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A General Matrix Application of Convex Sequences to Fourier Series
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Abstract. By using a convex sequence Bor [H. Bor, Local properties of factored Fourier series, Appl. Math.
Comp. 212 (2009) 82-85] has obtained a result dealing with local property of factored Fourier series for
weighted mean summability. The purpose of this paper is to extend this result to more general cases by
taking normal matrices in place of weighted mean matrices.

1. Introduction

Let A = (a,,) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A
defines the sequence-to-sequence transformation, mapping the sequence s = (s,) to As = (A,(s)), where

n

An(s) = Zanvsvl n=0,1,.. (1)

v=0
The series Y a, is said to be summable |A, 0, |, k > 1, if (see [14])

Y ok A4 < oo, 2
n=1
where (0,) is any sequence of positive constants and
AAn(s) = An(s) - An—l(s)' (3)
(see also [11]). Note that in the special case when A is the matrix of weighted mean, i.e.,

ﬁ
g =1 P 0<v<n
0, n>o,

then the summability |A, 0, |, reduces to the summability |N , Pns On " k > 1, which also includes the summa-
bilities |N, pulk and |R, pylx for 6, = % and 0, = n, respectively, (see [2], [3]). Furthermore, if A is the matrix
of Cesaro mean of order a, with a > —1 and 6,, = n, then it is the same as the summability |C, |, (see [6]),

which is one of ancestor summability methods.
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2. The Known Results

Let f be function with period 27, and Lebesgue integrable over (-7, 7). Without loss of generality, we
may assume that the constant term of the Fourier series of f is zero, that is

I : F(t)dt = 0.

Write

f(t) ~ Z(ancosnt + bysinnt) = i Cu(t), (4)

n=1 n=1

where

ag = %In f®at, a, = %f:n f(t)cos(nt)dt, b, = %j_‘n f()sin(nt)dt.

It is well known that convergence of a Fourier series at any point t = x is a local property of the

generating function f, that is to say, depends only on the values of the function f in the interval (x — 6, x + 0)
for arbitrarily small 6 > 0 and it is not affected by the values it takes outside the interval (see [16]).
The Fourier series play an important role in many areas of applied mathematics and mechanics. Since the
convergence of such a series at any point t = x is a local property of the generating function f, therefore the
summability of this series at the point by any regular linear summability method is also a local property
of f. Some known results have been proved dealing with local property of Fourier series (see [9]-[10],
[12]-[13]). Furthermore, Bhatt [1] has proved the following result.

Theorem 2.1. If (A,) is a convex sequence such that Y, n=*A,, is convergent, then the summability |R,logn, 1| of the
series ), C,(t)A, log n at a point can be ensured by a local property.

Bor has proved the following theorems in a more general form which includes of the above result as special
cases.

Theorem 2.2. [4] Let k > 1. If (A,) is a convex sequence such that Y, p,A, is convergent, then the summability
IN, pulk of the series Y, Cy(t)A, Py at a point is a local property of the generating function f(t).
n=1

Theorem 2.3. [5] Let k > 1. If (A,) is a convex sequence such that }, p,A, is convergent and (0,) is any sequence of
positive constants such that

iﬁﬂmmmmm ®
L\,
i(?f4Afom, ©)
L\,
iﬁﬂmwmﬁau ?)

and

n=v+1

§°(Oape) e [(Ore) L ®)
l)n Z)nl)n—l B l)v l)v ’
then the summability |N, p, Ol of the series f Cn(t)A, Py, at a point is a local property of the generating function
n=1
f@).
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3. The Main Result

In this paper, taking a normal matrix instead of a weighted mean matrix, we extend Theorem 2.3 to
|A, O,x summability. Before stating the main theorem we must first introduce some further notation. Given
a normal matrix A = (a,,,), we associate two lower semimatrices A = (@,,,) and A= (4,p) as follows:

n

App = Zam, n,v=0,1,... Adp=ayw—a,-1,0 a_10=0 9)
i=v
and
doo = oo = Aoo, (10)
Aup = Myp = By — By10, n=1,2,... (11)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series trans-
formations, respectively. Then, we have

n n n

Au(s) = Zam,sv = Z Ay and AA,(s) = Zfznvav. (12)

v=0 =0 =0
With this notation we have the following theorem.

Theorem 3.1. Suppose that A = (a,) be a positive normal matrix such that

do=1n=0,1,.., (13)
Apn-1p = Ao, for nzv+1, (14)
o = o(%). (15)

If the conditions (5)-(7) of Theorem 2.3 are satisfied and, if (0,) is any sequence of positive constants holds for the
following conditions,

Z (Gnann)k_ldn,vﬂ =0 {(evavv)k_l} ’ (16)
n=v+1

and
Z (Qnann)k_llAanv| =0 {(Gvavv)k_lavv}/ (17)
n=v+1

then the series Y, C,(t)A, P, is summable |A, O,|,, k > 1, where (A,,) is as in Theorem 2.3.
We need the following lemma for the proof of Theorem 3.1.

Lemma 3.2. [8] If (A,) is a convex sequence such that Y, p,Ay is convergent, then (A,) is a non-negative monotonic
decreasing sequence tending to zero,

PoA,=O(1) as n— oo and anmn < co.
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4. Proof of Theorem 3.1

2446

Proof. Since the behaviour of the Fourier series, as far as convergence is concerned, for a particular value
of x depends on the behaviour of the function in the immediate neighbourhood of this point only. To
complete the proof of Theorem 3.1 it is sufficient to prove that if (s,) is bounded, then under the conditions

of Theorem 3.1 Y, a,A, P, is summable |A, O0,|, k > 1.
Let (I,) denotes the A-transform of the series ).~ a,P,A,. Then, by definition, we have

n

Al, = Zﬁwavpv)tv.

v=1

Applying Abel’s transformation to this sum, we have that

n n—-1 v n
Al, = Z Aoy PyAy = Z Ap(@noAoPy) Z ay + Aup Ay Py Z Iy
v=1 v=1 r=1 v=1

1
= Z Ao(@noAoPo)sy + unAuPysy

n-1 n-1
= Z Aanv/\ vav + Z ay, v+1A/\ vav dn,v+1pv+1Av+lsv + annAnPnsn
v=1 v=1 v=1

= In,1 + In,Z + In,3 + In,4.

To complete the proof of Theorem 3.1, by Minkowski inequality, it is sufficient to show that

Z O 1, F< o, for r=1,2,3,4.

n=1

It is noted that by using the conditions (13) and (14) we have

[y
H

n— n—

|Aanv| = |@no — An—1,0] = Z(an 1o = Ano)

IS

Il

—_
Hb—l

v=

n—

= Ap-1,0 — An-1,0 — Zanv + auo + Ann
v=0 v=0

= 1-a, 10_1+an0+ann < Qun-

(18)

(19)

First, by applying Holder’s inequality with indices k and k’, where k > 1 and } + # = 1, and from (19), we

have

A
AN

k
|Aanv”/\vlp |5v|}

n—-1
|Aanv|A"P"|sv|k} x {Z |Aanv|}
v=1

m+1 m+1 n—

k-1 k k—1
20t < )
n=2

n=2
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m+1 n—1
= 0(1)Zek 1k~ 1Z|Aam,mkpk
v=1
m+1
= omZAﬁpﬁ Y (©un) " 1Aay|
v=1 n=v+1

- O<1>Z<6vaw>k " APha, = o<1>z (Oec) ! ALPLE
p k-1 p k-1
— _uro k-1 — v
= O(l)vzzl( P, ) (AoPy) Polo O(l);(—Pv ) Pv/\z,
= O@0) as m— oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.2.
It should be noted that the elements 4,, > 0 for each v, n. In fact, it is easily seen from the conditions (13)
and (14), that 4y =1,

ﬁnv = a_nO - ﬁn—l,O + Z(an—l,i - ani) (20)
= Z‘(a,,_u —a,) 20, for 1<v<mn, andequaltozerootherwise, and also

dn,v+1 = Z‘ (@ni — an- 11) = Z(an 1 — Api) (21)

i=v+1
-1

< Z(unfl,i - ani) = ﬁnfl,O =y + Apn = Ay
—

Now, again using Holder’s inequality, and (20)-(21) we have that

m+1 m+ n-1 k
k-1 k k—1 N

Y 0 Lo < Y O et IAAIPIso|

n=2

v=1

m+1 n-1 n-1 k=1
i {Z 8 L A Polsol } X {Z AAUPU}
v=1

v=1

m+1 n-1
- 1)Zek— { BB AL P}

IA A
g ER gk
%
. iM

H

m+1

= O(l)z Qk_l k 1 n,v+1A/\vPv

U=

= 1)ZA/\P Y (0u2) "
v=1

n=v+1

3
it
-
N

(B00) ! ALLP,

Ms

= 0(1)

—_

m k-1
_ vPo
- 0(1);( 2 ) AP,

= 0O(1) as m— oo,
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by virtue of the hypotheses of Theorem 3.1 and Lemma 3.2.
Using the fact that P, < P41 and (20)-(21), we have that

m+1 m+1
Y O L Z 05! Z o1 Pos1 Aven |sv|
n=2

m+1

n—1 k=1
= 0() Z Qk ! {Z a, ZH1Pv+1Av+1} X {Z Pv+1Av+1}
v=1
m+1
= 01 Z ek ! {Z A]:, Ul+1an,v+1pv+1/\v+1}

IA

v=1
m+1 n-1
= 1)Zek gkt {Z ﬁn,v+1pv+l/\v+1}
v=1
m+1
= O(l)zpwl/\wl Z (Gnann) An041
n=v+1

= 1) Z vavv) pv+1/\v+1

k-1
1)2( vpv) Poridoss = O(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.2.
Finally, since P,A, = O(1) as n — oo, we have that

m
k—1 k k—1 k 1k pk k
Z en | IVI,4 | Z Gn ann/\npn|sn|

n=1 n=1

— 1)Zek—lk1Ak 1/\Pkp”

= omZ (Outin) ™ Pk

k-1
- 1)2( S =0 a5 s,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.2. [J

This completes the proof of Theorem 3.1.

5. Conclusions

We can apply Theorem 3.1 to weighted mean A = (a,,) is defined as a,,, = ;—Z when 0 < v < 1, where
P, =po+p1 + ... + py,. We have that,

_ Pn - Pv—l A Pnpv
Ay = P— Apo+l = m
n n+ n—

It may be noted that if we take A = (N, p,), then the conditions (13)-(15) are satisfied automatically and the
conditions (16) and (17) are reduced to (8). The following results can be easily verified.
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1. If we take 6,, = 1;—: and a,,, = lp,—’; in Theorem 3.1, then we have Theorem 2.3.

2. If wetake 0, = nanda,, = 1’;—” in Theorem 3.1, then we obtain a theorem dealing with |R, p,|x summability.

n

3. Ifweput6, =n,a, = ij—’; and p, = 1 for all values of n in Theorem 3.1, then we have a result for |C, 1|,

summability.
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