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Abstract. We introduce anti-invariant Riemannian submersions from cosymplectic manifolds onto Rie-
mannian manifolds. We survey main results of anti-invariant Riemannian submersions defined on cosym-
plectic manifolds. We investigate necessary and sufficient condition for an anti-invariant Riemannian
submersion to be totally geodesic and harmonic. We give examples of anti-invariant submersions such that
characteristic vector field £ is vertical or horizontal. Moreover we give decomposition theorems by using
the existence of anti-invariant Riemannian submersions.

1. Introduction

In [19], O’Neill defined a Riemannian submersion, which is the “dual” notion of isometric immersion,
and obtained some fundamental equations corresponding to those in Riemannian submanifold geometry,
that is, Gauss, Codazzi and Ricci equations. Subspaces of generalized Riemannian spaces were studied
in [15]-[17]. We have also the following submersions: semi-Riemannian submersion and Lorentzian sub-
mersion [7], Riemannian submersion [8], slant submersion [5], [25], almost Hermitian submersion [27],
contact-complex submersion [12], quaternionic submersion [11], almost h-slant submersion and h-slant
submersion [21], semi-invariant submersion [26], h-semi-invariant submersion [22], etc. As we know, Rie-
mannian submersions are related with physics and have their applications in the Yang-Mills theory [3],
[28], Kaluza-Klein theory [4], [9], supergravity and superstring theories [10], [29]. In [24], Sahin introduced
anti-invariant Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds.

In this paper we consider anti-invariant Riemannian submersions from cosymplectic manifolds. The
paper is organized as follows: In section 2, we present the basic information about Riemannian submersions
needed for this paper. In section 3, we mention about cosymplectic manifolds. In section 4, we give defini-
tion of anti-invariant Riemannian submersions and introduce anti-invariant Riemannian submersions from
cosymplectic manifolds onto Riemannian manifolds. We survey main results of anti-invariant submersions
defined on cosymplectic manifolds. We give examples of anti-invariant submersions such that characteris-
tic vector field £ is vertical or horizontal. Moreover we give decomposition theorems by using the existence
of anti-invariant Riemannian submersions and observe that such submersions put some restrictions on the
geometry of the total manifold.
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2. Riemannian Submersions

In this section we recall several notions and results which will be needed throughout the paper.

Let (M, gm) be an m-dimensional Riemannian manifold , let (N, gy) be an n-dimensional Riemannian
manifold. A Riemannian submersion is a smooth map F : M — N which is onto and satisfies the following
three axioms:

S1. F has maximal rank.

52. The differential F. preserves the lenghts of horizontal vectors.

The fundamental tensors of a submersion were defined by O’Neill ([19],[20]). They are (1, 2)-tensors on
M, given by the formula:

T(E,F) = T&F=HVyrVE+ VVyrHE (1)
A(E, F) ALE = VYV HE + HV 4 VE, )

for any vector field E and F on M. Here V denotes the Levi-Civita connection of (M, gp1). These tensors are
called integrability tensors for the Riemannian submersions. Note that we denote the projection morphism
on the distributions kerF. and (kerF.)* by V and H, respectively.The following Lemmas are well known
([191,120D).

Lemma 2.1. For any U, W vertical and X,Y horizontal vector fields, the tensor fields T, ‘A satisfy:

NTuW = Twl, 3)

i) AxY -AyX = %"V[X, Y]. 4)

It is easy to see that 7 is vertical, 7¢ = Ty and A is horizontal, A = Agyp.

For each g € N, F1(g) is an (m — n) dimensional submanifold of M. The submanifolds F~'(g), g € N, are
called fibers. A vector field on M is called vertical if it is always tangent to fibers. A vector field on M is
called horizontal if it is always orthogonal to fibers. A vector field X on M is called basic if X is horizontal
and F-related to a vector field X on N, i. e., F.X}, = X.f() for allp € M.

Lemma 2.2. Let F: (M, gm) — (N, gn) be a Riemannian submersion. If X, Y are basic vector fields on M, then:

D) gm(X,Y) = gn(X., Ys) o F,

ii) H[X, Y] is basic, F-related to [X., Y.],

iti) H(VxY) is basic vector field corresponding to V;g Y. where V* is the connection on N.

iv) for any vertical vector field V, [X, V] is vertical.

Moreover, if X is basic and U is vertical then H(VyX) = H(VxU) = AxU. On the other hand, from (1)
and (2) we have

VW = TyW+VyW (5)
VyX = HVyX+TvX (6)
VxV = AxV+VVxV 7)
VxY = HVxY +AxY 8)

for X,Y € I['((ker F.)*) and V, W € I'(ker F.), where Vy W = VVyW.

Notice that 7 acts on the fibres as the second fundamental form of the submersion and restricted to
vertical vector fields and it can be easily seen that 7 = 0 is equivalent to the condition that the fibres are
totally geodesic. A Riemannian submersion is called a Riemannian submersion with totally geodesic fiber
if 7 vanishes identically. Let Uy, ..., U,-, be an orthonormal frame of I'(ker F.). Then the horizontal vector

m-n
field H = ﬁ Y Tu;Uj is called the mean curvature vector field of the fiber. If H = 0 the Riemannian
j=1
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submersion is said to be minimal. A Riemannian submersion is called a Riemannian submersion with
totally umbilical fibers if

TuW = gu(U, W) H )

for U, W eT'(ker F.). For any E € I'(TM), T and A are skew-symmetric operators on (I'(TM), gu) reversing
the horizontal and the vertical distributions. By Lemma 2.1. horizontally distribution  is integrable if and
only if A =0. For any D, E, G € I'(TM) one has

9(TpE, G) +g(TpG, E) = 0, (10)
9(ApE, G) + g(ApG, E) = 0. (11)

We recall the notion of harmonic maps between Riemannian manifolds. Let (M, gu) and (N, gn) be
Riemannian manifolds and suppose that ¢ : M — N is a smooth map between them. Then the differential
@. of ¢ can be viewed a section of the bundle Hom(TM, ¢ 'TN) — M, where ¢ 'TN is the pullback
bundle which has fibres (¢! TN )p = Top)N, p € M. Hom(TM, @~'TN) has a connection V induced from the
Levi-Civita connection VM and the pullback connection. Then the second fundamental form of ¢ is given

by
Vo)X, Y) = Vip.(Y) — o (VYY) (12)

for X,Y € I'(TM), where V¢ is the pullback connection. It is known that the second fundamental form is
symmetric. If ¢ is a Riemannian submersion it can be easily prove that

(Vp.)(X,Y)=0 (13)

for X, Y € T((ker F.)*). A smooth map ¢ : (M, gm) — (N, gn) is said to be harmonic if trace(Ve,) = 0. On the
other hand, the tension field of ¢ is the section 7(¢p) of (' TN) defined by

() = dive, = Z(qu*)(e,-, e, (14)
P

where {ej, ..., e,,} is the orthonormal frame on M. Then it follows that ¢ is harmonic if and only if 7(¢) = 0,
for details, [1].

Let g be a Riemannian metric tensor on the manifold M = M; X M, and assume that the canonical
foliations Djs, and Dy, intersect perpendicularly everywhere. Then g is the metric tensor of a usual
product of Riemannian manifolds if and only if Dy, and Dy, are totally geodesic foliations [23].

3. Cosymplectic Manifolds

A (2m + 1)-dimensional C*-manifold M is said to have an almost contact structure if there exist on M a
tensor field ¢ of type (1,1), a vector field £ and 1-form 7 satisfying;:

P*=-1+n®& ¢p&=0,n0¢p=0, & =1 (15)

There always exists a Riemannian metric g on an almost contact manifold M satisfying the following
conditions

9(dX, pY) = g(X,Y) = n(X)n(Y), n(X) = g(X, &) (16)

where X, Y are vector fields on M.
An almost contact structure (¢, &, 1) is said to be normal if the almost complex structure | on the product
manifold M x R is given by

O£ 4 = @X - FEn(0 D)
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where f is the C*-function on M X R has no torsion i.e., | is integrable. The condition for normality in terms

of ¢, and nis [q), qb] +2dn® & = 0 on M, where [qb, qb] is the Nijenhuis tensor of ¢. Finally, the fundamental
two-form @ is defined by (X, Y) = g(X, ¢Y).

An almost contact metric structure (¢, £, 17, g) is said to be cosymplectic, if it is normal and both @ and 1
are closed ([2], [14]), and the structure equation of a cosymplectic manifold is given by

(Vxp)Y =0 (17)

for any X, Y tangent to M, where V denotes the Riemannian connection of the metric g on M. Moreover, for
cosymplectic manifold is

Vx& = 0. (18)

The canonical example of cosymplectic manifold is given by the product B*’ xR Kahler manifold B*'(], g)
with R real line. Now we will introduce a well known cosymplectic manifold example on R*"*!.

Example 3.1 ([18]). We consider R***! with Cartesian coordinates (x;, vi,z) (i = 1,---,n) and its usual contact
form

n =dz.

The characteristic vector field & is given by % and its Riemannian metric g and tensor field ¢ are given by

n 0 & O
g=Z((dx,-)2+(dyi>2)+(dz>2,¢:{—6ij 0 o],izl,---,n.
i=1 0 0 0

This gives a cosymplectic structure on R*'*!. The vector fields E; = Qiyi’ Envi = 8%_, & form a ¢-basis for the
cosymplectic structure. On the other hand, it can be shown that R*"*1(¢, &, 1, g) is a cosymplectic manifold.

Example 3.2 ([13]). We denote Cartesian coordinates in R? by (x1, x2, X3, X4, X5) and its Riemannian metric g

1+72 0 2 0 -1
0 1 0 0 O
g=| = 0 1+7*> 0 -1 |,
0 0 0 1 0
-t 0 -1t 0 1

0 -1 0 0 O

1 0 0 0 O 9
¢=10 0 0 -1 0 ,n:—’cdxl—’[dx3+dx5,§:a—.

001 0 0 5

0 -t 0 -7 0

The fundamental 2-form @ have the form
D =dx; Adxy +dxs A dxy.

This gives a cosymplectic structure on R>. If we take vector fields Eq = % + T%, E, = %, ¢E1 =E;3 = %, ¢E; =
Ey= ﬁ and Es = Bixg, then these vector fields form a frame field in R®.
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4. Anti-invariant Riemannian submersions

Definition 4.1. Let M(¢, &, 1, gum) be a cosymplectic manifold and (N, gn) be a Riemannian manifold. A Riemannian
submersion F : M(¢p, &, 1, gm) — (N, gn) is called an anti-invariant Riemannian submersion if ker F. is anti-invariant
with respect to ¢, i.e. p(kerF,) C (ker F.)*.

Let F : M(¢,&,1m,9m) — (N, gn) be an anti-invariant Riemannian submersion from a cosymplectic
manifold M(¢, &, 1, gm) to a Riemannian manifold (N, gn). First of all, from Definition 4.1., we have
¢(kerF.) N (ker F,)* # {0}. We denote the complementary orthogonal distribution to ¢(ker F.) in (ker F.)*
by u. Then we have

(ker F.)* = ¢ kerF. & p. (19)
Now we will introduce some examples.

Example 4.2. Let R® has got a cosymplectic structure as in Example 3.1. and let F : R — R? be a map defined by

xX1+y2 X2+l

F(x1,%2, Y1, y2,2) = ( N ALY ). Then, by direct calculations we have
ker F, = span{V’ L (E1 —Ey), V. L (Ep —E3), V3 =E5 =&}
. = 1=—F=(E1—£L4), Vo= —F—=(E2—L3), V3 =L5=
V2 V2

and

(ker F.)* = span{H; = i(]El +E,), Hy = LZ(EZ + E3)}.

B v

Then it is easy to see that F is a Riemannian submersion. Moreover, V1 = Hy, ¢V, = Hy, V3 = 0 imply that
¢(kerF,) = (ker F.)*. As a result, F is an anti-invariant Riemannian submersion such that & is vertical.

Example 4.3. Let R® be a cosymplectic manifold as in Example 3.2., and let F : R5 — R? be a map defined by
F(x1, %2, %3, %4, x5) = (X1 + X2, X3 + X4). After some calculations we have

kerF* = span{V1 = El - E3, V2 = E2 - E4, V3 = 5}
and
(kerF*)l = SPCITI{Hl =E1+E;, Hb=E, + E4}

Then it is easy to see that F is a Riemannian submersion. Moreover, V1 = Hy, ¢V, = Hy, V3 = 0 imply that
¢(ker F,) = (ker F.)*. As a result, F is an anti-invariant Riemannian submersion such that & is vertical.

Example 4.4. Let R be a cosymplectic manifold as in Example 3.1., and let F : R” — R* be a map defined by
F(x1,22,X3, Y1, Y2, Y3,2) = (%(M + 1), %(xz +12), %(xs +Y3), %(xs — y3)) After some calculations we have

1 1
ker F, = span{V; = —(E; — E4), V2 = —2(E2 —E5), V3 =&}

2 R

and

1 1 1 1
(ker F.)* = span{Hy = —(E1 + E4), H, = —2(52 + Es), Hy = —(E3 — Eg), Hy = —2(E3 + Ee)}.

v R 2 ?

Then it is easy to see that F is a Riemannian submersion. Moreover, V1 = Hi, ¢V, = Hy imply that ¢p(ker F.) C
(ker F.)* = ¢(ker F.) @ span{Hs, Hy}. Hence F is an anti-invariant Riemannian submersion such that &is vertical.
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Example 4.5. Let R be a cosymplectic manifold as in Example 3.1., and let F : R5 — R® be a map defined by

F(x1,%2,Y1,Y2,2) = (%, xz:rgl ,z). After some calculations we have

kerR = SplZI’Z{V1 = L(El - E4) V2 = L(Ez - E3)}
2

v
and

(ker F.)* = span{H; = L(El +Ey), Hy = %(Ez +E3), H3 = Es = &}

v ?

Then it is easy to see that F is a Riemannian submersion. Moreover, V1 = Hy, ¢V, = Hy imply that ¢p(ker F.) C
(ker F.)* = ¢p(ker F.) @ {&}. Thus F is an anti-invariant Riemannian submersion such that & is horizontal.

4.1. Anti-invariant submersions admitting vertical structure vector field

In this section, we will study anti-invariant submersions from a cosymplectic manifold onto a Rieman-
nian manifold such that the characteristic vector field & is vertical.

It is easy to see that y is an invariant distribution of (ker F.)*, under the endomorphism ¢. Thus, for
X € T'((ker F.,)*), we write

¢X = BX + CX, (20)

where BX € I'(ker F.) and CX € T'(u). On the other hand, since F.((ker F,)*) = TN and F is a Riemannian
submersion, using (20) we derive gn(F.¢V,F.CX) = 0, for every X € I'((ker F.))* and V € I'(ker F.), which
implies that

TN = F.(¢(ker F.)) ® F.(u). (21)

Theorem 4.6. Let M(¢p, &, 1, gum) be a cosymplectic manifold of dimension 2m + 1 and (N, gn) is a Riemannian
manifold of dimension n. Let F : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that
¢(ker F,) = (ker F.)*. Then the characteristic vector field & is vertical and m = n.

Proof. By the assumption ¢(ker F.) = (ker F.)*, for any U € I'(ker F.) we have gu(&, pU) = —gm(¢pE, U) = 0,
which shows that the structure vector field is vertical. Now we suppose that Uy, ..., Us—1, & = Ui be an
orthonormal frame of I'(ker F,), where k = 2m — n + 1. Since ¢(kerF.) = (ker F.)*, ¢Uy, ..., pUi_1 form an
orthonormal frame of I'((ker F.)*). So, by help of (21) we obtain k = n + 1 which implies thatm =n. [

Remark 4.7. We note that Example 4.2., and Example 4.3., satisfy Theorem 4.6.
From (15) and (20) we have following Lemma.

Lemma 4.8. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢, &, 1, gum) to a
Riemannian manifold (N, gn). Then we have

BCX = 0, n(BX)=0,

C’X = -X-¢BX,
CpV = 0,CX+CX=0,
BoV = -V+nV)E

forany X € T((ker F.)*) and V € T((ker F.)).
Using (17) one can easily obtain
VxY = —¢pVxoY (22)
for X, Y € I'((ker F.)*).
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Lemma 4.9. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢, &, 1, gum) to a
Riemannian manifold (N, gn). Then we have

Axé =0, (23)
Tué =0, (24)
gm(CX, oU) = 0, (25)
gm(VxCY, pU) = —gum(CY, pAxU) (26)

forany X,Y € I'((ker F,)*) and U € I'((ker F.)).

Proof. By virtue of (5) and (18) we have (23). Using (7) and (18) we get (24).
For X e T((ker F.)*) and U € I'(ker F.), by virtue of (16) and (20) we get
gm(X, U) = n(X)n(U) + gm($BX, U). (27)

Since ¢BX € I'((ker F,)*) and & e I'(ker F.), (27) implies (25).
Then using (7), (17) and (25), we have

gm(VxCY, pU) = —gm(CY, pAxU) — gm(CY, p(VVxU)).
Since ¢(VVxU) € T'(¢p ker F.) = T'((ker F.)*), we obtain (26). O

Theorem 4.10. Let M(¢, &, 1, gm) be a cosymplectic manifold of dimension 2m + 1 and (N, gn) is a Riemannian
manifold of dimension n. Let F : M(¢, &, n, gm) — (N, gn) be an anti-invariant Riemannian submersion. Then the
fibers are not proper totally umbilical.

Proof. If the fibers are proper totally umbilical, then we have 77V = gp(U, V)H for any vertical vector fields
U, V where H is the mean curvature vector field of any fibre. Since 7:£ = 0, we have H = 0, which shows
that fibres are minimal. Hence the fibers are totally geodesic. This completes proof of the theorem. [

Since the distribution ker F. is integrable, we only study the integrability of the distribution (ker F.)*
and then we investigate the geometry of leaves of ker F, and (ker F.)*.

Theorem 4.11. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, n, gum) to
a Riemannian manifold (N, gn). Then the following assertions are equivalent to each other:

i) (ker F.)* is integrable,
i) gn((VE)(Y, BX), F.¢pV) = gn((VE)(X, BY), F.pV)
+gm(CY, pAxV) — gm(CX, pAYV),
iii) gm(AxBY — AyBX, V) = gm(CY, pAxV) — gu(CX, pAyV)
for X,Y e I'((ker F,)*) and V € T'(ker F.).

Proof. Using (22), for X, Y € I'((ker F.)*) and V € I'(ker F.) we get
gm(X YT, V) = gm(VxY, V) = gu(VyX, V)
= gm(VxQY, ¢V) — gm(VydpX, V).
Then from (20) we have

gm(X, Y1, V) = gm(VxBY,pV) + gm(VxCY, ¢V) — gm(VyBX, ¢V)
—gm(VYCX, ¢pV).
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Using (2), (7) and (26) and if we take into account that F is a Riemannian submersion, we obtain

gm(X, Y1, V) = gn(F.VxBY,F.¢V) - gu(CY, pAxV)
—gn(EVyBX, E.OV) + gu(CX, A V).

Thus, from (12) we have
(X, Y],V) = gn(~(VE)(X,BY) + (VE)(Y, BX), F.9V)
+9m(CX, pAYV) — gu(CY, pAxV)
which proves (i) & (ii). On the other hand using (12) we get
(VE)(Y, BX) — (VE.)(X,BY) = —=F.(VyBX — VxBY).
Then (7) implies that
(VE)(Y, BX) — (VE.)(X, BY) = —F.(AyBX — AxBY).
From (2) AyBX — AxBY € I'((ker F.)*), this shows that (ii) & (iii). O
Remark 4.12. If ¢p(ker F.) = (ker F.)* then we get C = 0 and morever (21) implies that TN = F.(¢p(ker F.)).
Hence we have the following Corollary.

Corollary 4.13. LetF : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that ¢p(ker F,) =
(ker F.)*, where M(¢, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then following
assertions are equivalent to each other:

i) (ker F.)* is integrable,

i) (VE.)(Y, pX) = (VE.)(X, ¢Y) for X, Y € T((ker F.)*),

iii) AxPY = AypX.

Theorem 4.14. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gum) to
a Riemannian manifold (N, gn). Then the following assertions are equivalent to each other:

i) (ker F.)* defines a totally geodesic foliation on M,
ii) gu(AxBY, pV) = gu(CY, pAxV),
iil) gn((VE)(X, $Y), F.pV) = ~gu(CY, pAxV)
for X,Y e I'((ker F,)*) and V € T'(ker F.).

Proof. From (16) and (17) we obtain
gm(VxY, V) = gu(VxY, oV)

for X, Y € I'((ker F,)*) and V € I'(ker F.).Using (7) and (20)
gm(VxY, V) = gu(AxBY + VVBY, pV) — gu(CY, pAxV).

The last equation shows (i) < (ii).
For X, Y e T((ker F.)*) and V € T'(ker F.),
gu(AxBY, V) = gu(CY,pAxV)

© gm(VxCY, 6V)

D g (Vx0Y, 6V) + gu(VxBY, V) (28)

Since differential F. preserves the lenghts of horizontal vectors the relation (28) forms

gm(AXBY, pV) = gn(EVXBY, F.oV) — gu(Vx Y, pV) (29)
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Using, (17), (16), (12) and (13) in (29) respectively, we obtain
IM(AXBY, $V) = gn(~(VE)(X, $Y), E.V)
which tells that (i1) & (ii]). O

Corollary 4.15. LetF : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that ¢p(ker F.) =
(ker F.)*, where M(¢, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then the following
assertions are equivalent to each other:

i) (ker F.)* defines a totally geodesic foliation on M,

i) Ax¢pY =0,

iti) (VE)(X, ¢Y) = 0 for X, Y € I'((ker F.)*) and V € T'(ker F.).

Theorem 4.16. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gum) to
a Riemannian manifold (N, gn). Then the following assertions are equivalent to each other:

i) ker F, defines a totally geodesic foliation on M,

it) gn((VE)(V, $X), F.¢oW) =0 for X e I((ker F.)*) and V, W € T'(ker F..),

iii) TvBX + AcxV € I'(u).

Proof. Since gpm(W, X) = 0 we have gu(VyW, X) = —g(W, VyX). From (16) and (17) we get gu(VvW, X) =
—gm(¢W, HVy@X). Then Riemannian submersion F and (12) imply that

gu(VyW, X) = gn(F.0W, (VE)(V, ¢ X))
which is (i) & (ii). By direct calculation, we derive
In((EPW, (VE)V, X)) = —gm(PpW, Vv ) X).
Using (20) we have
IN(EGW, (VE)(V, $X)) = —gu(@W, VyBX + Vy.CX).
Hence we get
IN((EPW, (VEY(V, X)) = —gm(¢W, VvBX + [V, CX] + Vex V).
Since [V, CX] € I'(ker F.), using (5) and (7), we obtain
IN((FQW, (VE)V, ¢X)) = —gm(¢W, TvBX + AcxV).
This shows (ii) & (iii). O
Corollary 4.17. LetF : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that ¢p(ker F.) =
(ker F.)*, where M(¢, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then following
assertions are equivalent to each other:
i) ker F, defines a totally geodesic foliation on M,
it) (VE.)(V, X) = 0, for X € T((ker F.)*) and V, W € T'(ker F.),
iit) TvpW = 0.
We note that a differentiable map F between two Riemannian manifolds is called totally geodesic if

VF, = 0. For an anti-invariant Riemannian submersion such that ¢(ker F.) = (ker F.)* we have the following
characterization.
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Theorem 4.18. Let F : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that ¢p(ker F.) =
(ker F.)*, where M(¢, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then F is a totally
geodesic map if and only if

TwoV =0, VW, V eT(kerF,) (30)
and
AxpW =0, ¥X e I'((kerF.)"),YW € T'(kerF.). (31)

Proof. First of all, we recall that the second fundamental form of a Riemannian submersion satisfies (13).
For W, V € I'(ker F.), by using (6), (12), (15) and (17), we get

(VE)W, V) = E(6TwoV). (32)
On the other hand by using (12) and (17) we have

(VE)(X, W) = E.(¢VxpW)
for X € T'((ker F,)*). Then from (8) and (15), we obtain

(VE)(X, W) = F.(pAxPW). (33)
Since ¢ is non-singular, using (10) and (11) proof comes from (13), (32) and (33). O

Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian submersion such
that ¢(ker F.) = (ker F.)* to be harmonic.

Theorem 4.19. Let F : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that p(ker F.) =
(ker F.)*, where M(¢, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then F is harmonic
if and only if Trace 9T = 0 for V € I'(ker F.).

Proof. From [6] we know that F is harmonic if and only if F has minimal fibres. Thus F is harmonic if and

k
only if } 7, =0, where k is dimension of ker F.. On the other hand, from (5), (6) and (17), we get
i=1

TvoW = ¢TvIW (34)
for any W, V € I'(ker F.). Using (34), we get

k

k
Y ou(Tege, V) ==Y gu(Teei oV)
i=1

i=1
for any V € I'(ker F.). The equation (10) implies that

k
gM(¢€i, 7-31V) = Z ‘qM((]-Fiei’ ¢V)
i=1

1~

i=1
Then, using (3) we have

k
gm(pei, Tve,) = Z gm(Teei, V).

i=1 i=1

1~

Hence, proof comes from (16). O
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Using [23], Theorem 4.14., and Theorem 4.16., we will give our first decomposition theorem for an anti
invariant Riemannian submersion.

Theorem 4.20. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gum) to
a Riemannian manifold (N, gn). Then M is a locally product manifold if and only if

gN((VE)X, §Y), E.pV) = —gm(CY, pAxV)
and
gn((VE)V, ¢X), F.0W) =0
for W,V eT(kerF,), X, Y € T((ker F.)*).
From Corollary 4.15., and Corollary 4.17., we obtain following decomposition theorem.

Theorem 4.21. Let F : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that ¢p(ker F.) =
(ker F.)*, where M(¢, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then M is a locally
product manifold if and only if AxPY = 0and TyvoW =0 for W, V e T'(kerF.), X, Y € I'((ker F.)*).

4.2. Anti-invariant submersions admitting horizontal structure vector field

In this section, we will study anti-invariant submersions from a cosymplectic manifold onto a Rieman-
nian manifold such that the characteristic vector field & is horizontal. Using (19), we have u = ¢pu @ {&}. For
any horizontal vector field X we put

¢X = BX + CX, (35)

where BX € I'(ker F,) and CX € I'(u).
Now we suppose that V is vertical and X is horizontal vector field. Using above relation and (16) we
obtain

gm(pV,CX) = 0.
From this last relation we have gn(F.¢V, F.CX) = 0 which implies that
TN = F.(¢(ker F.)) & F.(u). (36)

Theorem 4.22. Let M(¢, &, 1, gm) be a cosymplectic manifold of dimension 2m + 1 and (N, gn) is a Riemannian
manifold of dimension n. Let F : M(¢, &, n, gm) — (N, gn) be an anti-invariant Riemannian submersion such that
(ker F.)* = ¢pkerF. @ {&).Then m+1 =n.

Proof. We assume that Uy, ..., Uy be an orthonormal frame of I'(ker F.), where k = 2m—n+1. Since (ker F,)* =
¢ ker F.&®{&}, pUy, ..., pUk, & form an orthonormal frame of I'((ker F,)*). So, by help of (21) we obtaink = n—1
which implies thatm +1=n. O

Remark 4.23. We note that Example 4.5., satisfies Theorem 4.22.
From (15), (36) and (35) we obtain following Lemma.

Lemma 4.24. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gm) to a
Riemannian manifold (N, gn). Then we have

BCX = 0,
C’X = ¢*°X-¢BX,
CoV = 0, CX+CX =0,

B¢V = -V
forany X € T((ker F.)*) and V € T(ker F.).
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Using (17) one can easily obtain
VxY = =pVxdY + n(VxY)E (37)
for X, Y € T'((ker F,)1).

Lemma 4.25. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gm) to a
Riemannian manifold (N, gn). Then we have

AxE =0, (38)
TuE =0, (39)
gm(CX, U) =0, (40)
gm(VyCX, pU) = —gm(CX, pAYU) (41)

for X,Y e T((ker F.)*) and U € I'(ker F.).

Proof. By virtue of (8) and (18) we have (38). Using (6) and (18) we obtain (39). For X € I'((ker F,)*) and
U € I'(ker F.), by virtue of (16) and (35) we get

gm(CX, oU) = gm(dX —BX, oU) (42)
= guX U) = n(X)nU) + gm(eBX, U).

Since pBX € I'((ker F.)*) and & € [(ker F.), (42) implies (40). Now using (40) we get
gm(VyCX, pU) = —gm(CX, VyopU)

for X, Y € I'((ker F.)*) and U € I'(ker F.). Then using (7) and (17) we have
gm(VyCX, pU) = —gm(CX, pAyU) — gm(CX, p(VVyU)).

Since ¢p(VVyU) € T((ker F.)*), we obtain (41). O

We now study the integrability of the distribution (ker F.)* and then we investigate the geometry of
leaves of ker F, and (ker F.)*.

Theorem 4.26. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gum) to
a Riemannian manifold (N, gn). Then the following assertions are equivalent to each other:

i) (ker F.)* is integrable,
it) gn((VE)(Y, BX), F.9V) = gn((VE)(X, BX), E.gV)
+gm(CY, pAxV) — gm(CX, pAYV),
i) gu(AxBY - AyBX, $V) = guu(CY, 6AxV) — u(CX, gAY
for X, Y e T((ker F.)*) and V e T'(ker F.).

Proof. Using (37), for X, Y € I'((ker F.)*) and V € I'(ker F.) we get

gM([X/ Y] s V) = gM(VXY/ V) - gM(VYX, V)
gu(VxpY, ¢V) = gu(Vy X, pV).

Then from (35) we have

gm(X, Y1, V) = gm(VxBY,pV) + gmu(VxCY, ¢V) — gm(VyBX, ¢V)
—gm(VYCX, ¢pV).
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Using (2), (7) and (41) and if we take into account that F is a Riemannian submersion, we obtain

gm(X, Y1, V) = gn(F.VxBY,F.¢V) - gu(CY, pAxV)
—gn(EVyBX, E.OV) + gu(CX, A V).

Thus, from (12) we have

gm(X, Y1, V) = gn(=(VE)(X, BY) + (VE)(Y, BX), F.$V)

+gu(CX, 9 V) = gu(CY, 9AxV)

which proves (i) & (ii).On the other hand using (12) we get

(VE)(Y, BX) — (VE.)(X, BY) = —=F.(VyBX — VxBY).
Then (7) implies that

(VE)(Y, BX) — (VF.)(X, BY) = —F.(AyBX — AxBY).

From (2) AyBX — AxBY € I'((ker F.)*), this shows that (ii) & (iii). O

Remark 4.27. Weassume that (ker F.)* = ¢ ker F.®{&}. Using (35) one can prove that CX = 0 for X € T((ker F.)*).

Corollary 4.28. Let M(¢, &, 1, gm) be a cosymplectic manifold of dimension 2m + 1 and (N, gn) is a Riemannian
manifold of dimension n. Let F : M(¢, &, n, gm) — (N, gn) be an anti-invariant Riemannian submersion such that
(ker F.)* = ¢ ker F, ® {&). Then the following assertions are equivalent to each other:

i) (ker F.)* is integrable,

it) (VE)(X, ¢Y) = (VF.)(¢X, Y), for X e I ((ker F.)*) and X, Y € T((ker F.)*),

iii) AxQY = AypX.

Theorem 4.29. Let M(¢p, &, 1, gum) be a cosymplectic of dimension 2m + 1 and (N, gn) is a Riemannian manifold of
dimension n. Let F : M(¢, &, 1, 9m) — (N, gn) be an anti-invariant Riemannian submersion. Then the following
assertions are equivalent to each other:

i) (ker F.)* defines a totally geodesic foliation on M,
i) gm(AxBY, $V) = gm(CY, pAxV),

iii) gN(VE)(X, ¢Y), F.9V) = —gm(CY, ¢AxV)

for X, Y e T((ker F.)*) and V e T'(ker F.).

Proof. From (16) and (17) we obtain
gm(VxY, V) = gu(Vx @Y, ¢V)
for X, Y € I'((ker F.)*) and V € I'(ker F.).Using (35)
gm(VxY, V) = gu(VxBY + VxCY, ¢V)
From (7) and (26)
gm(VxY, V) = gu(AxBY + VVxBY, $V) — gm(CY, pAxV).

The last equation shows (i) & (ii).
For X, Y e T((ker F,)*) and V € T'(ker F.),
gu(AxBY, V) = gu(CY,pAxV)
2 —u(VxCY,$V) (43)

D _gm(VxpY, oV) + gu(VxBY, pV)
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Since differential F, preserves the lenghts of horizontal vectors the relation (43) forms
Im(AxBY, V) = gn(F.VXBY, F.pV) — gm(Vx @Y, pV) (44)
Using, (17), (16), (12) and (13) in (44) respectively, we obtain
gM(AxBY, ¢V) = gn(—(VE)(X, §Y), F.pV)
which tells that (ii) & (iii). O

Corollary 4.30. Let F : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that (ker F,)* =
¢kerF, & {&}), where M(¢, &, 1, gum) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then the
following assertions are equivalent to each other:

i) (ker F.)* defines a totally geodesic foliation on M,

ity Ax¢pY =0,

iif) (VE)(X, oY) = 0 for X, Y e T'((ker F,)*) and V e T'(ker F.).

For the distribution ker F., we have;

Theorem 4.31. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gum) to
a Riemannian manifold (N, gn). Then the following assertions are equivalent to each other:

i) (ker F.) defines a totally geodesic foliation on M,

it) gn((VE.)(V, X), F.pW) = 0 for X € T((ker F.)*) and V, W € T'(ker F.),

iii) TvBX + AcxV € I'(u).

Proof. Since gm(W, X) = 0 we have gu(VyW, X) = —g(W, VyX). From (16) and (17) we get gu(VyW, X) =
—gm(¢W, HVy@X). Then Riemannian submersion F and (12) imply that

gm(VvW, X) = gn(F.@W, (VE)(V, $X))
which is (i) & (ii). By direct calculation, we derive
IN(EGW, (VE)(V, $X) = —gu(@W, VyX).
Using (35) we have
IN((E W, (VE)(V, $X)) = —gu(@W, VvBX + VyCX).
Hence we get
IN((EW, (VE)(V, $X)) = —gu(@W, VyBX + [V, CX] + Vex V).
Since [V, CX] € T'(ker F.), using (5) and (7), we obtain
IN(EGW, (VE)(V, $X)) = —gu(@W, Ty BX + AcxV).
This shows (i) & (ifi). O

Corollary 4.32. LetF : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that (ker F.)* =
¢ ker F, ©{&}, where M(@, &, n, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then following
assertions are equivalent to each other:

i) (ker F.) defines a totally geodesic foliation on M,

it) (VE.)(V, ¢pX) = 0, for X € T((ker F.)*) and V, W € T'(ker F..),

iit) TvepW = 0.
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Theorem 4.33. Let F : M(9, &, n, gm) — (N, gn) be an anti-invariant Riemannian submersion such that (ker F.)* =
¢ ker F, @ {&}, where M(¢p, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then F is a
totally geodesic map if and only if

TwopV =0, VYW, VeTI(kerF.) (45)
and
AxpW =0, ¥X e I((kerF.)*"),Y W € I'(ker F.). (46)

Proof. First of all, we recall that the second fundamental form of a Riemannian submersion satisfies (13).
For W, V € I'(ker F.), by using (6), (12), (15) and (17), we get

(VE)W, V) = E(6TwoV). (47)
On the other hand by using (12) and (17) we have

(VE)(X, W) = E.(¢VxpW)
for X € T'((ker F,)*). Then from (8) and (15), we obtain

(VE)(X, W) = F.(pAxPW). (48)
Since ¢ is non-singular, using (10) and (11) proof comes from (13), (47) and (48). O

Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian submersion such
that (ker F.)* = ¢ ker F, @ {&} to be harmonic.

Theorem 4.34. Let F : M(¢, &, 1, gm) — (N, gn) be an anti-invariant Riemannian submersion such that (ker F,)* =
¢ ker F, @ (&}, where M(, &, 1, gm) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then F is
harmonic if and only if Trace ¢Tv = 0 for V € I'(ker F.).

Proof. From [6] we know that F is harmonic if and only if F has minimal fibres. Thus F is harmonic if and

k
only if } 7€ = 0, where k is dimension of ker F. . On the other hand, from (5), (6) and (17), we get
i=1

TvoW = ¢TvIW (49)
for any W, V € I'(ker F.). Using (49), we get

k

k
Y ou(Tege, V) ==Y gu(Teei oV)
i=1

i=1
for any V € I'(ker F.). (10) implies that

k
gM(¢€i, 7-31V) = Z ‘qM((]-Fiei’ ¢V)
i=1

1~

i=1
Then, using (3) we have

k
gm(pe;, Tve,) = Z gm(Teei, V).

i=1 i=1

1~

Hence, proof comes from (16). O
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From Theorems 4.31., and 4.33., we have following theorem.

Theorem 4.35. Let F be an anti-invariant Riemannian submersion from a cosymplectic manifold M(¢p, &, 1, gum) to
a Riemannian manifold (N, gn). Then M is a locally product manifold if and only if

IN((VE)(X, §Y), E.pV) = —gu(CY, ¢AxV)
and
gn(VE)(V, ¢X), F.9W) = 0
for W,V eT'(kerF.), X, Y € I'((ker F.)*).
Using Corollary 4.30., and 4.32., we get following theorem.

Theorem 4.36. Let F : M(9, &, n, gm) — (N, gn) be an anti-invariant Riemannian submersion such that (ker F.)* =
¢ ker F, & {&}, where M(¢, &, 1, gum) is a cosymplectic manifold and (N, gn) is a Riemannian manifold. Then M is a
locally product manifold if and only if Ax¢Y = 0and TyvdW =0 for W,V e T(kerF.), X, Y € I'((ker F.)*).
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