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On Fixed Point and Variational Inclusion Problems
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Abstract. In this paper, fixed point and variational inclusion problems are investigated based on a
proximal-type iterative algorithm. Strong convergence theorems are established in the framework of
Hilbert spaces.

1. Introduction

Variational inclusion problems are being used as mathematical programming models to study a large
number of optimization problems arising in finance, economics, network, transportation, and engineering
sciences; see [1-29] and the references therein. In the real word, many nonlinear problems arising in applied
areas are mathematically modeled as a nonlinear operator equation and this operator is decomposed as
the sum of two nonlinear operators. One of the most popular techniques for solving the inclusion problem
goes back to the work of Browder [30]. One of the basic ideas in the case of a Hilbert space H is reducing
the above inclusion problem to a fixed point problem of the operator R4 defined by R4 = (I +A)™!, which is
called the classical resolvent resolvent of A. If A has some monotonicity conditions, the classical resolvent
of A is with full domain and firmly nonexpnsive. The property of the resolvent ensures that the Picard
iterative algorithm x,.1 = Rax, converge weakly to a fixed point of R4, which is necessarily a zero point of
A. Rockafellar introduced this iteration method and call it the proximal point algorithm; for more detail,
see [31] and [32] and the references therein. Methods for finding zero points of monotone mappings in
the framework of Hilbert spaces are based on the good properties of the resolvent R4, but these properties
are not available in the framework of Banach spaces. It is known that the proximal point algorithm
only has weak convergence even for nonexpansive mappings. In many disciplines, including economics,
image recovery, and control theory, problems arises in infinite dimension spaces. In such problems, strong
convergence (norm convergence) is often much more desirable than weak convergence, for it translates the
physically tangible property that the energy |x, — x|| of the error between the iterate x,, and the solution x
eventually becomes arbitrarily small.

In this paper, we study fixed point and variational inclusion problems based on a proximal-type iterative
algorithm. Strong convergence theorems are established in the framework of Hilbert spaces.
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2. Preliminaries

In what follows, we always assume that H is a real Hilbert space with inner product (-, -) and norm || - ||
and C is a nonempty, closed and convex subset of H. Let S : C — C be a mapping. F(S) is denoted by the
fixed point set of S. S is said to be contractive iff there exists a constant o € (0, 1) such that

ISx - Syll < allx—yll, VYx,yeC

S is said to be nonexpansive iff
ISx— Syl <lx—yl, VxyeC

Let A : C — H be a mapping. Recall that the classical variational inequality problem is to find a point
x € Csuch that
(y—x,Ax) >0, VyeC.

Such a point x € C is called a solution of the variational inequality. In this paper, we use VI(C, A) to denote
the solution set of the variational inequality. Recall that A is said to be monotone iff

(Ax-=Ay,x-y)>20, VYx,yeC
Recall that A is said to be inverse-strongly monotone iff there exists a constant x > 0 such that
(Ax — Ay, x — y) > «||Ax — Ayllz, Vx,y €C.

It is not hard to see that every inverse-strongly monotone mapping is monotone and continuous.

Recall that a set-valued mapping B : H =3 H is said to be monotone iff, for all x,y € H, f € Bx and
g € By imply (x —y, f — g) > 0. In this paper, we use B~}(0) to stand for the zero point of B. A monotone
mapping B : H = H is maximal iff the graph Graph(B) of B is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping B is maximal if and only if, for any
(x, e HxH,{(x—y,f—g) >0, forall (y,g) € Graph(B) implies f € Bx. For a maximal monotone operator
Bon H, and r > 0, we may define the single-valued resolvent |, : H — Dom(B), where Dom(B) denote the
domain of B. It is known that J, is firmly nonexpansive, and B~1(0) = F(J,).

In order to prove our main results, we also need the following tools.

Lemma 2.1 [33] Let E be a Banach space and let A be an m-accretive operator. For A > 0, u > 0, and x € E, we have
Jax = Ju(§x + (1= §)ax), where o = (I + AA) ™ and ], = (I + pA)~".

Lemma 2.2 [34] Let {x,} and {y,} be bounded sequences in a Banach space E, and {,} be a sequence in (0, 1) with
0 < liminf, e By < limsup, ,  Bn < 1. Suppose that x,.1 = (1 — B)Yn + PuXn, Y1 2 1 and

tim sup(lyns1 — yYull = [t = x4l1) < O.

n—oo
Then limy,_,e0 |y — x4l = 0.

Lemma 2.3 [35] Let {a,} be a sequence of nonnegative numbers satisfying the condition a1 < (1 — ty)a, + tyby,
Vn > 0, where {t,} is a number sequence in (0,1) such that lim,_et, = 0 and Y., t, = co, {b,} is a number

sequence such that limsup, b, <0. Then lim,, o a, = 0.

Lemma 2.4. [13] Let A : C — H be a mapping, and B : H = H a maximal monotone operator. Then F(J,(I — rB)) =
(A + B)710).

3. Main Results

Now, we are in a position to give our main results.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be an a-inverse-
strongly monotone mapping and let B be a maximal monotone operator on H. Let S : C — C be a nonexpansive
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mapping with fixed points. Assume that Dom(B) C C and F(S) N (A + B)™1(0) is not empty. Let {a,,} and {B,} be real
number sequences in (0,1) and {r,} be a positive real number sequence in (0, 2c). Assume that the above sequences
satisfy the following restrictions:

(1) limy—eay =0, Yy ay = 00;
(2) 0 <liminf, .o B, < limsup, .. B, <1;
B) O<a<r,<b<22aand ), |rm—rnp-1| < oo,

where a and b are two real numbers. Let {x,} be a sequence generated in the following process: x1 € C and

Yn =t + (1 — ay)x,,
Xpt1 = PuXy + 1- ,871)5]7,1 (]/n - VnAyn)r Vn>1,

where u is fixed element in C and J,, = (I + r,B)~%. Then {x,} converges strongly to a point q € F(S) N (A + B)™1(0),
which is an unique solution to the following variational inequality

(u—q,p—qy<0, VYpeF©S)n(A+B)0).

Proof. We first show that the sequence {x,} is bouned. Notice that I —r,A is nonexpansive. Indeed, we have

I = rpA)x — (I — r A)yllP
= |lx — yIP* = 2r(x — y, Ax — Ay) + 1,2 l|Ax — Ayll®
< llx = yl* = ruRa — 1,)[|Ax — Ayll*.

It follows from the restriction (3) that I — r,A is nonexpansive. Let p € (A + B)"1(0) N F(S). It follows that

lxns1 = pll < Bullxn = pll + (1 = Bu)lISTr, (Y — 10AYn) — pli
< Ballxn = pll + (1 = By, (yn — 10 Ayn) = Pl
< Bullxn = pll + (L = Bu)ll(yn — aAyn) — pli
< Bullxn = pll + (1 = Bu)llyn = pll

< (1= @ = Bu)ata)llx = pll + (1 = o)l = pll

< max{||x; — pl|, [l — pli}.
This proves that the sequence {x,} is bounded. Notice that
”]/n - yn—ln < (1 = apllxy = xp-all + lay — ay-alllu — x,-ll. (3.1)

Set z, = Yy — r,Ayy,. It follows from Lemma 2.1 that

Tn-1 Tn-1
L+ (12
T'n I'n

sz = JrysZneall = 1o

Tn-1

Vrizn) = Jry szl

Tn-1

< “ (Zn - Zn—l) + (1 -

n n

[y = 701l
<|lzw = zuall + %”]rnzn -zl

YUrZn =zl
(3.2)

“]r,,zn - Zn“

< ”yn - ]/n—l” + |tp-1 — rn|(”Ayn—1H + )-
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Substituting (3.1) into (3.2), we find that

”]r,,zn - ]rn_lzn—lu < lxn = xpll + lay — ap-alllu — x4l
”]r,,zn _Zn”

).

+ [rp-1 — rn|(”Ayn71” +
It follows that
”S]r,,zn - S]r,,q Zn—l”
<Wnzn = Jrzn-ll

< ”xn - xn—l” + |an - an—ll”“ - xn—l” + |rn—1 - rner

where M is an appropriate constant. In view of the restrictions (1) and (3), we find that

tim sup (1S]y,zn = STy, Zn-1ll = lxn = x4 4ll) < 0.

n—oo

It follows from Lemma 2.2 that lim,_, [|S]y, 2z, — || = 0. Notice that

Xps1 — X = (1= ﬁn)(S]r,,Zn = Xp).

This yields that
lim [[x,11 — x|l = 0. (3.3)
On the other hand, we also have
lim ||y, — x,|| = 0. (3.4)

Since || - |[> is convex, we find that
X1 = I < Bullxw = pIP + (1 = BulISTr, 20 — pIIP
< Ballx = pI? + (1 = Bu)llJy, (I = 1Ay — pl?
< Bullxn = pIF + (L = BT = 4 A)yu — (I = ru A)pll?
< Bullxw = pIP + (L = Bllyw — pIP = 7a(1 = ) 2a — 1)l Ay, — Apll?
< Bullxn — pIF + a1 = Bu)llu — pI* + (1 = Bu)(1 — aa)llx, — pI?
— (1 = B)2a = 1)l Ay, — AplP.

It follows that 5
rn(l - ﬁn)(za - rn)”Ayn - AP”

< b = pIF = s = pIP + an(1 = Bo)llu — pIP?
< (Il = pll + a1 = pIlIass = Xall + anlle = pliP.
In view of the restrictions (1), (2), and (3), we find from (3.3) that

lim [|Ay, — Apl| = 0. (3.5)
Since J,, is firmly nonexpansive, thus we have
1 zn = PIP < 20 = P, (Yn = 1Ayn) = (p = 1aAp))
= 220 =PI + 1 = raAg) = o = ruAp)IP
~NTr, 20 = ) = (Y = ruAy) = (p = 12 AP))IP)
< (W0 = IR+l = pIP = 120 = P
— lIrnAYs = ruAPIP + 21l Ay — Aplll]y, 20 = yull)-
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This implies that
Wr,zn = PIP < Nyw = pIP = s, 20 — vl ?
— lIruAyn — ruApIP + 2rull Ay — ApllllTy, 20 = Yull
< ayllu = plP + (1 = an)llxy = pI* = 1,20 = yall?
+ 2rullAyn — Apllll]r, 20 = Yall-
On the other hand, we have

%1 = pIF < Ballvw = pIF + (1 = Bu)lIST, 20 = pIP
< Bulltn = pIP + (1 = Bll], 20 = pIP
<l = pIP + avallu = pIP = (1= Ba)ll]y, 20 = Yl
+ 2ryllAyn = Apllll]r, zn = Yull.

This implies that

(1 =BTz = Yall* < (%0 = pll + xns1 = pIDIx = Xnsa |l + @ullu — plI?
+ 214l|Ayn — Aplllr, 20 = Yall.

In view of the restrictions (1) and (2), we find from (3.3) and (3.5) that
Him 1]y, zy = yull = 0. (3.6)

Next, we show that limsup, , {(u — %, y, — %) < 0. To show it, we can choose a subsequence {y,,} of {y,}
such that
lim sup{u — %, y, — X) = lim(u — X, y,,, — %).
i—00

n—00
Since {y,,} is bounded, we can choose a subsequence { y”f;} of {y,,} which converges weakly some point x.

We may assume, without loss of generality, that y,,, converges weakly to x.
Now, we are in a position to show that x € (A + B)™1(0). Set m,, = J,,, (yn — r2Ay»). It follows that

Yn — Ayn € I + 1, B)m,
That is, 2= — Ay, € Bm,,. Since B is monotone, we get, for any (u, v) € B, that
n y g y

yn — my
Tn

(my — u, - Ay, —v) > 0.

Replacing n by n; and letting i — oo, we obtain from (3.6) that
(x—u,-Ax—-v)>0.

This gives that —Ax € Bx, that is, 0 € (A + B)(x). This proves that x € (A + B)"}(0). Next, we prove that
x € F(S). Notice that

1 n
150 = yall < 1—=llowss = ol + 5 : -

This implies that [|Sm, — yu|| = 0. On the other hand, we have

”yn — Xyl

|Sm,, — my|| < ||Sm,, — ]/n” + ||]/n — |

It follows from (3.6) that |[|Sm,, — m,|| — 0. In view of demiclosed of the mapping, we find that x € F(S). This
complete the proof that x € F(S) N (A + B)™1(0). It follows that

lim sup(u — %, y, — %) < 0.

n—oo
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Finally, we show that x, — %. Notice that

Iy — 27 < = %,y — %) + (1 — a)llx, — Zllllyn — I
1-a,
2

< ap(u—3%,y, — %)+ (e — %I + llyn — =P

This implies that
llyn = 2P < i = X, yn = %) + (1= )y = 7P

It follows that ) ) 5
[lxp41 — || < ,Bonn —X|I° + (1 - ﬁn)”S]rn (I - rnA)yn — x|

< Bullxy = 2P + (1 = Bu)llyn — I
< (1= an(d = Bu))lln = ZIP + (1 = Bu) 1t = X,y — %)

In view of the restrictions (1) and (2), we find from Lemma 2.3 that x, — %. This completes the proof.

4. Applications
Recall the classical variational inequality is to find u € C such that
(Au,v—uy>0, VYoveC

The solution set of the inequality is denoted by VI(C, A) in this section. Let f : H — (—o0, +0] a proper
convex lower semicontinuous function. Then the subdifferential df of f is defined as follows:

df(x)={yeH: f@)> f(x)+{(z—x,y), z€H}, VYxeH.

From Rockafellar [36], we know that df is maximal monotone. It is easy to verify that 0 € df(x) if and only
if f(x) = minyey f(y). Let Ic be the indicator function of C, i.e.,

0, x €C,
Ie(x) = {+oo e 4.1)

Since I¢ is a proper lower semicontinuous convex function on H, we see that the subdifferential dl¢ of I is
a maximal monotone operator.

Lemma 4.1 [5] Let C be a nonempty closed convex subset of a real Hilbert space H, Projc the metric projection from
H onto C, dlc the subdifferential of Ic, where Ic is as defined in (4.1) and [, = (I + Adlc)™. Then y = jx = y =
Projex,Vx € H,y € C.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be an a-
inverse-strongly monotone mapping and let S : C — C be a nonexpansive mapping with fixed points. Assume that
F(S) N VI(C, A) is not empty. Let {a,} and {B,} be real number sequences in (0,1) and {r,} be a positive real number
sequence in (0, 2c). Assume that the above sequences satisfy the following restrictions:

(1) 1imn—>oo ap = 0/ ZZQ:O Ay = 0
(2) 0 <liminf, e By < limsup, . <1;
B) O0<a<r,<b<2xand ) |rm—ty-1] < oo,

where a and b are two real numbers. Let {x,} be a sequence generated in the following process: x1 € C and

Yn = Qi + (1 - an)xn/
Xn+l = ﬁnxn + (1 - ﬁn)SPrOjC(yn - rnA]/n)/ Yn>1,
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where u is fixed element in C and J,, = (I + r,B)~'. Then {x,} converges strongly to a point q € F(S) N VI(C, A),
which is an unique solution to the following variational inequality

(u—q,p—q)<0, VpeF©S)NVICA).

Proof Putting Bx = dlc, we find from Lemma 4.1 the desired conclusion immediately.
First we consider the following inclusion problem.

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be an a-
inverse-strongly monotone mapping and let B be a maximal monotone operator on H. Assume that Dom(B) c C and
(A + B)"Y(0) is not empty. Let {a,} and {B,} be real number sequences in (0,1) and {r,} be a positive real number
sequence in (0, 2c). Assume that the above sequences satisfy the following restrictions:

(1) limye an = 0, ;20 atn = 00,
(2) 0 <liminf, e B, <limsup, . <1;
B) O<a<r,<b<22aand ), |rm—rtnp1| < oo,
where a and b are two real numbers. Let {x,} be a sequence generated in the following process: x1 € C and

Yn = apU + (1 - an)xn/
Xpt1 = PuXn + 1- ﬁn)]r,,(yn - rnA]/n); Vn>1,

where u is fixed element in C and J,, = (I + r,B)~%. Then {x,} converges strongly to a point q € (A + B)™(0), which
is an unique solution to the following variational inequality

(u—q,p-q <0, VYpe(A+B)0).

Proof. Putting S = I, the identity mapping, the desired conclusion can be immediately concluded.

Let F be a bifunction of C X C into R, where R denotes the set of real numbers. Recall the following
equilibrium problem.
Find x € Csuch that F(x,y) >0, VYyeC 4.2)

In this paper, we use EP(F) to denote the solution set of the equilibrium problem (4.2).
To study the equilibrium problems (4.2), we may assume that F satisfies the following conditions:

(Al) F(x,x)=0forall x € C;
(A2) Fismonotone,i.e., F(x,y) + F(y,x) <0forallx,y € C;

(A3) foreachx,y,z€C,
limsup F(tz + (1 — t)x, y) < F(x, y);
t10

(A4) foreach x € C, y = F(x,y) is convex and weakly lower semi-continuous.

Putting F(x, v) = (Ax, y — x) for every x,y € C, we see that the equilibrium problem (4.2) is reduced to a
variational inequality.
Lemma 4.4. [5] Let C be a nonempty closed convex subset of a real Hilbert space H, F a bifunction from C X C to R
which satisfies (A1)-(A4) and Ar a multivalued mapping of H into itself defined by

4.3)

[zeH:F(x,y)>(y—-x,z), VYyeC}, xe€(
Apx =
0, x¢C.
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Then Ar is a maximal monotone operator with the domain D(Ar) C C, EP(F) = A;l(O) and
T,x=(I+rAr)'x, VxeHr>0,

where T, is defined as

Trx:{zeC:F(z,y)+%(y—z,z—x)ZO, Yy € C}

Theorem 4.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be an a-inverse-
strongly monotone mapping and Let Fg be a bifunction from C x C to R which satisfies (A1)-(A4). Let S : C — C be
a nonexpansive mapping with fixed points. Assume that F(S) N EP(F) is not empty. Let {av,} and {B,,} be real number
sequences in (0,1) and {r,} be a positive real number sequence in (0, 2c). Assume that the above sequences satisfy the
following restrictions:

(1) hmnﬁoo a, =0, Z:IO:O ay = 00,
(2) 0 <liminf, e By < limsup, . <1;
B) O<as<r,<b<22aand ), |rm—rnp-1| < oo,

where a and b are two real numbers. Let {x,} be a sequence generated in the following process: x1 € C and

Yn = anpu + (1 — a,)x,,
Xn+1 = ﬁnxn + (1 - ﬁn)STrn(yn - rnAyn)/ Vn>1,

where u is fixed element in C and J,, = (I + r,B)™ . Then {x,} converges strongly to a point q € F(S) N EP(F), which
is an unique solution to the following variational inequality

(u—q,p—q) <0, VpeF(©S)NEP(F).

If S = I, the identity mapping, we have the following result.

Corollary 4.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be an a-inverse-
strongly monotone mapping and Let Fg be a bifunction from C X C to R which satisfies (Al)-(A4). Assume that
EP(F) is not empty. Let {a,} and {B,} be real number sequences in (0, 1) and {r,} be a positive real number sequence
in (0, 2a). Assume that the above sequences satisfy the following restrictions:

(1) limy e an = 0, X2 an = 09;
(2) 0 <liminf, o By < limsup, . <1;
B) O<as<r,<b<22aand ), |rm—ry-1| < oo,
where a and b are two real numbers. Let {x,} be a sequence generated in the following process: x1 € C and

Yn = anu + (1 — ay)xy,
Xn+l = ﬁnxn + (1 - ﬁn)Tr” (yn - rnAyn)r Vn>1,

where u is fixed element in C and J,, = (I + r,B)~%. Then {x,} converges strongly to a point q € EP(F), which is an
unique solution to the following variational inequality (u —q,p —q) < 0,Vp € EP(F).
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