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Abstract. We give a fixed point theorem for uniformly Lipschitzian mappings defined in modular vector
spaces which have the uniform normal structure property in the modular sense. We also discuss this result
in the variable exponent space

b = {(xn) eRY; Z A x,/™ < oo for some A > 0}.
n=0

1. Introduction

In 1950, Nakano [12] introduced the theory of modular vector spaces which was further developed by
Musielak/Orlicz [15] [1959, p. 49]. It is well known that norms are modulars. An illuminating example [17]
of a modular vector space is given by

X ={(x,) € IRN;Z [Ax,|" < o0 forsome A > 0}.

n=1

Indeed, this example was given by Orlicz [16] and inspired Nakano in his definition of a modular.

In this paper, we study the existence of fixed points for uniformly Lipschitzian mappings in modular
vector spaces. The key idea in our approach is the modular uniform normal structure property. We show
that under certain settings a uniformly Lipschitzian map has a fixed point if its modular Lipschitz constant
K < (Ny(X,))™'/2, where N,(X,) is the modular uniform structure coefficient of the modular vector space X,,.

For more on metric fixed point theory, the reader may consult the book [6]. As for the metric fixed point
theory of uniformly Lipschitzian mappings, the reader may consult the two papers [3, 10].
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2. Preliminaries

In this section, we give the basic definitions as well as the notations that will be used throughout. For
more details one can consult the book by Khamsi and Kozlowski [7].
Let X be a linear vector space on the field R.

Definition 2.1. A function p : X — [0, co] is called modular if the following hold:
(1) p(x) =0ifand only if x = 0.
(2) p(ax) = p(x), for every scalar o with |a| = 1 and x € X.
(3) plax+ (1 -a)y) < p(x) + p(y), for any a € [0,1] and any x, y € X.

If (3) is replaced by
plax + (1= a)y) < ap(x) + (1 - )p(y),

forany a € [0,1] and x, y € X, then p is called a convex modular.

Definition 2.2. Let p be a convex modular defined on X. The set X, = {x € X : limy0 p(ax) = 0} is called a
modular space . The Luxemburg norm ||.||, : X, — [0, 00) is defined by

Ixll, = inf{a >0 p(g) < 1}
Definition 2.3. Let p be a modular defined on a vector space X.

(a) We say that a sequence {x,} C X, is p-convergent to x € X, if and only if lim p(x, — x) = 0. Note that the
n—oo
p-limit is unique if it exists.

(b) We say that a sequence {x,} C X, is p-Cauchy if lim p(x, —x,) = 0.

(c) We say that the modular space X, is p-complete if and only if any p-Cauchy sequence in X, is p-convergent.
(d) Aset CC X, is called p-closed if for any sequence of {x,} C C which p-convergences to x implies that x € C.
(e) Aset C C X, is called p-bounded if diam,(C) = sup{p(x —y) : x,y € C} < oo,

(f) p is said to satisfy the Fatou property if p(x) < iminf p(x,) whenever {x,} p-converges to x, for any x, x, in

X,.

The p-ball B,(x, ), where x € X, and r > 0, is defined by

By(x,1) =1{y € Xp;p(x —y) < 1}.

x and r are called respectively the center and the radius of the p-ball B,(x, r). Notice that p satisfies Fatou
property if and only if the balls are p-closed.

Definition 2.4. Let 1 be a topology on X,. We will say that X,, satisfies the strong t-Opial property if
liminf p(x, — u) = liminf p(x, — x) + p(x — u),

for any sequence {x,} which t-converges to x and any u € X,,.
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Definition 2.5. Let p be a modular defined on a vector space X. We say that p satisfies the Ap-type condition if there
exists K # 0 such that

p(2%) < Kp(x),
forany x € X,.

Assume that p is convex. We define the growth function w : [0, 00) — [0, o] by

t
w(t) = sup {%, 0<plx) < oo}.

The following properties of the growth function are direct consequence of the definition.

Lemma 2.6. Let X, be a modular vector space. Assume that p is convex and satisfies the Ap-type condition. Then
the growth function w has the following properties:

(1) w(l)=1and w(t) <tfort<1.
(2) w(t) < oo,V te[0,00).

(3) w :[0,00) = [0,00) is a convex, strictly increasing function. Thus it is continuous. Therefore the function
inverse w™! of w is a strictly increasing continuous function.

(4) w(ap) < w(a) w(B), for any a, B € [0, 00), which implies
o @) ') < w N ap),
forany a, p € [0, o).
Moreover, the growth function can be used to give an upper bound for the associated Luxemburg norm by the formula
1
Illy < ——=—
(@)
p(x)
forany x € X,.

The proof of this fundamental lemma follows from the similar results given in modular function spaces,
see Lemmas 3.1 and 3.3 in [5].

Let 7 be a topology on X,,. For any nonempty subset A C X, the 7-closure of A is defined by

cl(A) = ﬂ {C; Cis t-closed and contains A}.

Clearly cl;(A) is the smallest 7-closed subset of X, which contains A. In a similar fashion, we may define
clp(A) the p-closure of A.

Example 2.7. For a function p : IN — [1, c0), define the vector space

by = {(xn) eRY; Z IA x, ™ < oo for some A > 0}.

n=0

Consider the function p : £y — [0, oo] defined by

pE) = plCrn) = ) bl ®.
n=0
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Then p defines a convex modular on €,(). Moreover, p satisfies the Ao-type condition if and only if p* = sup p(n) < oo
nelN

and w(2) < 27", The topology T is the coordinatewise convergence. Using some of the ideas from Brezis and Lieb
[1], we prove that €, satisfies the strong 1-Opial condition. It is enough to prove the strong t-Opial condition for
sequences which t-converge to 0 in (. Fix €(0,1) and p € [1, c0). Consider the function f : R — R defined by

fx) = {1+ = x| — elxl.

Note that we have |llim f(x) = —oo. In fact, we have
x| — 00

1
x>—(1+€)1/p_1 = f(x) <0,

and ,
x<—m - f(x)SO

Moreover, it is easy to check that

1 1 1 1
- - < - and < —
1-(1-¢e)lr 1-(1-e)lr 1+er—1" Q1+ -1

forp € [1,p*], with p* < co. Since f(0) = 1, then we have

sup f(x) = sup f(x),

xeR xe[x_,xi]

where
1 1

Xo=——r——— and Xy = ——————,
1-(1—e)lr T A+l -1

forp € [1,p*], with p* < co. Set M = max : (1, x|, 11 + xl). Then

xelx_x,
Fo) = ||1 +apf - |x|”| — e <1+ P + [x — elx
which implies f(x) < |1+ x| + (1 = &)l < (2 — €)M, for any x € [x_, x,]. Therefore, we have
]|1 L - |x|’” —elxlf <2 - )M
forany x € Rand any p € [1,p*], with p* < co. Set
C. = sup {||1 + xfP — |xlp| —élxf, x€R and p € [1,p+]} > 1.

Therefore, we have
1+ P = | < Ce + elap,

forany x € Rand any p € [1,p*], with p* < co. Using this inequality, we get
la+ b 6P| < Colal + P, (BL)
forany a,b € Rand any p € [1,p*], with p* < co. Next, we use the inequality (BL) to prove that €, satisfies the

strong t-Opial property, where p(n) € [1,p*], with p* < oo, for n € IN. Note that we do not assume p(n) > p~ > 1,
for any n € IN. Let {x,} C €y, which t-converges to 0. Let u € {,. Assume there exists M > 0 such that
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max (p(xn),p(u)) <M, forany n € N. Fix ¢ > 0. Then there exists N > 1 such that Y, [u(i)P") < &/C., where
i=N+1
u = (u(7)). Since {x,} T-converges to 0, we have

N N
lim Y (i) = u@P? = Y ()P0,
i=0 i=0

On the other hand using the inequality (BL), we have

o)

Y |t = uPO — PO < Y P + el @O,

i=N+1 i=N+1

which implies

i=N+1

) = w PO — ey (WP?) < &+ e M = M+ 1)e.
We have p(x, — u) — p(x,) — p(u) = A + B, where

A=Y ) - u@FO - (P — (PO
i=0

and B= Y, |x,(i) — u(@)P? - |x,()PD — [u(@)PD. Since C. > 1, we get
i=N+1

Bl < X |xa(i) = u@P? =, )P+ X u@P?
i=N+1 i=N+1
<M+ 1e+¢/Ce
SM+1De+e=M+2).

N . . .
Using lim Y |x,, (i) — u(@)PD — |x, ()PP — [u@)PD = 0, we get
n—oo i=0

lim sup |p(xn —u) —p(x,) — p(u)| < (M + 2)e.

n—oo

If we let ¢ — 0+, we get
lim sup 'p(xn —u) = p(x,) — P(“)| =0.

n—oo

In other words, we proved that €, satisfies the strong t-Opial property.

The normal structure property played a major role early on in the study of the fixed point problem for
nonexpansive mappings [8]. Before we give the definition of the modular normal structure, we will need
the following notations. Let (X, p) be a modular vector space and C a nonempty p-bounded subset of X,,.
Set

(1) 7(x,C) = sup{p(x —y) : y € C}, for x € X,,,
(2) Ry(C) =inf{r,(x,C): x € C},
(3) Cp(C) ={x € C:rp(x,C) = Ry(O)}.

The number R,(C) is called the p-Chebyshev radius of C (in X) and C,(C) is called the p-Chebyshev center
of C.
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Definition 2.8. A modular vector space X, is said to have

1. p-normal structure property if for any nonempty p-bounded p-closed convex subset C of X, not reduced to one
point, we have R,(C) < diam,(C);

2. p-uniformly normal structure if there exists a constant c € (0, 1) such that for any nonempty p-bounded p-closed
convex subset C of X, not reduced to one point, we have R,(C) < ¢ diam(C).

3. The normal structure coefficient N(X,) of X, is the number defined by

. R,(C)
Np(X,) = sup diam, ()’

where the supremum is taken over any p-bounded p-closed convex not reduced to one point subset C C X,,.

Clearly p-uniformly normal structure implies the p-normal structure. Notice that the modular vector space
X, has a p-uniform normal structure if and only if N »(X,) < 1. Historically, the main example of a Banach
space which enjoys the uniform normal structure property is the class of uniformly convex spaces. Let us
discuss this connection in the context of modular vector spaces. First, recall that since the beginning of the
theory of modular vector spaces, the concept of modular uniform convexity was defined and investigated
[9, 11-14, 18].

Definition 2.9. [7, 13] Let (X,,, p) be a modular vector space. Let r > 0 and ¢ > 0. Define

D(r,€) = {(x,y); X,y € Xp, p(x) < 1,p(y) <1, p(x — y) 2 er}.
IfD(r, ) # 0, let
8,(r€) = inf{l - % p(HTy); (x,y) € D(r, s)}.

If D(r, €) = 0, we set 6,(r, €) = 1. We say that p satisfies the uniform convexity (UC) if for every r > 0 and ¢ > 0, we
have 6,(r, €) > 0.

Note, that for every r > 0, we have D(r,¢) # 0, for ¢ > 0 small enough. The following result is the
modular analogue to the classical link between uniform convexity and uniform normal structure property.

Lemma 2.10. Let (X, p) be a modular vector space. Assume

lim sup ing Op(r, &) > 0.
>

e—1—

Then X, has the p-uniform normal structure property and

NP(XP) <1-limsup ingép(r, €).
>

e—1-

Proof. Setn = limsup ing 0p(r, €). Let Cbe a p-bounded p-closed convex not reduced to one point subset of
esl1- 1>

X,. Hence diam,(C) > 0. Fix ¢ € (0,1). There exists x, y € C such that p(x — y) > diam,(C)e. For any z € C,
we have p(x — z) < diam,(C) and p(y — z) < diam,(C). By definition of 6,(diam,(C), ), we get

p(552 - 2) = dimy(©) (1 - 8,(diam,(C), o).

Hence

R,(C) < 7, (“Ty c) < diam,(C) (1 - 6,(diam,(C), ¢)),
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which implies
Ry(©)

<1-inf ).
diam,(C) = infop(r, €)

Since the right hand side is independent of the subset C, we conclude that N p(Xp) <1- ing Op(r, €). If we let
>

& — 1-, we get NP(XP) <1 -n. Since n > 0, we conclude that NP(XP) <1,i.e., X, has the p-uniform normal
structure property. [

In the next example, we discuss the case of £, spaces (see Example 2.7) which satisfy the assumptions
of Lemma 2.10.

Example 2.11. Consider the function p : IN — [2, o) and the vector space

by = {(xn) eRY; Z IA x, /'™ < oo for some A > 0}.
n=0

The modular function p is defined by p(x) = p((x,)) = f [x, [P, Assume that p* = sup p(n) < oo. The following
n=0 €N
inequality was first used by Clarkson [2] '

P la—blP

2

a+b

2

< 5(1aF + ),

forany a,b € R, provided p > 2. From this inequality, we easily deduce the following

x+yy, 1 p() +p(y)
- — < 7 A7
(2)+%JM N
forany x,y € €. This inequality will imply
€

6p(r/ E) 2 2?/

forany r > 0 and € > 0. Obviously, we have lim sup ing Op(r,€) 2 1/2P+ > 0.
>

e—1-

3. Main Result

Throughout this section, X, stands for a complete modular vector space and p is convex. We will assume
that p satisfies the Fatou property. Let 7 be a topology on X,,. The following lemma is useful for the proof
of the main result of this work.

Lemma 3.1. Assume X, satisfies the strong 1-Opial property. Let C be p-bounded and t-sequentially compact
nonempty subset of X,,. Let {x,} and {y,} be two sequences in C. Then there exists y € ) cl:(conv{yi}i>n) N C such
nx1

that
limsup p(y — x,,) < limsup limsup p(y; — xu),

n—oo 1—00 n—
where cl(conv(A)) is the smallest convex t-closed subset of X, which contains A.
Proof. Since C is T-sequentially compact and p-bounded subset, there is a subsequence {y¢)} of {y,} such

that {ys()} T-converges to y € C. Moreover, there exists a T-convergent subsequence {xy} of {x,} such that
lim p(xy@u) — y) = limsup p(x, — y). Set x € C be the 7-limit of {xy(,}. Fix n > 1. Then for any m > n, we
n—oo s oo
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have ys(n) € cl:(convly;}i=n) N C which is a 7-closed subset. Hence y € cl.(conv{yi}i>,) N C, for any n > 1. By
using the strong 7-Opial property, we get

limsup p(y; —x,) 2 liminf p(y; = xym)

n—oo

= liminf p(xya) —x) + p(x = ¥i)-

Hence lim sup lim sup p(y; — x,) > lim inf p(xy) — x) + lim sup p(x — y;). On the other hand,we have

i—00 n—o0 i—00

limsup p(y; —x) 2= liminf p(ye) — X)

1—00

= lig(imnf pWow —y) + ply — x),
which implies

limsup limsup p(y; —x,) = liminf p(xy — x) + limsup p(x — v;)

= liminf p(ryu = x) + p(y =),
= hgglf p(Xym) —Y)

= lim p(rym — ¥)

= limsup p(x, — v).

n—oo

Lemma 3.2. Assume X, satisfies the strong t-Opial property. Let C be p-bounded and t-sequentially compact

convex nonempty subset of X,. Let ¢ be a constant such that ¢ > N,(X,,). Then for any sequence {x,} in C, there
exists x € C such that

(i) limsup p(x — x,,) < ¢ diam,({x,}),

n—oo

(ii) p(y —x) <limsup p(y — x,), forall y € C.
Proof. Let {x,} be a sequence in C. Without loss of generality, we assume diam,({x,}) > 0. Set A, =
cl:(conv{xi}i»n), for any n > 1. Our assumptions on C imply that A, C C, for any n > 1. Since C is

T-sequentially compact, A = () A, is a nonempty subset of C. For any x € A and y € C, we have
n=1

p(y = x) < 1p(y, A) < 7p(y, An) < sup p(y — xi),

because the p-balls are t-closed. Hence

p(y — x) < limsup p(y — x;).

n—oo

Hence (ii) holds for any x € A. Next, we prove the existence of an x € A for which (i) holds. Let ¢ > 0 such
that

No(Xp)diam,({x,}) + € < ¢ diamy({x,.}).

By definition of the Chebyshev radius, for any n > 1, there exists y, € A, such that

rp(]/nrAn) Iip(An) +¢&
Np(Xp)diamp(An) +¢

Np(Xp)diam,({x;}) + ¢
c diam,({x:}),

INIAIANIA
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which implies sup p(y,, — x;) < ¢ diam,({x;}), for any m > n. Hence
izm

lim sup p(y, — x;) < c diam,({x;}).

i—o00
Using Lemma 3.1, there exists x € A such that

lim sup p(x — x,) < limsup limsup p(y, — x;),

n—00 n—o0 i—00

which implies lim sup p(x — x,,) < ¢ diam,({x;}). O

n—oo

Next, we give the main result of this work. This result was initially discovered in [4] in modular function
spaces. For the metric version, the reader may refer to [3, 10].

Theorem 3.3. Assume X, satisfies the strong t-Opial property and p satisfies the Np-type condition. Assume
N,(X,) < 1. Let C be p-bounded, p-closed and t-sequentially compact convex nonempty subset of X,,. Let T : C — C
be a uniformly Lipschitzian mapping with K < (N,(X,))™"/?, then T has a fixed point.

Proof. Without loss of generality, we may assume K > 1 since (N,(X,))""/? > 1. Pick ¢ € (1, N,(X,)), i.e.,
1 < ¢ < Ny(X,), such that 1 < K < ¢c™'/2. Fix xy € C. Using Lemma 3.2, we construct inductively a sequence
{x,} such that

(1) limsup p(xiy1 — T"(x;)) < ¢ diam,({T"(x;)}),

n—oo

(2) p(xis1 — y) < limsup p(y — T"(x;))), for any y € C.

n—oo

for any i € IN. Set D; = lim sup p(x;+1 — T"(x;)), for any i € N. For n > m, we have

n—oo

p(T"(x) = T™(xi)) < Kp(xi = T""(x:))
< K limsup p(T°(xj-1) — T" " (x;))
< K? lismo;up p(T*(xi-1) — (x1))
< K? Dis—hm

which implies diam,({T"(x;)}) < K? Di_y, for any i > 1. Hence

D; = limsup p(xip1 — T"(x))) < ¢ 5,({T"(x)}) < ¢ K* Diq,

n—oo

for any i > 1, which implies D; = (c K?)' Dy, for any i € N. Set h = ¢ K? < 1. On the other hand, we have

Xip1 — T"(x;) + T"(x) — x;
pla =)

p(xiﬂ - X;)

< 0@ (Pl = T"() + plxi = T"(x))

< w(@) (pi = T"(x)) + lim sup p(T™(xi-1) = T"(x1)))
< @@ (pin = T"(x)) + K limsup p(T""(xi1) - x))
< @@ (pxia = T'(x) + K Dis),

forany i > 1. If we let n — oo, we get

p(xis1 — %) < @(2) (D; + K Di_1) < (@)W ' K(cK+1) Dy = A I,
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for any i € IN, where A = w(2) K(c K + 1) Dy/h. Using the properties of the growth function w (see Lemma

2.6), we get
1 1y 1
1LY i -1+
@ (A) @ (h) s (p(xi+1 —xi))

1 1Y
”xi+1 _xi”p < a)_l(A_l) (a)_l(h_l)) ’

for any i € N. Since & < 1, we have 1 = w (1) < w™!(h™!). Hence the series Y |[xi+1 — xillp is convergent
which implies that {x,} is Cauchy in the Banach space (X,, |.l,). Hence {x,} converges to some x € X,,. Since
p satisfies the A,-type condition, then {x,} p-converges to x as well. Hence x € C. Let us finish the proof of
Theorem 3.3 by proving that x is in fact a fixed point of T. Indeed, we have

P -T@) < @@ (p(x—xi1) + plris — T"(xi)) + p(T"(x;) — T(x)))
w@)(p(x = xi1) + plxiss — T'(x)) + K p(x = T"(x7)))

which implies

IA

Since
px = T (@) < 0@ (p(xiss — T (@) + plxiss — ),

if we let n — oo, we get
lim sup p(x — T"(x))) < @(2) (limsup p(xis1 — T"7(x7)) + p(xis1 — 1)),

which implies
px = Tx) < (3) (p(x — xis1) + Di + K (2) (D + p(xis1 — 1)),
for any i € IN. Finally, if i — oo, we obtain p(x — T(x)) = 0,ie. T(x) =x. O
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