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Abstract. In this paper, new sufficient conditions are established for the oscillation of solutions of the
higher order dynamic equations

A
[rOE O] +aBfEE) =0, fort € [ty o),

where z(t) := x(t) + p(t)x(t(t)), n > 2 is an even integer and a > 1 is a quotient of odd positive integers.
Under less restrictive assumptions for the neutral coefficient, we employ new comparison theorems and
Generalized Riccati technique.

1. Introduction

In this paper, we introduce new sufficient conditions for the oscillation of solutions to the nonlinear
neutral delay dynamic equation

A
[ O] + gt fa@EE) =0, fort € [k, o), M)

where z(t) := x(t) + p()x(z(t)) and @ > 1 is a quotient of odd positive integers. We assume that the following
conditions hold.

(Hl) re Crd([tO/ OO)T/ R)/ T'(t) > 0/ rA(t) > 0/
(Hy) 7,6 € C}d([tg, oo)y, T), T24(t) > 19 > 0, 8°(t) <t 82(t) > 0,706 = 6 0 T, im0 T(£) = 00, limy_,e0 O(t) = 00;

(H3) p,g € C}d([to, o), R), 0 < p(t) < pp < o0, and g(t) > 0, where py > 0 is a constant;

(Hy) f e C(T, T), xf(x) > 0 for all x # 0, and there exists a positive constant k such that @ >k forall x # 0.
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Throughout this paper, we will consider the following two cases:

f 175 (5)As = o9, @)
to
and

() = ft 175 (s)As < 0. )

The theory of time scales was introduced by Hilger [11] in 1988 to unify continuous and discrete
analysis. A time scale, which inherits standard topology on IR, is a nonempty closed subset of reals. Here,
and throughout this paper, a time scale will be denoted by the symbol T, and the intervals with a subscript
T are used to denote the intersection of the usual interval with T. For t € T, the forward jump operator
is defined as 0 : T — T by o(t) := inf(t, oo)1, while the backward jump operator p : T — T is defined by
p(t) := sup(—oo,t)t, and the graininess function u : T — R* is defined as u(t) := o(t) —t. A pointt € Tis
called right-dense if o(t) = t and/or equivalently p(t) = 0 holds; otherwise, it is called right-scattered. Similarly
left-dense and left-scattered points are defined with respect to the backward jump operator.

The set of all such rd-continuous functions is denoted by C,;(T,R). The set of functions f : T — R
which are differentiable and whose derivative is an rd-continuous function is denoted by C} (T, R).The
Delta derivative of a function f : T — IR is defined by

b (L)(—t)f(t), u() >0

fA =

lime 29719 (=0

t—s
The derivative of the product of two differentiable functions f and g is defined by
(f9)*®) = (B9 + Fe®)g"®).
and the derivative of the quotient of two differentiable functions f and g # 0: is given by

(i)A(t) _ 900 - fBOgA e
g gg®

F is called an antiderivative of a function f defined on T if F* = f holds on TF. In this case integration
of f is defined by

f f(r)At = F(t) — F(s), where s,t € T.

An antiderivative of 0 is 1 and the antiderivative of 1 is ¢; however it is not possible to find a polynomial
that is an antiderivative of ¢ .The role of #? is therefore played in the time scales calculus by

¢ ¢
f o(t)At  and f TAT.
0 0

In general, the functions

t
it =1, and gia(t9) = [ oo, 985 k>0,
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and
t
ho(t,8) =1, and hyyq(t,s) = f hi(t,8)At, k>0,

may be considered as the polynomials on T. The relationship between g and h is
gi(t,s) = (=1)fIy(t,s) forallk e N.
The following is the dynamic generalization of the well-known Taylor’s formula.
Lemma1.1. LetneIN,se T, and f € C(T, R). Then,
n-1 ¢
ft) = Z hi(t, s) F25(s) + f huoa(t, o) fA"(mAn for teT.
k=0 s

By a solution of (1), we mean a nontrivial function x € C,;([Tx, o)1, R), where T € [ty, oo)r, which has
the property that [r(t)(zA"‘l(t))“] € CL([T,, co)1,R) and satisfies (1) identically on [Ty, co)t. A solution x
of (1) is said to be oscillatory if it is neither eventually positive nor eventually negative; otherwise, it is
nonoscillatory. Equation (1) is called oscillatory if all its solutions oscillate.

In recent years considerable researchs has been completed on oscillatory theory, see [1, 4, 9, 12, 16—
18,21, 22, 24].

For instance, in 2015 Karpuz [13] studied the qualitative behavior of solutions to the higher-order delay
dynamic equations of the form

[x() + A(t)x(a(t))]An +B(O)x(B(t) =0,  for t € [ty, o),
where n € IN, A € C.y([to, o), R), and «a(t), f(t) < t for all t € [to, c0).

Chen [8] established sufficient conditions for the oscillation and asymptotic behavior of solutions of the
nth-order nonlinear neutral delay dynamic equations

YOI + pOx(TE)) T HEE) + pEx(T@) I + Af(Ex(E(1)) = 0,
where a > 0 is a constant, y > 0 is a quotient of odd positive integers, A = +1; p(t) € C,d(T,R) and 0 <

p(t) < 1.

In the last two decades, several special cases of (1) have been discussed by numerous authors in the
literature, we mention for instance Li et al. [15] established a new oscillation criteria for the neutral delay
differential equations

(n)
[x(t) + p(t)x@(t))] +qOf @) =0, t> 1o,
where 0 < p(t) < pg < o0.

More recently , Baculikova et al. [3] combined new generalization of the classical Philos and Staikos
lemma (see[19, 20]) together with a suitable comparison technique to introduce new oscillation criteria for
the nth-order differential equation

(n

[roE e + g 0) =0,



M. M. A. El-sheikh et al. / Filomat 32:7 (2018), 2635-2649 2638

where y is the ratio of two positive odd integers, n > 3, p(t) > 0 and g(t) > 0.

In 2016, Karpuz and Ocalan [14] presented new sufficient conditions for the oscillation of first-order
delay dynamic equation on time scales

x4(t) + p(Hx(z(t) =0, (4)
provided that p(t) > 0 and t(o(t)) < t.
For completeness, we outline some known results, which will be useful for proving our main results.

Theorem 1.2. [6] Assume that v : T — R is strictly increasing and T := v(T) is a time scale. Let y: T — R. If
y2[o(t)] and vA(t) exist for t € Ty, then

(ylo®OD)* = Y210 ).

Lemma1.3. [6]Letn € N, f € C"(T,R) and sup T = oo. Suppose that f is either positive or negative, f*"is not
identically zero and is either nonnegative or nonpositive on [ty, oo)yfor some ty € T. Then, there exist t; € [tg, co)T
and m € [0, n)z such that (—1)""" f(t) f>*(t) > 0 for all t € [to, co)t with

o f(H)f2(t) > 0 forall t € [ty, o)y and all j € [0,m)z;
o (=1)™If(t)fRi(t) > 0 for all t € [ty, o)y and all j € [m,n)z.

Lemma 1.4. [13] Let supT = oo, n € N and f € C!'([to, ©0), R}) with f*" < 0 on [ty, o)y Let Lemma 1.3 hold
withm € [0,n)z and s € [ty, o). Then

f) = h(t, s)fAm(t) forallt €[s, o)y (5)

Lemma 1.5. [10] Let sup T = oo and f € C7 (T, R") as well as (n > 2). Suppose that Kneser’s theorem holds with
m € [1,n)N and fA"(t) < Oon T. Then there exists a sufficiently large t1 € T such that

FAO) = (b, 1) fA7(8),  for all t € [, o).
In this article, we introduce new comparison theorems in which we compare the higher-order dynamic
equation (1) with first order dynamic equations of the form (4). The obtained results supplement and
improve those reported in the literature.

2. Main results

We begin with the following lemma.

Lemma 2.1. Let the conditions (Hi)-(Hs) be satisfied . If x(t) is an eventually positive solution of (1), then there
exists ty € [ty, o) such that

227 >0, 22 <0, Z2() >0, t>H. (6)
Proof. Since x(t) is an eventually positive solution of (1), then there exists t; € [to, co)r such that
x(t) >0, x(6(t)) >0 and x(t(t)) >0, for t>1.

Now from (1) and the assumptions (H3) and (Hy), we have z(t) > x(f) > 0. Then (1) implies that

[rOE®)r]" < kg 6®) <0, t=h. 7)
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Therefore, r(t)(z*"~1())* is decreasing and either zA"~1(t) > 0 or z*""!(t) < 0 eventually for t > t;. If

zA"=1(t) < 0, then there exists a constant ¢ such that

An-1
2N £ —c——.
r(f)

Integrating from #; to ¢, we obtain

1
22721 < —¢ f ——As.
t ra(s)

Letting t — oo, it follows from (2), that lim_, z2"72(f) = —oc0 .

contradiction. Consequently, zA"~1(t) > 0 for t > #;.
Now, we prove that z2"(t) < 0. Since

[oE@r] = PoEor +releor] <o

Using the Potzche chain rule [6] with fact that @ > 1, we obtain

1
{oc f [ZA”_l(t) + yth”(i,‘)]a_1 dh}zA"
0

a(zAn—l (t))a—len (t)

(CRONE

v

This with (8), leads to
rAOETH ) + ar"(BE (1) 2N <0,
since z2"~1(t) > 0, ¥*(t) and r(t) > 0, we then obtain
Z2(t) < 0.
Applying Lemmal.3 and Lemmal.5, we obtain

A1) >0, 2 <0, 220 >0, t>Hh.

Theorem 2.2. Suppose that (2) and (Hy)-(Hs) . If

f " Qs = o,
to

Therefore, lim;_, z(f) = —oco which is a

where Q(t) = min{kq(t), kq(z(t))}, then every solution of (1) is oscillatory.

Proof. Suppose that (1) has a nonoscillatory solution x(t) on [t, o), such that x(t) > 0, x(t(t)) > 0, x(6(t)) > 0
on [Ty, ). Then by Lemma 2.1, we have z(t) > 0, z2(t) > 0, z*"71(t) > 0, and z*"(t) < 0. Then we obtain

[rOE 0] < ~kq(hx*6(1) <0, > .

(10)

A A
It follows from Theorem 1.2 and [r(T(t))(zA”‘l(T(t)))"‘] = [r(t)(zA”‘l(t))“] 72(t), that there existsa t, > T such

that

[raenE @]
0 TA(H)

< —kpga(t(D)x(5(z(1)))-
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But since 2(t) > 19 > 0, for t > t,, we have

B rattne )] < ~HpiaCe)e Gy, -

Combining (10) and (11) and using the assumption that 6 o T = 7 0 0 , we obtain

+

e e y)
~(kg(hx (5(1) + p3ka(T(H)x(B(x(1))))

< —minfkq(t), kq(t(H)}(x*(6(H) + p§x*(z(6(1))))

= —Q()(x*(5()) + px*(T(65(1))). (12)
Since 0 < p(t) < po < oo, then by the following inequality (see[5],Lemmal)

(1))

IA

1
a1 — (1 +x2), (13)

where a > 1, x; > 0 and x, > 0, we have

xl +x2 =

0

P (O0) + PR EO0) 2 g (00 + por(eto) = TP, (14)
Substituting (14) into (12), for ¢ > t,, we obtain

(o 0r) + Braoe o) + o022 <o (15)

0
Integrating from #; to ¢, we have
t t

f (re) "1 ())") As+p—z f (r(x(e) " I(T(S)))a) As + 231 f Q(s)z*(5(s))As < 0, (16)

ie.,
t t
7 | Qo) < - [ (oEer) - % f (e o)) A E)
t 1 O
< r(h)2(H) - (D)
+%(ra(tl))(z“-l(f(tl)))“ = ()" (T (1)), (17)

0

Since z2(t) > 0 for t > t1, then there exists a constant ¢ > 0 such that z(5(t)) > ¢, t > #;. Using the fact that
r()z2""1(t) is decreasing, we obtain from (17)

fh " QE)s < oo,

This contradicts (9), and completes the proof. [J
Theorem 2.3. Assume that for all sufficiently large s € [ty, oo)t, (2) holds and ©(t) > t . If the first-order dynamic

equation
u(t) + Q(t, s)u(5(t)) = 0, fort € [ty, o0)T, (18)

where Q(t,s) = Q(t) T 1:3((;(); is oscillatory, then (1) is also oscillatory.
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Proof. Assume that (1) is nonoscillatory. Without loss of generality there is a solution x of (1) and #; € [t, o)
with x(t) > 0, x(z(t)) > 0 and x(6(¢)) > O for all t € [t;, o). Proceeding as in the proof of Theorem 2.2, we
arrive (15). By Lemma 1.4 for all ¢ € [s, )T, we obtain

I, (8(8), 5)

(@) + B (rene e + 00 LR ) <o. (19)
0

Let y(t) = r()(z*""1(+))* > 0. Then

He (5, 5)

251 (0(1)) y(o() <0. (20)

(5 + 22 yee)” + Q1)
0
Now, define

ut) = y(t) + ’Z—gyu(t», for t € [t1, 00)1, 1)

since y(t) is decreasing and 7(f) > t. Then

O

u(t) < (1+ Z—z)y(t), for t € [11, 00)1. (22)

Using (20), we obtain

I, (8(0), 5)

A

u®(t) + Q(t) 2 1r0(0) u(d6(t) < 0. (23)
Therefore,

u(t) + Q(t, 1)u(d(t)) <0 for t € [t;, co)r. (24)

By [7, Theorem 3.1], Eq.(18) also presents a nonoscillatory solution. This contradiction proves that (1) is
oscillatory. [

In view of Theorem 1 and Theorem 2 in [14] as well as Theorem 2.2, we obtain the following oscillation
criteria for (1).

Corollary 2.4. If

a(t)
o Qs t)As

i SUp T )06, e OO ) ()

then every solution of (1) is oscillatory.

Corollary 2.5. If there exists y € [0, 1]r such that
t a(t) 5
lim inf Q(s,t1)As >y and limsup Q(s,t1)As > 1 — (1 — /1= )/) , (26)

t=e0 - Js t—>co  Jo(t)

then every solution of (1) is oscillatory.

The following theorem introduces a new oscillation criterion when 6(t) < t(t) < t.
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Theorem 2.6. Assume that (2) holds. If there exists a real-valued function
p € CL ([to, %), (0, o)) such that

Py

| ‘1 +5)  Ertes)  y,
1@$?£@E”m@_m+mﬂ@©%mwamm@%“m’ 2

Then (1)is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1) on [fy, o)t such that x(f) > 0, x(z(t)) > 0 and x(5(¢)) > 0 for
t € [t1,00) . Define a Riccati substitution as

() (1)

a)(t) = p(t) Z‘X((S(t)) te [tz, 00)11". (28)
Clearly w(t) > 0, and
A __p® SAn-1p)a1a | it are] PB TP
W) = SO O+ r0E 0T s

p(t) z2(5(t)

[r(HE ()1 N po (D)
p(o(t)) z(5(1)

z4(5(1)) p(a(t)

since by Lemma 1.5, we have

w(o(t)) — ad™(t)

= p®) w(o(t)), (29)
220() = haa(5(t), )2 (5(H)). (30)
Substituting (30) into (29), we get

[rOEE)° po(H)
z4(6(t)) p(o(t))

P)  haa(5(t), 1)z (5(1)
p(a(®)) z2(6(t))

W™ (t) < p(t) w(o(t)) = ad™(t) w(a(t)). (31)

Since

ra (o(£) &1 (a(t)))
26(()

Since 6* > 0 and 6(t) < t < o(t). In view of the fact r(t)(z*(t))* is decreasing and z* > 0, then we obtain
wiot) _2Ew)
pi(a®)rad() —  20(1)
Substituting (33) into (30) , we obtain

w? (0(t) = p7 (o(1)) (32)

(33)

A [rOE O et N PO aa
W0 SOy * oy OO a0 OO ) ST el o
Define another function v(t) by
) (2 (1)
v(t) := p(t) 200) , L€ty 00)r. (35)
Then v(t) > 0, and
A _ P An-1 a An-1 ao[ PO 1
v = SO @O T+ ) @ 0) T o
e [rOE 1)1 | pA) Wo(t) — ad™ (D) p(t) ZA(é(t))V(G(l’)). (36)

z4(8(1)) P( a(t)) p(o(t)) z(5(1)
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This with (30), leads to

[r(e®)E @@ 1* | P ) P haa(5(t), 1)z (5(1)
z(6(t)) P( a(t)) pa(t)) z2(6(t))

From the definition of v(t), with the facts that t* > 0, 6* > 0, z* > 0 and r(#)(z*(t))* is decreasing, we get

[r# (x(0)z2" " (x(1))]°

vA(E) <p(t) v(o() - ad™(t) v(o®).  (7)

N Lo ()2 ()
VHO) = pH o) T T < pH o) 38)
But since §(f) < t(t) and 7(t)(z*(t))* is decreasing, (38) takes the form
: Lo TEEW)Z6()
Vo) < pH o) s (39)
ie.,
vi®) _z(0) @0)

prat)r= o) —  20®)
Substituting (40) into (37), we obtain

n— a At
EOE GO | PO | o PO

R I
V() <p(t) z2(5(h)) p(a(t) S (o()re (5(t))

(a().  (41)
Combining (41) and (34), we obtain

[r()E " OF 1 + R @) (2 (@) ]

w™(t) + p—gvA(t) <p(t)
To

2 G(0)
P21 ) aéA(t)hn 2(00), 10p(0), o
(S - e e w0) 2)
Po( PR aéA(t)hn 2(5(t),f1)P(f) a1
To(p(o(t))v(a(t)) P (0()rs (5()) ((t)))'
Applying the following inequality
a® Ba+1
Bu — AM < W A . (43)
on (42), we obtain
Fao) a5 (Oh-2(6(0), 1)p(t) un 1 (p2(D)™1r(5(1)
_ - ) 44
oo corteny T G @ o)r,e0, e .
and
p (1) aéA(t)hn 200, t)p(®) 1 (P (B)1r(5(1)
. 45
oe®) O s OO S G Gy L0, e (*5)
This with (15), (44) and (42) leads to
N A+5)  (re)ynew)
CO 0= PO e Gy 00, ) 4o
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Integrating from t, > t; to t, we obtain

tr 1 1+ ZJ—E) (PA(S))O‘HT’((S(s)) Pg
j; (FP(S)Q(S) - (a + 1)1 (6A(5))ahz72(5(s), 1)) )AS < w(t) + T—Ov(tz), (47)

Taking lim sup,_, ., we get a contradiction with (27). This completes the proof [J

Now, we present new oscillation criteria for (1) under the case (3).

Theorem 2.7. Assume that (3) holds and t(t) > t .If

As = oo, (48)

f‘”[hn_z(é(s),tl)C"‘(s)Q(s)_( a )“+1(1+’§—§)(TA(S))“”]
n 20-1 a+1 ri (s)C(1(s))

then every solution of (1) is oscillatory.

Proof. Suppose that x is a nonoscillatory solution of (1) on [ty, o)t such that x(t) > 0, x(t(t)) > 0 and
x(6()) > 0 for t € [t,00). Proceeding as in the proof of Theorem 2.2, it is clear that [r(t)(z*"~}(¢))*] is a
decreasing function. Thus z"~(t) is either eventually positive or eventually negative for > t, > t;.
Case(I): z2""1(t) > 0, t > t,. The proof of this case is similar to that of Theorem 2.6;
Case(I):z*""1(t) < 0, t > t. Applying Lemma 1.3, we obtain z*"2(t) > 0 and z*(t) > 0. Then
lim;, z(¢) # 0. Define the function

_ r@®)@E (z()*
- (ZAn—Z (t) ’

(t) : t € [y, o). (49)

Since [r(t)(z*""1())*] is decreasing and 7* > 0, we have
r (7(s)22 (2 (s)) < 13 (T(E)ZAN(T(E), t= 5> to.

ie.,

1 1
An—-1 S a t An-1 t - .
Z7N(T(s)) < ra ()2 (T(h) o)

Integrating from f to /, we obtain

()

Z82((1)) < 28 2(1()) + 73 ()22 (2 (H)) —As. (50)
() ra(s)
Letting I — co, we get
0 < 2Y2(z(h)) + 17 (2(D)22" " (2 (B) (T (E)). (51)

Using the facts that z2"~! < 0 and () > t, we have
2272 (1(t) < 222, > .
Hence,

< rHE@) ()
= ZAn=2(t)

(),
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ie.,

—1 <v(t)C(t(t) €0, t>t. (52)

Next, define the function

(HE (1)

aﬁy:r@Mwa . te [t o) (53)

Thus clearly < 0 and by the facts [r(t)(z*"~1(t))?] is decreasing and 7 > 0, we get

w(t) = v(t).
ie.,

-1 <w(H)C*(t(t) <0, t>1t, (54)
From (49), we have

[re)E )]«

(o). 55
(zA=2(1)” rﬂﬂmv (7t =

VA =

Similarly we can obtain the following from (53)

A TOCTOM e 56

(zA=2(t))” ra ()
Combining (54) and (56), we get

z2(6(t)) a

Ay 4 POag < - — e R @ e
WO+ 20 < Q0 g @ OO - Ty ) (57)
Using Lemma 1.4, for m = n — 2, we have
z2(t) = hya(t, 1)z 72(1). (58)

Since z2"71(t) < 0 and 6(t) < t, then zA"2(t) < zA"2(5(t)), consequently by (58). the inequality (57) takes the
form

@ﬂ@@iﬁgn+m%@w%mmyﬁw@%umw%ﬁw»so (59)

&m+ﬁ%m+
T0 2a-1 To

Multiplying the above inequality by C*(z(t)) and integrating it from #; to t, we obtain
o a pg (2% Pg (2%
(B (T(t) = w(tr)C* (t(h)) + T—Ov(t)C (z(8) - T—OV(h)C (t(t1))

t
ta [ [ OE @O0 + 1 O o) o)
i f [ O POV + 17 (T @) (o6 |as
To f

1
2a-1

(60)

+

+

t
f -2 (5(6), 2)C(2(s))Q(E)As+ < 0.
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Applying the inequality (43), we get

(mm%um—mm@um»+%wm%w»—%wm@wmwr
(61)

quqw@xo@u@mmw_( a)““l+%xﬂ@wﬂpx<o
\ Sa-1 a+1 73 (5)C(1(s)) o

Therefore from (52) and (53), we have

ijmqmaawwp@_(éxfﬂu+%mﬂmﬁwm

20-1 a+1 ra ()C(1(s)) (62)

< o)) + ) (h) + 1+ 2
To To

Which contradicts (48). This completes the proof. [

Theorem 2.8. Assume that (3) holds and 6(t) < t(t) < t. If

jmwﬂmam@@q@_(a)““+§qm:w, (©3)
to

2 a+tl) o ri()ie)
then every solution of (1) is oscillatory.
Proof. Suppose that x is a nonoscillatory solution of (1) on [tp, o)1 such that x(t) > 0, x(z(t)) > 0 and
x(6(t)) > 0 for t € [, o). Proceeding as in the proof of Theorem 2.2, [r(t)(z*"~}(t))*] is clearly a decreasing
function. This means z2"~1(#) is either eventually positive or eventually negative for t > t, > ;.

Case(I): z*""1(t) > 0, t > tp. The proof of this case is similar to that of Theorem 2.6;

Case(I):z2""1(t) < 0, t > to. Applying Lemma 1.3, we get z2"2(t) > 0 and z*(t) > 0. Then lim;_, z(t) # 0.
Define the function w(t) as defined in (53). Since [r(t)(z*""}(#))*] is a decreasing function, then we have for
s>t > tl

r()@M ()" < (DM (B (64)

Dividing (64) by 7(s) and integrating from f to I, we have
2821y < ZA2(F) 4 ()2 () j; l 75 (s)As. (65)
Letting [ — oo, we get
0 < Z82(f) + 1= (HZA1(F) f ) 75 (s)As. (66)
t

That is,

e ra (HzA1(t)
- ZAnfz(t)

c(®).

Therefore,

-1 <) <0, t>H. (67)
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Define another Riccati transformation as defined in (49). Clearly, v(t) < 0, [r(t)(z*"~1(t))*] is decreasing and
7(t) < t, we have

()" (1)) 2 r(HE T (#)?,
then
V() > w(t)
ie.,
—1 <Vt <0, t>H. (68)

Proceeding as in the proof of Theorem 2.7 we arrive to (59). Multiplying (59) by ((t) and integrating from
t to t, we get

(T E) — ()T () + Lt (r) - ’;—gv(mca(tl)

To
t
+a f [7?‘1(5)(2‘“1(5)0)(0(8)) + r%‘l(s)ca(s)w%l(a(s))]m
t

aps
4 10
To

(69)

t
[ ] e omee + @ weas

t
# ot [ o), Qs <0
t
Applying the inequality (43), we get

O(OT (1) - (BT (1) + Z—Zv(f)@“(t) P+

To
(70)

T ha(5(6), B)CH($)Q() w1 1+
jt:[ 2(6(s), 11 $)Q(s _( a )

a1 751 rl(s)C(s)]As <0.

Therefore from (67) and (68), we have

Ty 2(606), 1) (6)Q0) a1+ 1)
ftl[ »(6(s), 1 $)Q(s _( a )

A
a1 a+1 ] °

7 (8)C(s) -
< w(t)C (k) + &V(fl)C“(tl) +1+ &.
To To

a

This contradicts (63) and completes the proof. [

Example 2.9. Consider for T = IR, the fourth-order differential equation
(t5x”’(t)) LB =0, t>1, 72)

where B> 0 is constant. Here a = 1, r(t) = 2, q(t) = Bt, (t) = 6() = t.
Since T = R, then hy(t,s) = (t;f)k. Clearly

0o 00 4
) = f rV(s)ds = f s°ds = a < oo,
t t 4
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Now, since

o (5(8), £ a1+ 1)
f [h 2<5(s)221}1c (S)Q(S)_((xil) 171(:%(5)]&:00

Hence, by Theorem 2.8, every solution of (72) is oscillatory. One can observe that by Theorem 2.1 [25], every solution
of Eq. (72) is oscillatory for § > 12 if B > 4. Therefore, our criteria are more general than the equation in [25].

Example 2.10. Consider the second order neutral delay differential equation

[£2[x() + pox(AB)]'T + B (Bt = (73)

where 0 <pg <00, 0<A <00, 0<pf<1,anda>0.
It is clear that « = 1 ,n = 2, r(t) = 2, p(t) = po < oo, 7(t) = AL, 6(t) = Bt, q(t) = #= , and 1(t) =

v s = 0
If/\>1 0 < B <1,then 1(t) = 6(t), and Q(t) =

Nh—‘

0 At’;3/2. From corollary 2.4, and T = R, (25) takes the form
t

t h* (6(s),t
lim sup Q(s, t1)As = lim sup Q(S)M

tooo Jop) tooo Jo(o) 2071r(5(s))
to, 1 apl/2 (74)
=1i d In
H:Lizlp s (192 [s 5= o3 (ﬁ)
Using corollary 2.4, then Eq.(73) is oscillatory if ;ﬁi/; (é) >1foranyA>1and0<p <1
If0<B <A <1, then t(t) < 6(t), and Q(t) = 7;z. From Theorem 2.6 and T = R, we have
‘1 -2 E) )
lim su f (— (8)Q(s) - 0 ) s
D Jy 2P @+ D" @)1 (06) - 1T Dpe(s) 75)
t Po 2
iy ,a  1+7(2) \/ﬁ_ B
= luin_izq:) . (s TR 52 )ds =00

Provided that a > 3 51/2' (73) is oscillatory for 0 < p < A < 1. Note that this example has been studied in [2] and to
the best of our knowledge, we improve the oscillation criteria that mentioned in [2].

Example 2.11. Consider the second-order differential equation

(x(t) + %x(t))” + gx(;) 0, t>1 (76)

where A > 0. Herer(t) =1, a = 1,n =2, p(t) = 0.9, T(t) = t/4, q(t) = 4, and 5(t) = /5. Then 19 = 1/4, Q(t) = 4,
and

+5) 0= 2E) 66 ke
@+ DT FOFEE - 1D o

24 ‘1
= _— 1 - =
(A 3 ) Hflillpfto Sds ®

Provided that A > &. This is consistent with the results of [23].

‘1
lim sup I (2%1 p(s)Q(s) —

t—oo
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