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A Note on the Analytic Representations of Convergent Sequences in S’
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Abstract. Using the generalised Cauchy representation for distributions of finite order and appropriate

growth, we obtain some results concerning the boundary values of analytic representations of a sequence
of distributions.

1. Introduction

The boundary values representation has been studied for a long time and from different points of view.
One of the first results is that if f € L!(R), then the function

1 1 .
flz) = 2_m'<f(t)':>' z=x+1iy, x ¢ suppf,y € R

is the Cauchy representation of f i.e.

tim [ [+ i) = Fov = il = [ fwpeods )

for every ¢ € D = D(R).
In [5], we gave boundary values characterization of distribution of the form

F(x) = ) (Pi0)fi(0)?, 2)
i=0

where, foreveryi € {0,1,...,m}, f; € L'(R) and P; is a real analytic function on the real line R different from
zero on R of suitable growth rate. There we generalized the equation (1) i.e. we proved that

= P 1 )
Fp(z) = 2(—72<F(t), m), z = x + iy € Q\suppF 3)

is the analytic function in Q\suppF that satisfies

Fp(x + iy) — Fp(x —iy) - F(x) in D'(R) as y — 0. (4)

(PG) =1+ % PP, z€Q)
i=0

2010 Mathematics Subject Classification. Primary 46F20; Secondary 44A15,46F12

Keywords. distributions, tempered distributions, analytic functions, analytic representations
Received: 11 December 2013; Accepted: 03 February 2014

Communicated by Dragan S. Djordjevi¢

Email addresses: vesname@pmf . ukim.mk (Vesna Manova-Erakovic), vaskorecko@yahoo . com (Vasko Rec¢kovski)



V. Manova-Erakovic, V. Reckovski / Filomat 29:6 (2015), 1419-1424 1420

2. Main Results

Theorem 2.1. Let {f,(x)} be a sequence of functions in L*(IR) which converges to a function f(x) in L'(R) as n — oo,

and, for every n € N, let f,,(z) be the analytic representation of f,(x). Suppose that {P,(x)} is a sequence of analytic
functions on the real line that uniformly converges to a function P(x) on each compact subset of the real line as n — oo.

Then, as n — oo, the sequence { f,(z)} uniformly converges on the sets of the form R x [6, 00) and R X (=00, 6], & > 0
in the upper and lower half plane, respectively, the sequence of distributions {P, f,} converges to the distribution Pf

in D’ and P(2)f(2) is the analytic representation of the distribution Pf.

Proof. Let 6 > 0 be arbitrary chosen. For z = x + iy € R X [, ), we have

1 ffna) RO
2mi t—z Zm t—z

—00

fu@) - f@)] =

A0~ 0y, L AR
- an |t — z| 71_00 (t_x)z_,_yzdt

1 CIAG-FOL. 1 (IR0 - FO
Sﬁf—y dtﬁﬁf—é dt

. +oo
- 55 | 160~ o

Since {f,} converges to f in L!(R), the above estimates show that { f;(z)} uniformly converges to f (z) on
the set R X [, ) as n — 0.

Next, we will show that {P, f,} converges to Pf in D’. Let ¢ € D be arbitrary chosen and let suppg =
[-a,a], a > 0. Then

Pufu, ) = (Pf, ) =

+00 +00

- f Po() fu()p(x)dx — f P Fx)p()dx =

f [Pr(x) = P(x)] fu(x)p(x)dx + f [fu(x) = f(x)]P(x)p(x)dx.

—00

The convergence of the sequences {f,} and {P,}, and the boundness of P(x) on the sets [-a,a] imply that
{Py, fu} converges to Pf in D" as n — oo.

It remains to prove that the function P(z)f(z) is the analytic representation of the distribution Pf.
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Let ¢ € D and ¢ > 0 be arbitrary chosen.

(PF, ) - f [P(x + iy flx + i) — P(x — iy) fx — in)lp(@)dx =
={<Pf/ §0> - <Pnfnr §0>} + {<P‘rlf‘rll §0>_

- f [P + i) fox + i) Pulx — in) fulx — i)l ()]

N f [P + i) fulx + ) — Pul — in) fux — i) ()~

- et infer+ i) - Pl i - il

—0
=Jin + Jon + J3u-

We showed that lim (P, f,, ¢) = (Pf, ¢), so there exists N; such that

inl < g for n> Nj.
By the Proposition 2.2. in [5], we have that there exists 1, such that

e
[Jon] < 3 for y < yo.

Jan = f[Pn(x + iy)ﬁ,(x +iy) — Pu(x — iy)f"(x = iy)]p(x)dx—

- f [P(x + iy) fx + i) — P(x — i) fx — in)lp()dx =

(o8]

= f [P, (x + iy) — P(x + iy)] fu(x + iy)p(x)dx}

—00

+ {f[fn(x +1iy) — f(x + 1y)1P(x + iy)p(x)dx}

o f [Fx = iy) — fulx — i)IP(x — iy)p(x)dx]

i f [P(x — iy) — Pa(x — i) fu(x — iy)p()dx]

—00

7l 2 3 4
- ]311 + ]3)1 + ]3n +]3n'

1421

For M = [ |fu(x +ipllp@)ldx, M = [|P(x +iylp)dx, M = [|P(x - ipllp@)dx, M, = [ |fu(x -

iy)llp(x)|dx and using the uniform converges of the sequences {P,} and { fn}, we obtain that there exists N’
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such that, for k € {1,2, 3,4}, |]3n| < 15, for n > N’ which means that

anl < g for n> N’ @)
Together, (5), (6) and (7), complete the proof. [

Theorem 2.2. Let {F,} be a sequence of distributions in S’ of finite order and appropriate growth that converges to a
distribution F in S" and, for every n € IN, let & pn(z) be the analytic representation of F,,. Then the sequence (F pa(2)}
uniformly converges to the function Fp(z) on each compact subset of R x [6,00) and R x (=00, =5], & > 0, in the
upper and lower half plane respectively as n — oo, and Fp(z) is the analytic representation of the distribution F.

k .
Proof. Forn € N, let F, € S’ be a distribution of finite order and appropriate growth, i.e. F, = Y [Pi(f) f;n(H)]?,
i=0
where {f;,}, is a sequence of functions of L!(R) suchthat f;, — f; as n — oo, forevery i €

0,1,..., K}, Pi(t) = (1 + )2, P(t) = (1 + 2/ and such that “G2® € L(R) N L*(R).
For z in compact subset K of R X [§, o),

P(Z) 1 P(z) 1
2 P(t)(t — z)> ~ 2 F P(H)(t — z)>

)

Fpu(2) = Fp(z) =

_P@ ;
_2n'<F" "P(H)(t - z)

1
_P@) : (i) 1
%<;P(tﬁn(t) Pi(t) fi(H)] m>
_P@ [ 1N vipn o pr e (L)
_2_711' <W - (—1) [Pz(t)fz,n(t) - Pz(t)fl(t)]r (:) >
)

i

1

_P@) [N, i POfin® = POFE (1|0
T omi Z(;(—l) (t—z) >

27 \4= P(t)
PO, L POUaO - O 1 \?
‘Tmz(_l)f Pt (t—z) at

For arbitrary € > 0, we get that

dt

P; in i
|FPn(Z) FP(Z)|<_|P )|Zf| (t)”flp(;))' ft)|

1 \@
=

IP( )|Z IP(t)Ilﬂn(f) fi)l 1

- dt
[P o

=%|P<z>|; 61 f fin®) = filt)] dt
|P(z)| Z [—MZ 67]é = Mye,

where M = sup|P(z)|.
zeK
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It remains to prove that Ep(z) = ZS? (F, 5750— B t 3 > is analytic representation of the distribution F € &', i.e
that

 ([r@ 1 P(z) 1 )
lim f [2—m<F,—P(t)(t_z)> 3o B )]w(x>dx—<F,<p>.

Let ¢ > 0 be arbitrary chosen.

(P 1 P@) 1 B
a0 [ |50 i)~ 25 r=ey k=

—00

={(F, @) — (Fu, ¢}

P(z) 1 P(Z) 1
Fu, @) — f[ <"’P(t)(t )> o (me]@(x)dx}

(P&, 1 Pa, 1
“f [2m<F"’P<t>< 3~ 200 P | ke

—00

([P 1 PE) 1
f [ 2 POE=2) " 2 P =2 >] i)
=h+]+]s
Since {F,} converges to F, we get that there exists Ny such that

] < % for n> Nj. ®)

From the condition in T.2.2. i.e. that F pn(z) = 277 : (Fn, P(t)(t Z)> is the analytic representation of F,, for every
n € N, we conclude that there exists y, such that

&
2 < 3 for y<yo )

_ [PE 1
3= f2_7'(i<F” -F m)@(x)dx"‘

—00

P(z) 1
+fﬁ<F F”'P(t)(t ))qo(x)dx.

—00

Since {F,} converges to F, we get that there exists Ny, such that

I3l < g for n > Nj. (10)
(8), (9) and (10) give that Ep(z) is the analytic representation of F.
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