Z) be a multivalued a-contraction.
Suppose that there is a sequence (z,)nen C Z 0f successive approximations of T such that there exists an index Ng € N
with the following property: d(zn,,zZny+1) < o0, for all I € N U {0}. Then FixT # 0.

Definition 4.6. Let (S, A, u) be a complete o—finite measure space and (X, || - ||) be a separable Banach space. A
multivalued operator T : S — Py(X) is said to be integrably bounded if and only if there is a function r € LY(S) such
that for all v € T(s) we have ||v|| < #(s) a.e.

For 1 < p < oo, we define the set
5’% ={f e LP(QQ, X)If(s) € T(s),a.e.},

i.e., Sl contains all selections of T that belong to Lebesgue-Bochner space LP(Q, X). It is obvious that Sk is a
closed subset of L'(Q, X) and it is nonempty if and only if T is integrably bounded [2, 4, 22].
A fuzzy map F : I — E" is called fuzzy integrably bounded if Fy(t) = [F(t)]o is integrably bounded.

Definition 4.7. A fuzzy map F : QO — E" is called a-level uniformly continuous, if given a positive number ¢, there
exists a O such that for any (t,x, y) € Q, as long as a, B € [0, 1] meet the condition |f — a| < 6, we have

H([F(t/ X, y)]a/ [F(t/ X, y)]ﬁ) < E&.

In this section, we discuss the solution of problem (2) and the main result is the following existence
theorem. For simplicity, we assume that Q2 C R X R" X R" has the form

Q= [to —a,ty+ Ll] X BRn(XQ, bl) X BR"’(]/O/ bz)

with a, bl, bz > 0.
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Theorem 4.8. Suppose that

(i) fuzzymaps F : QO — E" and G : Q) — E" are both a-level uniformly continuous and fuzzy integrably bounded,
a:R"XR" — [0,1] and B : R" X R™ — [0, 1] are uniformly continuous;

(ii) forany (t,u,x),(t,v,y) € Q,
|t — tolH(F(t, u, x), F(t, 0, ¥)) < kallu = oll + kallx — ylI
and
It — tolH(G(t, u, x), G(t, v, y)) < ksllu — vll + kyllx — yll;
(i) for any (t,u,x),(t,v,y) € Q,
It — tolPH(E(t, u, %), F(t,0, ) < Aullu = ol + Agllx — yI*
and
It = tolPH(G(t, 1, %), G(t, 0, ) < Asllu —oll" + Asllx = I
(iv) B,Aiki>0fori=1,2,3,40<a<1,B<aand k(1 - a) < (1 - p), where
k = max{ky, kp} + maxiks, k4}.
Then there exists at least one solution for problem (2).

Proof. Consider the multivalued map f(t, x,y) = [F(t, %, Y)]a,y) and E(t, x,y) = [G(t, x, ¥)]pw,y). We claim
that F and G are both upper semicontinuous. To get this, we need only to discuss the situation of F, as G is
similar. Given a point (fo, xo, o) € Q, the neighborhood of F(ty, xo, o) could be written as

B(E(to, x0, o), 7) = {v € R"| d(v, E(to, X0, yo)) < 7).

For any (t,x,y) € Qand u € f(t, x,Y), we have

d(u, F(to,x0,y0)) < H(F(t,x,y), Flto, X0, %0))
= H([F(to, X0, Yo)latxo0)s [F(t, X, Y]acx,y)
< H([F(to, X0, Y0)latxo,yo)s [F(t, X, ¥)]atxo, 1))
+ H([F(t, X, Y)]ato,yo), [EE X, P]ag,y)
< H(F(to,x0, y0), F(t, x, y))

+ H([F(t, x/ ]/)]a(xo,yo)/ [F(t/ x/ ]/)]zx(x,y)) (3)
From the righthand side of the above inequality (3), we can imply the upper semicontinuity of F(t,x, Y).

First, by the condition (if) and condition (i), F is a-level uniformly continuous and that a(x, ) is uniformly
continuous. Then, one can easily find a small enough neighborhood of (¢, xo, 1), U C €, such that for any

txy)elue F(t,x, Y)
d(u, E(to, x0, yo)) < 1,

that is, f(U) C f(to, X0, Yo)- Thus, f(t, X, y) is upper semicontinuous.
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It follows from Lemma 4.3 that there exists a real constant M > 0 such that

max{|[F(t, x, II, IG(t, x, y)ll} < M

on Q). We denote the interval I = [ty — h, tg + h], where h = min{a, 1%1/ i—j[}. We shall prove the existence of a

solution of problem (2) on this interval I by an application of Lemma 4.5.
Let (X, dx) and (Y, dy) be two metric spaces defined as follows:
X ={x e C(R")|lx(t) = xoll <by,Vt €, x(ty) = x0}

with

dy: XXX > Rt U {+o0}, dx(x1,x):= Sup{||X1(i‘) - xzk(t)||}’
tel |t — tolP

and

Y ={y € C(I,R™) | lly(t) — yoll < by, Vt € 1, y(to) = yo}

with

1) —ya(t
dy : Y XY — R"U {+oo}, dy(y1,12) := sup {M}’
tel |t - t0|7’

where
p>1, pk(1-a) <(-p).

Then we know that (X, dx) and (Y, dy) are two complete generalized metric spaces from [38].
Let

XxY = {(x,y) € C(I,R") X C(I, R™) | lI(x(t) — xoll < by, [ly(t) — yoll < b, YVt €1,
x(to) = xo, Y(to) = Yo,
and dxxy : (X X Y) X (X X Y) = R* U {+00} be defined by

Ay ((x1, 1), (22, y2))
dx(x1,x2) + dy(y1, y2)

|lx1 (£) = x2(D)]| lly1(t) = y2 (D)l
sup {20300} (0D 220,

Then it is easy to see that (X X Y, dxxy) is also a complete generalized metric space.
We define the multivalued operator T : X X Y — X X Y as follows:

t
T(x,y) = {(9?/ 7)|%(t) € xo + f; [F(s, x(5), y(S)]atx(s) yspds a.e. I,

t
y(t) €Yot [ [G(s, x(s), y(s))]ﬁ(x(s),y(s))ds a.e. I} ’

where ft; [F(s, x(s), y(8)))a(x(s),y(sds and ft;[G(s, x(8), Y(8))1p(x(s),y(s)ds are multivalued integrals of Aumann [4].
It is obvious that a pair (x*(t), y*(f)) is a fixed point of T if and only if (x*(t), y*(f)) is a solution of problem
).
Now we will prove that T satisfies all the hypotheses of Lemma 4.5.
(i) T(x,y) # 0 for each (x,y) e X X Y.
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Consider the multivalued operator ﬁx,y)(t) = f(t, x(t), y(t)) = [F(t, x(t), y(O)]a@xt),y(ry), Which is also up-
per semicontinuous with compact values. By the Kuratowski-Ryll-Nardzewski selection theorem [26],

F(x,(t) has a measurable selection f,,,)(t) € Ex,y)(t) for all t € I. From condition (i), it is obviously that
fan(t) € Ex,y)(t) integrable on I in the sense of Lebesgue-Bochner integral [2, 4, 22]. Let u(t) = xo+ ft: fep(8)ds.
Similarly, we can also find a measurable selection gx,)(t) € G,y () = [G(t, x(t), y(£)) g,y for all t € I. Let
o(t) = x9 + ft: 9x,y)(8)ds. Then we obtain (u(t), v(t)) € T(x, y) and so T(x, y) # 0.

(ii) T(x, y) is closed for each (x, y) € X X Y. Suppose that (x,, y,) is a sequence in T(x, y) which converges
to (x*, y*) € X x Y. Then we know that

¢
X, (t) € xg + f Fixy(s)ds a.e
to

and

t
Yn(t) € yo + f Gy (s)ds a.e.

to
Since xo + ft; Fiey(s)ds and yo + ﬁ: Gy (5)ds are closed [25], it follows that (x*, ") € T(x, y).
(iii) T(x, y) is a multivalued contraction.

Wesshall prove that there exists L € (0, 1) such that, for each (x1, y1), (x2, ¥2) € XXY withdxxy((x1, y1), (X2, ¥2)) <

o,

H(T(x1,y1), T(x2, ¥2)) < Ldxxy((x1, y1), (X2, Y2))-

To get this, let (x1,y1),(x2,2) € X X Y. For each pair (u#1,v1) € T(x1,y1), which means there exist
f(xlryl)(s) € F(bel)(s) and g(xlryl)(s) € G(Xlryl)(s) such that

() = %0+ [ fewu(©)ds,
vi(t) = yo + fto Gixr,yn) (8)ds.

From Lemma 4.4, there exists a measurable selection f, ,,)(s) € l?(xZ,yz)(s) which satisfies

fies)(®) = frrm®N < HEey (), Fra(5))
= H([F(s,x1(5), y1(5)]ati(s)1(9), LF(5, X2(5), Y2()) la(xs(s),v2(5)
< H(F(s, x1(5), y1(5)), F(s, x2(5), y2(9))).

Similarly, we can find a measurable selection g, ,,,,)(s) € E;'(,Q,yz)(s) such that

||!7(x2,y2)(t) - g(xl,yl)(s)” < H(G(S/ X1 (S)r n (S))/ G(S/ xZ(S)r !/2(5)))

Let

() = X0+ [ fies o) (),
t
02(t) = Yo + [ Gasn) S)s.
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Then (uz, v2) € T(x2, y2). It follows that

t t
Xo + f f(xzfyz)(s)ds —Xo — f f(Xl,yl)(s)dS
to to

[u2(t) — u1 (Bl

t
< f ”f(xz,yz)(s) _,f(xlryl)(s)”ds
fo
t
< [ G 109, 126, Fls 11, 16D
fo
_ f[ kqllx2(s) — x1(5)Il + kally2(s) — y1(S)I|dS
fo Is — tol
t _ _
< maX{kl,kz}f lIx2(s) — x1(s)Il + [ly2(s) yl(S)Ills s
$—%W
— tolP*
< maxiky, ko }dxxy ((x1, y1), (x2, yz)) ok
Thus,
t) — t 1
W < maxlky ko eer (1 1), (e 92)
and so

dx(u1, up) < max{kl/kZ}%dXxY((xll 1), (x2,2))-
Similarly, we have

dy(v1,v2) < maX{ks,k4}plkdXxY((x1, 1), (x2, Y2))-
It follows that

dxxy(u1,01), (U2,02)) < %dXXY((xll 1), (x2, Y2))-

Interchanging the roles of (x1, 1) and (x2, y2), we can get a similar inequality and that

1
H(T(x1,y1), T(x2, y2)) < ?;dXXY((xlryl), (x2,12)), VY(x1,y1), (x2,12) € X X Y.

(iv) T admits a sequence of successive approximations , ¢, = (X,, Yn)nen With the property that there
exists an index N € N such that dxxy(¢n, n+1) < oo foralll € N U {0}.
To get this, let @, = (X4, Yn)neN @ successive approx1mat10ns for T(where ¢ is arbitrary). Let @1 € T(¢o).

It means that there exist f(x,,,)(s) € F(xo o) (8) and G(xy,10)(8) € Gxg,0)(8) such that
xl(t) = xO + j;O ﬁXQ,yo)(s)dSl
t
Vi) = Yo+ [, Jeny ($)ds.

Letting @» € T(¢1), by the definition of T, we obtain again that there exist a f(, ,,)(s) € Exl/yl)(s) and a
Jx1,5)(5) € Gxy, ) (s) such that

x2(t) = X0+ [ i (S)ds,
t
va(t) = yo + fto Jx1, ) (8)ds.
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By the boundedness of F and G we have

f f
f S (S)s f Frn )
to to

t
f ”f(xl/yl)(s) - f(xo,yo)(s)”ds
to

A

2 (t) —x1 (DIl < ‘

IN

< 2Mit -t
and
¢ ¢
1920 = O < | [ @5 = [ g9

to to
¢

< 19¢1,1) () = Fxo o) (SIS
to

< 2Mt - tol.

According to Lemma 2.4 we can find a measurable pair (f,,y,)(S), J(x,,)(8)) With fi, 4,)(s) € f(leyz)(s) and
J(x2,52)(5) € Gxy ) (5) such that

1 fix2)(8) = feyn O < H(E(s, x1(5), y1(5)), F (s, x2(5), y2(5)))
and
192,20 (8) = G,y O < H(G(s, x1(5), y1(5)), G(s, x2(5), y2(5)))-
Let
{ 15(6) = X0+ f) i (6)ds,
ys(t) = yo + ft: Jr,y2)(8)ds.

Then it is easy to see that (x3, y3) € T(x2, ¥2). By the assumptions, we have

() - 60 < [ focam() = firn ®)lds

t
< f H(EG, x2(6), y2(6)), F(s, 11(6), ya())ds

to

ft A1llxa(s) = x1 ()1 + Azllya(s) — y1(5)||5‘ds
B to |5_t0|/§
< (Ap + A)(2M)? — to]*Pd
< (A + A >L|s tofiPds
i |t _ t0|1+5c—,[~3

< (A +A)(2M) Teah
< (Ar + A)CM)|E — to| P,

Similarly,
ly3(t) — y2 (Ol < (A3 + Ag)@M)% |t — o] *3F,
Thus, we have

llgs(£) = 2Dl llaes () = x2 (Ol + llya(t) = y2(®)I]
(A1 + A2) @MYt — 1ol *P + (A3 + Ag) @M)* |t — £ 5F

AQRM)H |t — to]*5F,

IN

IN
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where
A = max{A;1 + Ay, Az + A4}.
Generally, we can get

||(Pn+1(t) - (Pn(t)” ||xn+1(t) - xn(t)” + ||]/n+l (t) - yn(t)”

Al+alerd? (ZM)&H It — to|(1—/?)(1+a+---+a”‘2)+fz"+1

IA

Bjt — to|L-PI+a! ++a" 2w

A

where
B = A™% max{2M, 1}.
In view of pk(1 — &) < 1 — p there exists an index N € N such that
1-pa+a'+---+a"H+a" " >pk,
for each n > N, and so

) — t
I9n1®) = @u®l _ s )
|t — tolPk

for all n > N, where
mm=0=-pA+a + - +a ) +a" - pk>0.
Thus, for all n > N,

dXXY((PrHl/ (Pn) < 0.
This completes the proof. O

Remark 4.9. Theorem 4.8 extends Theorem 3.1 of Petrusel [40] from classical multivalued Cauchy problem to the
system of fuzzy differential inclusions.

Remark 4.10. Let a(x, y) and p(x, y) be a constant a, and let

F(t, x(1), y(H) = G(t, (1), y(b)) = F(t, x(2)).

By Theorem 4.8, we know that problem (2) has a solution set X,(t) with a € [0,1]. Under the same conditions
of Theorem 6.2.3 in [31], it follows from Lemma 2.2 that the family {X,(t)}aejoq) is the family of a-level sets of the
solution for the following fuzzy initial value problem

{ X' () € F(t, x(t)),
x(t()) = X().

Thus, Theorem 4.8 is actually an extension of Proposition 4 of Hiillermeier [23] from a fuzzy initial value problem to
the system of fuzzy differential inclusions.

Next we give the following example to show an application of Theorem 4.8.

Example 4.11. In [35], Liu et al. considered the following polytopic differential inclusion systems:

x1(t) = x2(t),

.Xz(t) = x3(t)/

x3(t) = [a(1 + x%(t)) + (1 — a)(uq(t) + sint),

Xy (t) = a3 () + (1 — o (t) + [(1 + x5() + (1 — a)Jua(b).
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This is a nonlinear control system with an uncertain parameter o € [0, 1], which can be rewritten as

{ X(t) = AnX(t) + Apj(t),
y(t) € colfi(%, 7) + 9:(%, )B(u(t) + w(t)),i = 1,2},

where

0 1 0 0 10
A11:(0 0)/ A12:(1 O)r B=(0 1)/

x(t) = (a1 (t), x2()T, g(t) = (x3(t), x4(t))T are the system states,

fen=( o) sen=()] aep-1e8 mep-1

1

sin t
0

The authors of [35] discussed the solutions and the performance of this control problem in detail for different

a. Analogously, if the system parameters are linguistic or effected by the modeler’s subjective experience, it can be

transformed to a fuzzy differential inclusion system aforementioned in this paper. For simplicity, let the uncertain

parameter « in the above equations be 1, a(x, y) and B(x, y) in (2) be some constant o and B € [0, 1], the controlled

u(t) = ( zl ) is the controlled variable, w(t) = ( ) is the bounded disturbance and co{-} is convex hull of a set.
2

variable u(t) = ( } ) Thus, in the fuzzy differential inclusion system (2), we have

F(t/ XI ?) = Allj + AlZy/ G(t/ f, y) = fl(xl ?) + 91(9_5/ ?)B(”(t) + W(t))
and so (2) turns to be

x(t) € [F(t, x(t), (t)]a = [An1]ax + [Ap]ag,

() € [G(, (), gt)]p = (%, §) + g1.(%, PIBIBu(t) + w(h)),

x(to) = %o, ¥(to) = Yo,
where A1, A1p and B are the matrices of fuzzy numbers, the arithmetic operations of which are generalized by
Extension Principle [47]. By the boundedness of Q) and the construction of the system, it is easy to verify that for
any a, p € [0,1], [Fla and [G]B satisfy the Lipschitz condition, which means that for any (t,u, x), (t,v,y) € Q, there
exists some L1,L,,L3, Ly > 0 such that

H(F(t, u, x), F(t, 0, y)) < Lallu — ol + Lo|lx = yll
and

H(G(t,u,x), G(t,v,y)) < Lg|lu — v|| + Lg|lx — yll.
Thus the conditions of Theorem 4.8 are naturally satisfied.

Acknowledgements. The authors are grateful to the editor and the referees for their valuable comments
and suggestions.
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