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Some Permanents of Hessenberg Matrices
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Abstract. In this paper, we present new relationships between the terms of sequence {R,} and {S,} and
permanents of some upper Hessenberg matrices.

1. Introduction

Matrix methods are useful tools for derivation some properties of linear recurrences. Some authors
obtained many connections between certain sequences and permanents of Hessenberg matrices in the

literature [1, 3-5, 8-10]. The permanent of an n X n matrix A, = [a,-]-] is defined by

perAn = Z ﬁ Qi (i)s

o€S, i=1

where the summation extends over all permutations ¢ of the symmetric group S,. The permanent of a
matrix is analogous to the determinant, where all of the signs used in the Laplace expansion of minors are
positive.

In [9], Minc defined the n X n (0,1) —matrix F(n, k), where k < n + 1, with 1 in the (i, j) position for
i—1<j<i+k—1and0otherwise. He showed that per F(1,3) = T,,+1, where T}, is the nth tribonacci number.

In [5], Kili¢ and Tasci defined the n X n tridiagonal Toeplitz (0, =1, 1)-matrix K, = [k,-]-] with k; = -1 for
1<i<nkij =k =1forl <i<n-1and 0 otherwise, and the n xn tridiagonal Toeplitz (0, —1, 1)-matrix
L, = [li]-] withl = -1for2<i<n,lijy1 =lii=1for1<i<n-1,I1 = —% and 0 otherwise. They showed
perKy = F_(;41) and perLy, = Li” , where F,, and L, are the nth Fibonacci and Lucas numbers, respectively.

In [6], Kili¢ and Tasc1 defined some Hessenberg matrices. They showed the determinants or permanents
of these matrices involving the generalized Fibonacci numbers.

Moreover the authors of [7] gave the relationships between the generalized Lucas sequence and the
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permanent of some Hessenberg matrices. For example,

[ a2+ 3 1 0 0 0
1 a2 +1 1 0
per| 1 1 a2+1 0 e
: : 1 0
1 1 1 a%2+1 1
1 1 1 1 a+1

476

where the generalized Lucas sequence {v,} is defined by v,,+1 = av, + v,-1, n > 1 with the initial conditions
vo =2 and v; = a.

In [2], Kalman showed that the (1 + k)—th term of a sequence defined recursively as a linear combination
of the preceding k terms:

Ruix = coRy + c1Ryy1 + oo + 1 Rygin (1)
in which the initial terms Rg = ... = Ry_» = 0,Ry—1 = 1 and ¢y, ¢y, ..., k-1 are constants. The author showed
that

R, 0
Rn+1 0
. =7Z"| .
Rn+k 1
0o 1 0 0 0
0 0 1 0 0
0 0 O 0 0
where Z =
0 0 O 0 1
o C1 C Ck—2  Ck-1 |

In [10], Ramirez showed some relations between the generalized Fibonacci-Narayana sequence and
permanent of one type of upper Hessenberg matrix. For example,

[a ¢ c c 07
1 0
1 0 c
per ‘ = Gur-1(a,c, 1), (2)
1 0 0
a 0
1 a |

where the generalized Fibonacci-Narayana sequence {G,(a, ¢, 1)}, is defined as follows:

Gu(a,c,r) =aGy_1(a,c,v) + cGy—(a,c,r), 2<r<mn,

with the initial conditions Gy(a,¢,7) =0, Gi(a,c,v) =1, fori=1,2,...,r — 1.

2. Some Permanents

In this section, we give some relationships between the terms of the sequences {R,} and {S,}, and the
permanents of some upper Hessenberg matrices.
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For n > 1, define an n X n matrix B, = [b,;j] with bjpq; = 1for1 <i<n-1, b1 =co—1and

bijskt—1-m =cmforl <i<mn,1<m<k-1,1<t< [ﬂ, and 0 otherwise. For example, fork =5and n =9,

[ C4 C3 Cp C1 Co— 1 Cyq C3 C2 C1
1 ¢4 3 o C1 c—1 Cy C3 Cy
1 Cy C3 Co C1 Co — 1 Cyq C3
1 C4 C3 C2 C1 Co — 1 Cyq
Bg = 1 Ca C3 C2 C1 Co — 1. (3)
1 Cq C3 Co C1
0 1 Cq C3 C2
1 Cq C3
1 Cq

Then we give the following theorem.
Theorem 2.1. Let By, be the matrix defined in (3). For1 <nand2 <k
perBn = Ryyk-1 — Ry-1.
Proof. We proceed by induction on n. For n = 1, we have
perB1 = ck—1 = Ry — Ro.

Suppose that the equation holds for n — 1. Then we show that the equation holds for n. Expanding the
perB, with respect to the last column k times, we write

perBy
= Cr1perBn_1 + cr_operBp_a + ... + (co — 1) perBy + perB,.
By our assumption, we have
perBn = cro1 (Rysk—2 — Ru—2) + k-2 (Rysk—3 — Ru=3) + ... + o (Rgs1 — R1)
= (ck-1Rpsk—2 + ck2Rpsi—3 + ... + coRi41)
— (ck-1Ru—2 + cg2Ry3 + ... + coRy)
= Ruk-1 — Ry

Thus, the proof is completed. [

For n > 1; we define an n X n matrix X, as in the compact form, by the definition of B,;

Now, we have the following theorem.

Theorem 2.2. Let X, be the matrix defined in (4). Then, for2 < nand 2 <k

n—1
perXn = Z (Risk—1 — Riz1) + 1.
im1
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Proof. We proceed by induction on n. For n = 2, we have

1
perXy =1 +1= Z (Ritk-1 = Ri-1) .
i=1

Suppose that the equation holds for n. Then we show that the equation holds for 7 + 1. From the definitions
of matrices B, and X, expanding the perXy,1 with respect to the first column gives us

perXns1 = perBy + perXa.

By our assumption and (1), we have

n—-1 n

perXn+1 = Rygk-1 — Rp-1 + Z (Ritk-1 —Riz) +1 = Z (Ritk-1 = Ri1) + 1.
i=1 i=1

Thus the proof is obtained. [J
Now, we have the generalize of the equation in (1) as follows:
Sp+dk = C0Sntd—1 + C1Sp42d-1 + oo + Ck1Sprak-1, 1 £d <mand 2 <k, )

in which the initial terms Sy = ... = Sjxr» = 0,Szx-1 = 1 and ¢y, ¢y, ..., k-1 are constants. For d = 1, the
sequence {S,.} is reduced to the sequence {R,+x} in (1). When k =2 and ¢y = ¢; = d = 1, the sequence {S,.+2}
is reduced to the Fibonacci sequence {F,}. When k = ¢y = 2 and ¢; = d = 1, the sequence {S,,} is reduced to
the Pell sequence {P,} .

For n > 1, define an n X n matrix E, = [ei,j] withey 1, =1forl <i<n-—1,ej;=e14 = Ck-1,Cijrd = €1 prd =
Ck=2/ ++r Cii(k=2)d = €1t+(k=2)d = C1, €iit(k-1)d = €1t+(k-1)d = Co for2 <t<d<mn,1<1i<n;and 0 otherwise. For
example, for k = d = 3 and n = 9, we write

[ Cp Cp (Cp €1 €1 €1 €y € OCOp 1
1 Cy 0 0 C1 0 0 Co 0
1 ¢ 0 0 ¢ 0 0 ¢
1 Cy 0 0 C1 0 0

Ey = 1 ¢ 0 0 o 0. (6)

1 Cy 0 0 C1
0 1 o 0 O
1 Cy 0

1 Cy |

Theorem 2.3. Let E,, be the matrix defined in (6). For 1 <n,and 2 <k,

-1
perEn = Z Sptdk—1-is
i=0

whered = 1,2, ..., n.

Proof. We proceed by induction on n. For n = 1, we have

0
pET’E1 = Ck-1 = Sk = Z Sk_,‘.
i=0
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Suppose that the equation holds for n — 1. Then we show that the equation holds for n. Expanding the
perE, with respect to the last column k times, we write

perEn = cr_1perBn_q + crpperBn_gq_q1 + ... + coperEn_q-1)-1-

By our assumption, we write

-1 -1 -1
perBn = c¢1 ) Suvdk-i2 +Cr2 Z Sutd—1)—i—2 + ... +Co Z Snvd-i-2
i=0 i=0 i=0

-1
= Z (Ck—lsn+dk—i—2 + Ck-2Snvdk-1)-i2 + o + C05n+d7i72)-
i=0

Thus, by the recurrence relation in (5), we have the proof. [

3. Some Special Cases
In this section, we will give some special cases of the above theorems.

e Ford =¢y =1,k =2and c¢; = ain (5), the generalized Fibonacci sequence {U,(4, 1)},

a 0 a 0 a 0
1 a 0 a a
perBa, = per e = ally(a, 1),
0 a 0
1 a |
and
a 1
1 a 1 0
perE, = per . = Uyp1(a,1).
0 a1
1 a |

If we take a = 1, we have perB,, = Fy, and perE,, = Fj41.

e Ford =c¢; =1and k = ¢g = 21in (5), {J,.} is the Jacobsthal sequence,

[ 1 1 1 17
1 1 1 |
perB, = per U S e (T e P
0 1 1 1
11|



and

perE, = per
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N

= Jus1 -

e Ford =¢y=c; =c, =1and k =3in (5), {T,} is the tribonacci sequence,

[ 1
1

perBz, = per

and

perE, = per

0
1

[ —

0

[ —

1 07
1 1
1
= T3n41 + Tn,
0
1 1
1 1
= 1p42.
1
1
1 4

e Forcg=c; =d=1,c; =0and k = 3 in (5), {N,} is the Narayana sequence,

[ 1
1

perBs,, = per

and

0
0

_om o

0

1 0
1

- o O

= N3zus1,

[e]

480
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[1 0 1 1
1 1 0 1 0
perEn = per = N,

o

0 1 0
1 1]
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