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Abstract. Using the fixed point method, we prove some results concerning the stability of the functional

equation
2n 1 21 2n 1 2n
Z fi -5 ]Z x)) = Z fe) = 2nf (- Z x)

where f is defined on a vector space and taking values in a fuzzy Banach space, which is said to be a
functional equation related to a characterization of inner product spaces.

1. Introduction

Stability problem of functional equations was first posed by Ulam in [35] which was answered by
Hyers in [14] for additive mappings. Hyers’ result, using unbounded Cauchy different, was generalized
for additive mappings in [1] and for linear mappings in [31]. Since then there have been several new results
on stability of various classes of functional equations in the Hyers-Ulam sense or Hyers-Ulam-Rassias
sense in normed spaces (see [10, 15, 16, 34] and references cited therein). Stability problems of functional
equations on arbitrary groups and on non-abelian groups were treated in [6-9]. In [20-23], various stability
results concerning Cauchy, Jensen, quadratic and cubic functional equations were investigated in fuzzy
normed spaces. Furthermore some stability results concerning additive, quadratic, Cauchy-Jensen, mixed
type cubic and quartic functional equations were investigated (cf. [5, 12, 19, 24, 33]) in the setting of
non-Archimedean fuzzy normed spaces, non-Archimedean £-fuzzy normed spaces and generalized fuzzy
normed spaces, respectively.

It was shown by Rassias [32] that a normed space (X, || - ||) is an inner product space if and only if for any
finite set of vectors x1,...,x, € X, and a fixed integer n > 2

n n n
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Employing the above identity, Najati and Rassias [26] obtained the functional equation

n

if(xi—%ixj)=if(xi)—nf(%zxi). )
i=1 j=1 i=1

j= i i=1

It is easy to see that the function f(x) = ax? + bx is a solution of the functional equation (2). In [17, 28], the
authors introduced the following functional equation

2n

2n 2n 2n
Y S5 Y )= Y Sl - 2nf( Y ), ®)
j=1 i=1 i=1

i=1

which is said to be a functional equation related to a characterization of inner product spaces. They
obtained the general solution of equation (3) and proved the Hyers-Ulam-Rassias stability of this equation.
For notational simplicity, we will denote the functional equation (3) as

Df('xll e /x2n) = O/
where Dy is given by

2n

21 2n 2n
Dy(xr, ... 2o) 1= Y floi - % Y )= ) fe)+ 2nf(% Y ). @)
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There are many interesting new results concerning functional equations related to inner product spaces
have been obtained by Park et al. [27] as well as for fuzzy stability of functional equations related to inner
product spaces [11, 29].

The main purpose of this paper is to establish a fuzzy version of the Hyers-Ulam-Rassias stability for
the functional equation (3) in fuzzy Banach spaces by using the fixed point method. This paper is different
from the earlier papers [11, 29] in the sense that the bound used in this paper for D¢(xy, ..., x2,) is quite
different from the bound used in [11] (or see [29]). Specializing the function ¢(x, ..., x2,) which is as a part
of the bound, we obtain several results similar to results known for stability of the equation (3) in Banach
spaces.

2. Preliminaries

In this section, some definition and preliminary results are given which will be used in this paper.
Following [2, 20, 21], we give the following notion of a fuzzy norm.

Definition 2.1. Let X be a real vector space. A function N : X x R — [0, 1] (the so-called fuzzy subset) is said to be
a fuzzy norm on X if for all x,y € X and all s,t € R:

(N1) N(x,c) =0forc <0;

(N2) x = 0if and only if N(x,c) = 1 forall ¢ > 0;

(N3) N(ex, t) = N(x, ig) if ¢ # 0;

(N4) N(x + y,s + t) 2 min{N(x,s), N(y, H)};

(N5) N(x,-) is a non-decreasing function on R and thj?o N(x, t)=1;

(N6) for x # 0, N(x, -) is continuous on IR.

In this case (X, N) is called a fuzzy normed vector space.

Example 2.2. (cf. [25]). Let (X, || - ||) be a normed vector space and «, § > 0. Then

A t>0,x€X,
_ | arpmr , ,
N { 0, F<0xeX

is a fuzzy norm on X.
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Example 2.3. (cf. [25]). Let (X, || - ||) be a normed vector space and p > a > 0. Then

0, t < allxll,
N(x, t) = m, allx|l <t < Blix|l,
1, t > Blxl|

is a fuzzy norm on X.

Definition 2.4. (cf. [2, 20, 21]). Let (X,N) be a fuzzy normed vector space. A sequence {x,} in X is said to be
convergent if there exists x € X such that lim N(x, —x,t) = 1(t > 0). In that case, x is called the limit of the sequence
n—oo

{x,} and we denote by N — lim x,, = x.

Definition 2.5. (cf. [2, 20, 21]). Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is called Cauchy
if for each € > 0 and O > 0, there exists ny € N such that N(x,, — x,,,0) > 1 — ¢ (m,n > ng). If each Cauchy sequence
is convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

Definition 2.6. Let E be a set. A functiond : E X E — [0, o] is called a generalized metric on E if d satisfies
(1)d(x,y) =0ifand only if x = y;

(2)d(x,y) =d(y,x), Vx,y € E;

@) d(x,z) <d(x,y)+d(y,z), Vx,y,z € E.

The next result is due to Diaz and Margolis [4].

Lemma 2.7. (cf. [4] or [30]). Let (E, d) be a complete generalized metric space and | : E — E be a strictly contractive
mapping with Lipschitz constant L < 1. Then for each fixed element x € E, either

d(J"x, " 1x) = 00 ¥ >0,
or
d(J"x, J"*'x) < 00 ¥ 2 ng,

for some natural number ng. Moreover, if the second alternative holds then:
(i) The sequence {]"x} is convergent to a fixed point y* of J;
(if) y* is the unique fixed point of ] in the set E' := {y € E | d(J™x, y) < +coyand d(y, y*) < d(y, Jy), Vx,y € E'.

3. Fuzzy Stability of Functional Equations

Before proceeding to the proof of the main results in this section, we shall need the following two
lemmas.

Lemma 3.1. (cf. [28]). Let V and W be real vector spaces. If an odd mapping f : V — W satisfies (3), then the
mapping f : V — W is additive, that is, f is a solution of f(x +y) = f(x) + f(y) forallx,y € V.

Lemma 3.2. (cf. [17]). Let V and W be real vector spaces. If an even mapping f : V. — W satisfies (3), then the
mapping f : V. — W is quadratic, that is, f is a solution of f(x + y) + f(x — y) = 2f(x) + 2f(y) forall x,y € V.

In this section, we assume that X is a vector space and (Y, N) is a fuzzy Banach space. We will establish
the following stability results for functional equations (3) in fuzzy Banach spaces by using the fixed point
method, which is said to be a functional equation related to inner products space. For given mapping
f:X—>7Y,let Dy : X?" 5 Ybea mapping as defined in (4) for all x1,...,x2, € X.
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Theorem 3.3. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists a function ¢ : X** — [0, %)
such that

t
N(Ds(x1, ..., x20), 1) 2 P o0, o) (5)

forall xi,...,x2, € X. If there exits a constant 0 < L < 1 such that
L
Q(x1, ..., x2) < E(p(2x1,...,2x2n) (6)

forall xi,...,x0, € X, then there exists a unique additive mapping A : X — Y satisfying (3) such that
n(l — L)t

N = fo0) = AR, D 2 s @
forall x € X and t > 0, where
O(x) = p(2x,...,2x,0,...,0) + p(-2x,...,-2x,0,...,0). (8)
N e N ‘—'—\/——-—’ \.\,.._/
n times n times n times n times
Proof. Setting x; = --- = x, = x and X,,41 = - -+ = xp, = 01in (5), we obtain
NGrFE) +nf(=) —nf(0,8) > : ©)
2 2 T t+(x,...,x,0,...,0)
—— ——
n times n times
for all x € X and all t > 0. Replacing x by —x in (9), we get
t
NGERF() +nf(3) = nf(-20,6 2 — e (10)
“—\/"—-’ S——
n times n times
forall x e Xand all t > 0. Thus
N(Zn(f( ) - f(— ) — n(f(x) — f(=x)),2f)
—x X
> min(N@nf(5) + nf(5) = nf(), 0, NGrf(5) + nf(3) = nf(=x), )
t
>
T t+ex,...,x,0,...,0)+@(-x,...,—x,0,...,0) (1)
— — —_— —
n times n times n times n times
forall x € X and all t > 0. Letting g(x) = f(x) — f(—x) and
D(x) = p(2x,...,2x,0,...,0) + p(-2x,...,-2x,0,...,0)
——e e —— - ———
n times n times n times n times
for all x € X, we get
N(ng(3) = 1920 > s (12)
for all x € X and all t > 0. Therefore
2 t
- = >
N(g(2x) — 2g(x), nt) 2 7 o0 (13)
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forall x € X and all t > 0.
Let E; be the set of all functions g; : X — Y. Let us introduce a generalized metric on E; as follows:

dl(ql,]ﬁ) = ll’lf{/\ € [O, oo]'N(ql(x) - hl(x), /U’) > Vx e X, Vt > 0} .

t
t+d(x)’
It is easy to prove that (Ej, d;) is a complete generalized metric space [3, 13, 18].

Now we consider the function J; : E; — E; defined by

T (x) = 2q1(§), forall g € E; and x € X. (14)

Let g1, € E; and let A € [0, o0] be an arbitrary constant with dy(g1, 1) < A. From the definition of 4,
we have

N(q1(x) — hi(x), At) >

t+ O(x)
forall x € X and all t > 0. Hence
x X
N(J191(x) = 1l (x), LAt) = N(Zlh(i) - Zhl(z)/LAt)
X x. L

= N(lh(i) - hl(i)/ EM)

Lt . Lt
Lt+@3) Lt +Lox)

t

n D(x)

(15)

forall x € X and all t > 0. Thus

d1(J191, 1) < Ldi(g1, m) (16)

for all ql,hl € E;.
It follows from (13) that

x. 2L Lt

N 200030 2 e 2 T
ot
T+ D(x)

t
D(x)

N~

N~

forallx € Xand all t > 0. So, we have d1(g, J19) < % Therefore according to Lemma 2.7, the sequence 7’ f g
converges to a fixed point A of 7, that is,

A XS, N—,}ggozkg(%) = A(x)

and A(2x) = 2A(x) for all x € X. Also A is the unique fixed point 7 in the set E] = {91 € E1 : d1(g,q1) < o0}
and
1

dl(g/A) < 1-L

_L
(1-L)
that is, inequality (7) holds true for all x € X and all ¢ > 0. It follows from (5) that

di(g, J19) < -

t
S a2 2

2k’ ok _t+q0(§,..-,%”)+§0(—%""'_%)

N2 Dg(
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forall xq,...,x, € X, all f > 0 and all k € N. By (5), we get
i
),t)Z X x z X X
F+5@GH . B (-3, —B)
forall xq,...,x, € X, allt > 0and all k € IN.

Since lim — 2 =1forall x1,...,xp, € Xand all t > 0, we have
L Y e S 1 WY (Rt R )
k—oo KT (l k7 ok @ K ok

N(Da(x1,...,x,),t) =1

forall xq,...,x2, € X and all t > 0. Since every fuzzy Banach space Y is a real vector space, by Lemma 3.1,
the mapping A : X — Y is additive. Finally it remains to prove the uniqueness of A. Let T : X — Y is
another additive mapping satisfying (3) and (7). Since d1(g, T) < ﬁ and T is additive, we get T € E] and
J1T(x) = 2T(3) = T(x) for all x € X, i.e., T is a fixed point of J7. Since A is the unique fixed point of J in

Ej, then T = A. This completes the proof of the theorem. ]

X1 Xon
2k""’_2k

N(@2"Dg(

Corollary 3.4. Let p > 1 and O be non-negative real numbers. Let X be a normed vector space with norm || - ||. Let
f: X = Y be a mapping satisfying f(0) = 0 and
t
N(Df(xl,...,xzn), t) > (17)

4+ Ol llP + - - + [lxaallP)
forall xi,...,x0, € Xand all t > 0. Then there exists a unique additive mapping A : X — Y satisfying (3) such that
(2 -2)t
—2)t +27+2 . O||x||P

N(f(x) = f(=x) = A(x), 1) = 7 (18)

forall x € Xandall t > 0.
Proof. The proof follows from Theorem 3.3 by taking

e, ... x20) = Ollxall” + - - + |lxzul )

forall xy,...,%, € X. Then we can choose L = 217 and we get the desired result.

Corollary 3.5. Let f : X — Y be an odd mapping for which there exists a function @ : X*" — [0, o) satisfying (5)

and (6). Then there exists a unique additive mapping A : X — Y satisfying (3) such that
n(l — L)t

n(1 — L)t + Ld(x)

forall x € X and t > 0, where ®(x) is defined in (8).

Theorem 3.6. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists a function ¢ : X** — [0, %)
such that

t
N(Df(xl,...,JCzn)/ t) > m (20)

forall xi,...,x2, € X. If there exits a constant 0 < L < 1 such that

(19)

NQ@2f(x) - A(x),t) >

P(2x1,...,2x0,) < 2LD(x1, ..., Xon) (21)
forall x1,...,x, € X, then there exists a unique additive mapping A : X — Y satisfying (3) such that
N(F() = f(=2) = A1) > = @)
forall x € X and t > 0, where
W(x) = p(2x,...,2x,0,...,0) + p(—2x,...,-2x,0,...,0). (23)
—_—— _—

n times n times n times n times
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Proof. Using the same method as in the proof of Theorem 3.3, we have

N9 - 290, 2) >

T+ W(x) (24)

for all x € X and all t > 0, where

W(x) = p(2x,...,2x,0,...,0) + p(—2x,...,-2x,0,...,0).
— — —_—
n times n times n times n times

We introduce the definitions for E; and d; as in the proof of Theorem 3.3 (by replacing ® by V) such that
(E1,d1) becomes a complete generalized metric space. Now we consider the function J; : E; — E; defined

by
J1q1(x) := %ql(Zx), forallg; € E; andx € X. (25)

Let g1, € Eq and let A € [0, o0] be an arbitrary constant with dy(g1, /1) < A. From the definition of 4,
we have

N(g1(x) — b1 (x), At) >

t+ W(x)

forall x e X and all t > 0. Hence

NG )~ T, L) = NG (20 - 52,141
= N(q1(2x) — h1(2x),2LAt)
2Lt 2Lt

> >
2Lt + W(2x) — 2Lt + 2LV (x)

t
T+ Uk (26)

forallx e Xand all t > 0. So

d1(J191, I1) < Ldi(g1, m) (27)

forall g1,k € E;.
It follows from (24) that

1 1
N(g(x) - Eg(Zx),;t) 27 e

forall x € X and all t > 0. So, we have d1(g, J19) < % Therefore according to Lemma 2.7, the sequence ' {‘ g
converges to a fixed point A of 7, that is,

1
A:X -7, N-lim gg(zkx) = A(x)

and A(2x) = 2A(x) for all x € X. Also A is the unique fixed point 1 in the set E] = {q1 € E1 : d1(g,q1) < oo}
and

1
dl(ng) < 1-L

di(g, J19) <

n(l-L)

that is, inequality (22) holds true for all x € X and all t > 0. The rest of the proof is similar to the proof of
Theorem 3.3 and we omit the details. This completes the proof of the theorem. O
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Corollary 3.7. Let 0 < p < 1 and 0 be non-negative real numbers. Let X be a normed vector space with norm || - ||.
Let f : X — Y be a mapping satisfying f(0) = 0 and (17). Then there exists a unique additive mapping A : X - Y
satisfying (3) such that

(2-2°)t

NG = 0 = A0 2 e 28)

forall x € Xand all t > 0.

Proof. The proof follows from Theorem 3.6 by taking
O(x1, ..., x20) = O(llxallP + - -+ + [[x2411P)

forall xy,...,x, € X. Then we can choose L = 2P~1 and we get the desired result.

Corollary 3.8. Let f : X — Y be an odd mapping for which there exists a function ¢ : X*" — [0, 00) satisfying (20)
and (21). Then there exists a unique additive mapping A : X — Y satisfying (3) such that
n(1 - L)t
— >
N = AW 2 Lo s 29)
forall x € X and t > 0, where W(x) is defined in (23).

Theorem 3.9. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists a function ¢ : X*" — [0, o)
such that

t
N(D S Xop), ) > ———— 30
(Dg(x1 Xou), t) F ot ) (30)

forall xi,...,x2, € X. If there exits a constant 0 < L < 1 such that
L
@(x1,...,x2) < Z(p(2x1,...,2x2n) (31)

forall xi,...,%x0, € X, then there exists a unique quadratic mapping Q : X — Y satisfying (3) such that
n(2 —2L)t

NG + f(0 = QW0 2 Lo s (32)
forall x € X and t > 0, where ®(x) is defined in (8).
Proof. Setting x; = --- = x, = x and X,,41 = - -+ = xp, = 01in (30), we obtain
X —-X t
N(3”f(§) + ”f(y) —nf(x),t) > F+ o0, ,%0,..0) (33)
~——— ——
n times n times
for all x € X and all t > 0. Replacing x by —x in (33), we get
—-X X t
N(3nf(7) * nf(i) —nf(-0, 82 t+o(-x,...,—x,0,...,0) (34)
— —
n times n times
forall x € X and all f > 0. Thus
X —x
N@n(F(3) + f(5) = n(F@) + f(=x), 20
. X -X -x X
> min(N@nf(5) + nf() = nf (), 0, NGnf(Z) + nf(3) = nf(=x), )
t
= t+ox,...,x0,...,00 +o(—x,...,—x,0,...,0) (35)
S—— —— S——— —

n times n times n times n times
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forall x € X and all t > 0. Letting g(x) = f(x) + f(—x) and

D(x) = p(2x,...,2x,0,...,0) + p(-2x,...,-2x,0,...,0)
——— — ——— —
n times n times n times n times

for all x € X, we get
X t
i > -
Nng(3) = n9), 20 > s (36)
forallx € Xand all t > 0. So

t

T oM (37)

N(g20) - 4900, 1) 2

forallx € Xand all t > 0.
Let E; be the set of all functions g, : X — Y and introduce a generalized metric on E; as follows:

da(q2, h2) = inf{zu [0, OO]‘N(qz(x) — ha(x), ut) > Vx e X, Vt> 0} .

_t
t+ O(x)

So (Ey, d,) is a complete generalized metric space. Let J5 : E, — E, defined by
Jaa(x) = 4q2(”2—‘), forall g, € E; and x € X. (38)

Let gy, hy € E; and let p € [0, oo] be an arbitrary constant with d(g;, ;) < u. From the definition of d;, we
have

t
N(g2(x) = ha(x), ut) > )

for all x € X and all t > 0. Hence

N(Taa(() = Talo@), L) = N(4a(3) = 4ha(3), Lsh)
= N@:(3) - 1a(3), a0
Ly Ly
4 4

T L+ o) T Lt+ Lo

t
T+ o) (39)

for all x € X and all ¢t > 0. Therefore

d2(T 292, J2h2) < Lda(q2, h2) (40)

forallg,h € E.
It follows from (37) that

Ly
4 >
Livo) L+
t
t+ D(x)

t
D(x)

il

N -49(3) 250 =

W
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forallx € Xand all t > 0. So, we have d»(g, J29) < ﬁ Therefore according to Lemma 2.7, the sequence 7. § g
converges to a fixed point Q of 7>, that is,

Q:X—T, N—}i_r>£104kg(%) = Q)

and Q(2x) = 4Q(x) for all x € X. Also Q is the unique fixed point > in the set EJ = {g2 € E; : dx(g,2) < oo}
and

da(g,Q) S

L
—1 %9, J29) < WAL
that is, inequality (32) holds true for all x € X and all ¢ > 0. It follows from (30) that

t
t+(p(2k, . ,%)+(p(_%,“', XZn)

k X2n 4k
N@WDg(C, . 20,40 >

forall x1,...,x2, € X, allt > 0 and all k € N. By (30), we get
+

Xon 4k
N@Dg(Z, ..., 2, >
2k zk t ((P(zk/---/xZLkn)+¢(_%/~-'1_%))

forall xq,...,xp, € X, allt > 0and all k € IN.

Since lim < & =1forall x1,...,xp, € Xand all t > 0, we have

k— o0 ¥ 4k ((P j‘211 )'HP "Zn ))

N(DQ(xl,. ..,JCQH), i’) =1

forall xy,...,x2, € X and all f > 0. Since every fuzzy Banach space Y is a real vector space, by Lemma 3.2,
the mapping Q : X — Y is quadratic. Finally it remains to prove the unlqueness of Q. LetQ' : X = Y
is another quadratic mapping satisfying (3) and (32). Since d2(g,Q’) < n(l j and Q’ is quadratic, we get
Q" € E5 and J»Q’'(x) = 4Q'(5) = Q'(x) for all x € X, that is, Q" is a fixed point of J>. Since Q is the unique
fixed point of 7> in E}, then Q" = Q. This completes the proof of the theorem. ]

Corollary 3.10. Let p > 2 and 0 be non-negative real numbers. Let X be a normed vector space with norm || - ||. Let
f+ X = Y be a mapping satisfying f(0) = 0 and (17). Then there exists a unique quadratic mapping Q : X - Y
satisfying (3) such that

(2 — 4yt
— 4yt + 22 - Ol

N(f(x) + f(=x) = Q(), ) 2 7 (41)

forall x € Xand all t > 0.

Proof. The proof follows from Theorem 3.6 by taking
Px1, -, X2n) = O(llall” + - - + |lx2ul)

forall x,...,x, € X and choosing L = 227,

Corollary 3.11. Let f : X — Y be an even mapping for which there exists a function ¢ : X*" — [0, c0) satisfying
f(0) =0, (30) and (31). Then there exists a unique quadratic mapping Q : X — Y satisfying (3) such that

n(2 —2L)t
n(2 — 2L)t + LO(x)

forall x € X and t > 0, where O(x) is defined in (8).

NQ@2f(x) = Q(), ) 2 (42)
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Theorem 3.12. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists a function ¢ : X*' — [0, %)

such that

N(D Mz
( f(X1, ,x2n) ) t+ (P(xl,. . -,xZn)

forall xi,...,x2, € X. If there exits a constant 0 < L < 1 such that
@(23(1, e ,2x2,,) < 4L¢(X1, e ,xz,l)
orall xy,...,xy, € X, then there exists a unique quadratic mapping Q : X — Y satisfying (3) such that
que q pping 8

n(2 — 2L)t
2 -20)t + ¥(x)

forall x € X and t > 0, where where Y (x) is defined in (23).

N(F() + f(=0) = Q) B > -

Proof. Using the same method as in the proof of Theorem 3.9, we have

NG 4909, 7 > g

for all x € X and all t > 0, where
WY(x) = d(2x,...,2x,0,...,0) + (-2x,...,-2x,0,...,0).
— — —

~———
n times n times n times n times

(43)

(44)

(45)

(46)

We introduce the definitions for E; and d; as in the proof of Theorem 3.9 (by replacing ® by W) such that
(E2, d2) becomes a complete generalized metric space. Now we consider the function J, : E; — E; defined

by

J2q2(x) := }qu(Zx), forallg, € E; andx € X.

(47)

Let g2,y € E; and let p € [0, oo] be an arbitrary constant with d»(g2, h2) < p. From the definition of ds,

we have

N@() =129, 1) 2 s

forall x € X and all t > 0. Hence

1 1
N(J292(x) = Joho(x), Lut) = N(ﬂz(zx) - th(Zx), Lut)
= N(q2(2x) — hp(2x),4Lut)
S 4Lt S 4Lt
= ALt + W(2x) © 4Lt + 4LV(x)
t
T 90

for all x € X and all t > 0. Therefore

A2(J292, J2h2) < Lda (g2, ho)

for all g5, 1y € Es.
It follows from (46) that

1

NG - 3920, 502 7

t+ W(x)

(48)

(49)



Zhihua Wang and Prasanna K. Sahoo / Filomat 29:5 (2015), 1067-1080 1078

forallx € Xand all t > 0. So, we have d»(g, J29) < % Therefore according to Lemma 2.7, the sequence 7. § g
converges to a fixed point Q of 7>, that is,

1
Q:X-7Y, N-lim 4—kg(2kx) = Q(x)

and Q(2x) = 4Q(x) for all x € X. Also Q is the unique fixed point > in the set E; = {q2 € E3 : d2(g,q2) < oo}
and

1 1
< <
d2(g,Q) < 779209, J29) < MA=D)
that is, inequality (45) holds true for all x € X and all t > 0. The rest of the proof is similar to the proof of
Theorem 3.9 and we omit the details. This completes the proof of the theorem. O

Corollary 3.13. Let 0 < p < 2 and 0 be non-negative real numbers. Let X be a normed vector space with norm || - ||.
Let f : X — Y be a mapping satisfying f(0) = 0 and (17). Then there exists a unique quadratic mapping Q : X — Y
satisfying (3) such that

(4 -2t
NG + (=0 =QE ) = o0 o gl

forall x € Xand all t > 0.

(50)

Proof. The proof follows from Theorem 3.9 by taking
Pxe, .o x2n) = Ol + -+ + llxzull”)
forall xq,...,x2, € X. Next choosing L = 2P-2 we get the desired result. m]
Corollary 3.14. Let f : X — Y be an even mapping for which there exists a function ¢ : X>* — [0, ) satisfying
f(0) =0, (43) and (44). Then there exists a unique quadratic mapping Q : X — Y satisfying (3) such that

n(2 —2L)t
NCE) = QWD 2 e om)

forall x € X and t > 0, where O(x) is defined in (23).

(51)

Combining Theorems 3.3 and 3.9, we obtain the following result.

Theorem 3.15. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists a function ¢ : X*' — [0, %)
satisfying (5) and (31). Then there exists a unique additive mapping A : X — Y satisfying (3) and a unique quadratic
mapping Q : X — Y satisfying (3) such that

n(l — L)t
NE@f® =A@ =000 2 a3 renm

forall x € X and t > 0, where ®(x) is defined in (8).

(52)

Proof. By Theorems 3.3 and 3.9, we obtain

n(l - L)t
NUY@ = f0) - ADD 2 S T a0

N+ 0 = Q0> (22L;t2+L)Lt<IJ(x)
forall x € X and t > 0. Thus

N@2f(x) - A(x) - Q(x), 2¢)
> min{N(f(x) - () — A@), B, N(F@) + f(~2) - Q), )
S n(2 —2L)t
T n(2-2L)t + 3LD(x)
for all x € X and t > 0, and we get the desired result. m|
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Corollary 3.16. Let p > 2 and 6 be non-negative real numbers. Let X be a normed vector space with norm || - ||. Let
f X = Y be a mapping satisfying f(0) = 0 and (17). Then there exists a unique additive mapping A : X - Y
satisfying (3) and a unique quadratic mapping Q : X — Y satisfying (3) such that

@ — 4yt

NQS@) = AC) = QU 2 s o 53)

forall x € Xandall t > 0.

Proof. Define @(x1, ..., x2,) = O(lx1llP + - - + |[x24lP), L = 2277, and apply Theorem 3.15 to get the desired
result. |
Similarly, combining Theorems 3.6 and 3.12, we obtain the following result.

Theorem 3.17. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists a function ¢ : X** — [0, o)

satisfying (20) and (21). Then there exists a unique additive mapping A : X — Y satisfying (3) and a unique

quadratic mapping Q : X — Y satisfying (3) such that
n(l — L)t

n(1 - L)t + 3W(x)

forall x € X and t > 0, where W(x) is defined in (23).

N@2f(x) - Alx) = Qx), 1) =

(54)

Proof. Similar to the proof of Theorem 3.15, the result follows from Theorems 3.6 and 3.12. m]

Corollary 3.18. Let 0 < p < 1 and 6 be non-negative real numbers. Let X be a normed vector space with norm || - ||.
Let f : X — Y be a mapping satisfying f(0) = 0 and (17). Then there exists a unique additive mapping A : X = Y
satisfying (3) and a unique quadratic mapping Q : X — Y satisfying (3) such that

-2t
+3-22 - O|lx|lP

NQFE) =AW - QW1 2 o (55)

forall x € Xand all t > 0.

Proof. Define @(x1, ..., x2,) = O(lx1llP + -+ - + |[x24llP), L = 2r-1 and apply Theorem 3.17 to get the desired
result. m|
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