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Abstract. The purpose of this paper is to investigate variational inequalities, fixed point problems and gen-
eralized mixed equilibrium problems. An extragradientiterative algorithm is investigated in the framework
of Hilbert spaces. Weak convergence theorems for common solutions are established.

1. Introduction

In real world, there are many problems are reduced to finding solutions of equilibrium problems, which
cover variational inequalities, fixed point problems, saddle point problems, complementarity problems
as special cases. Equilibrium problem, which was first introduced by Fan [1] and further studied by
Blum and Oettli [2], has been extensively studied as an effective and powerful tool for a wide class of
real world problems which arise in economics, finance, image reconstruction, ecology, transportation,
network and related optimization problems; see [2-17] and the references therein. For solving solutions of
variational inequalities, projection algorithms are efficient. However, they request the involving monotone
mappings are inverse-strongly monotone; [18]. To relax the restriction on inverse-strongly monotone,
extragradient algorithms, which have been extensively studied [19-23], are considered for a variational
inequality involving a continuous and monotone mapping in this paper.

The organization of this paper is as follows. In Section 2, we provide some necessary preliminaries
which play an important role. In Section 3, an extragradient projection algorithm is introduced and the
convergence analysis is also given. A weak convergence theorem is established in the framework of Hilbert
spaces. Some subresults are also provided as corollaries of the main results in this section.

2. Preliminaries

From now on, we always assume that H is a real Hilbert space with inner product (-, -) and norm || - ||,
and C is a nonempty, closed, and convex subset of H. R is denoted by the set of real numbers. Let F be a
bifunction of C X C into IR. Consider the problem: find a p such that

Fip,y) =20, VyeC 2.1)
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In this paper, the solution set of the problem is denoted by EP(F), i.e.,
EPF)={peC:F(p,y) 20, VYyeChL

The above problem is first introduced by Ky Fan [1]. In the sense of Blum and Oettli [2], the Ky Fan
inequality is also called an equilibrium problem.

Recently, the “so-called” generalized mixed equilibrium problem has been investigated by many authors:
The generalized mixed equilibrium problem is to find p € C such that

Fp,y) +{Ap,y—-p)+o(y) —¢p) 20, Vye(, (2.2

where ¢ : C — Ris a real valued function and A : C — E* is mapping. We use GMEP(F, A, ¢) to denote the
solution set of the equilibrium problem. That is,

GMEP(E A, @) :={p € C: Fp,y) +{(Ap,y —p) + ¢(y) —¢(2) 20, VyeC}.

Next, we give some special cases:
If A = 0, then the problem (2.2) is equivalent to find p € C such that

Fip,y) +oy) —¢(z) 20, VYyeC, (2.3)

which is called the mixed equilibrium problem.
If F = 0, then the problem (2.2) is equivalent to find p € C such that

Ap,y—-p)+o(y) —p(2) 20, VyeC, (2.4)

which is called the mixed variational inequality of Browder type.
If ¢ = 0, then the problem (2.2) is equivalent to find p € C such that

Fp,y)+{Ap,y—p)=0, Vye( (2.5)

which is called the generalized equilibrium problem.

If A =0and ¢ = 0, then the problem (2.2) is equivalent to (2.1).

Let F(x,y) = (Ax,y — x), Vx,y € C. we see that the problem (2.1) is reduced to the following classical
variational inequality. Find x € C such that

(Ax,y—x)>0, VyeC (2.6)

It is known that x € C is a solution to (2.6) if and only if x is a fixed point of the mapping Pc(I — pA), where
p > 01is a constant, and I is the identity mapping.

For solving the above equilibrium problems, let us assume that the bifunction F : C X C — R satisfies
the following conditions:

(A1) F(x,x)=0,Yx € C;
(A2) Fis monotone,i.e., F(x,y) + F(y,x) <0,Vx,y € C;
(A3)
limsup F(tz+ (1 - t)x,y) < F(x, y),Vx,y,z € C;
t10

(A4) for each x € C, y = F(x,y) is convex and weakly lower semi-continuous.

Let T : C — C be a mapping. In this paper, we use F(T) to stand for the set of fixed points. Recall that
the mapping T is said to be nonexpansive if

ITx =Tyl < llx—yll, VYx,yeC
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T is said to be «k-strictly pseudocontractive if there exits a constant x € [0, 1) such that
ITx = Tyl < Il = yl2 + il = T)x = (I = TlP,  Yx,y e C.

It is clear the class of k-strictly pseudocontractive include the class of nonexpansive mappings as a special
case.
Let A : C — H be a mapping. Recall that A is said to be monotone if

(Ax—Ay,x-y)>20, VYx,yeC
A is said to be x-inverse strongly monotone if there exits a constant @ > 0 such that
(Ax — Ay, x - y) > «l|Ax - Ayl>, Vx,yeC

It is clear that k-inverse strongly monotone is monotone and Lipschitiz continuous.

A set-valued mapping T : H — 2H is said to be monotone if, for all x,y € H, f € Tx and g € Ty
imply (x -y, f — g) > 0. A monotone mapping T : H — 2! is maximal if the graph G(T) of T is not properly
contained in the graph of any other monotone mapping. It is known that a monotone mapping T is maximal
if and only if, for any (x, f) € HxH,{(x—y, f—g) > 0forall (y,g) € G(T) implies f € Tx. The class of monotone
operators is one of the most important classes of operators. Within the past several decades, many authors
have been devoting to the studies on the existence and convergence of zero points for maximal monotone
operators.

In order to prove our main results, we need the following lemmas.

Lemma 2.1 [24] Let C be a nonempty, closed, and convex subset of H, and S : C — C a strictly pseudocontractive
mapping. If {x,} is a sequence in C such that x, — x, and lim, .« ||x, — Sx,|| = 0, then x = Sx.

Lemma2.2. [24] Let S : C — C be a x-strictly pseudocontractive mapping. Define Sy : C — Cby Six = tx+(1—1)Sx
foreach x € C. Then, as t € [x,1), S; is nonexpansive such that F(S;) = F(S).

Lemma 2.3 [25] Let {a,}, {b,}, and {c,,} be three nonnegative sequences satisfying the following condition:
Ay < (L+Dby)a, +c,, VYn=ny,

where ny is some nonnegative integer, ¥, 1 by, < 0o and Y74 ¢, < co. Then the limit lim,_, a, exists.

Lemma 2.4. [2] Let C be a nonempty closed convex subset of H, and F : CxC — R a bifunction satisfying (A1)-(A4).
Then, for any v > 0 and x € H, there exists z € C such that

F(z,y) + %(y—z,z -x)>0, VyeC
Further, define
Tix={zeC:F(z,y) + %(y—z,z—x) >0, YyeC}
forallr > 0 and x € H. Then, the following hold:
(a) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

IT,x - T,yl* < (Tox — Ty, x — y);

(o) K(Ty) = EP(F);
(d) EP(F) is closed and convex.
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Lemma 2.5. [26] Let {a,})"; be real numbers in [0, 1] such that Yome1 Ay = 1. Then we have the following.

(o) (o)

2 2

1Y il < ) aidlxil,
i=1 i=1

for any given bounded sequence {x,}", in H.

Lemma 2.6. [27] Let A be a monotone mapping of C into H and Ncv the normal cone to Catv € C, i.e.,
Nev={weH:{v—u,w)y>0, VYueC}

and define a mapping T on C by

Av+Ncv, veC
To =
0, v éC.

Then T is maximal monotone and 0 € Tv if and only if (Av,u —v) > 0 for all u € C.
Lemma 2.7. [28] Let 0 <p < t, < q <1 foralln > 1. Suppose that {x,}, and {y,} are sequences in H such that

limsup [lx,/| <d, limsuplly.ll <d
n—oo

n—oo -

and
lim [|t,x, + (1- tn)yn” =d

hold for some v > 0. Then limy, e ||x; — Yull = 0.

3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let A : C — H be a L-Lipschitz
continuous and monotone mapping and let T : C — C be a «x-strictly psuedocontractive mapping. Let N > 1 be
some positive integer. Let F,, be a bifunction from C X C to R which satisfies (A1)-(A4). Let ¢, : C = R bea
lower semicontinuous and convex function and let B, : C — H be a continuous and monotone mapping for each
1 <m < N. Assume that F := ﬂfn’:lGMEP(Fm,Bm, om) NF(T) N VI(C,A) # 0. Let {A,}, {rnm) be positive real

7’

number sequences. Let {av,}, {a,}, (o), (Bu} and {6,,m} be real number sequences in (0,1). Let {x,} be a sequence
generated in the following process:

x1 € H,

Fo(zum, 2) + Bumzum, 2 = Znm) + m(2) — O@m(Znm) + %m(z — Znms Znm — Xn) 20, Vz e€C,

Yn = PrOjc(Zﬁzl OnmZnm — AA ZZ=1 OnmZn,m),

Xp+l = QpXy + a;(ﬁnPrOjc(ZZﬂ OnmZnm — AnAyy) + (1 — ﬁn)TProjc(Zﬁzl OnmZnm — AnAYn)) + ajlen,

where {e,} is a bounded sequence in C. Assume that {a,}, {ay}, (), (Bu), Onm), {An}, {Fnm) satisfy the following
restrictions:

1) ap+a,+ay=1,0<a<a,<b<l;
(2) k<Bu<c<1
B) Y Oym=1,and0<d<6,, <1;

(4) iminf,eo Fum > 0, Yoq lv)/| < 00 and my < Ay, < my, where my, my € (0,1/L).
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Then {x,} converges weakly to some point X € F.

Proof. First, we prove that the sequence {x,} is bounded. Define G,,(p, ¥) = Fu(p, y)+{Bup, y—p)+@(y)—p(p),
Vp,y € C. It is easy to see that the bifunction G satisfies the conditions (Al)-(A4). Therefore, generalized
mixed equilibrium problem is equivalent to the following equilibrium problem: find p € C such that

Gu(p,y) 20,Vy € C.Fixp € ¥ and set u, = ProjC(Zf,\i=1 OnmZnm — AnAyy) and v, = Z%zl OnmZnm- 1t follows
that y, = Proj.(v, — A,Av,). Hence, we have
lun = pI* < llow = AwAyn = pIF = 10w = AnAyn — uall®
= llow = pl* = llvn — uall® + 24,((Ayn — Ap, p — yu) + (AP, P — yu)
+ <A}/n, Yn — Uy))

<|lv, — P||2 — ||, — yn”2 - ”]/n - un“z + 2(v, — /\nA]/n = Yn, Uy — yn>
Since A is Lipschitz continuous, we have

(v, — /\nAyn — Yn, Un — yn> <o, - AnA}/n - yn“”un - yn”

< AuLllo, - ]/n””l’ln - ]/n”

Hence, we have
llun =PI < llow = plF + (AZL* = 1)lv, — yul*. (3.1)

Since T}, = {z € C: Gu(z,y) + 1(y — 2,z — x) > 0, Yy € C} is firmly nonexpansive, we have

Ynm

N
2 2
[0, — P|| <l E 5n,mzn,m - P”

m=1

N (3.2)
<) STy, %0 = I
m=1

< s = plP.
Substituting (3.2) into (3.1), we find
[l = I < lln = pIP* + (AZL? = Dlfv, = yall®.

Set T, = Bul + (1 = p»)T. Using Lemma 2.2, we find that T, is nonexpansive and F(T,) = F(T). Hence, we

have ) ) )
’ 17
11 = plI° < aullx, — plI© + ap I Thw, — pllI© + a;lle, — pll

< allxy — pI* + ajllun — pIF + alllen — pll

< alln = plIP + g (lxw = pl* + (AZL7 = Doy — yull®) + @/ llen — pll (2.3)
< e = pIP + ap(AL? = Dllow — yul® + ;) llen — pll

< llxn = pIP + @/ llew — pll.

Using Lemma 2.3., we see that the lim,_, ||x, — pl| exists. This obtains that {x,} is bounded. Since {x,} is
bounded, we may assume that a subsequence {x,,} of {x,} converges weakly to ¥. Using (3.3), we find that

Bu(1 = AGLA[0n = yull® < N = pIP = Peasa = pIP + @y llen = pll.
It follows from the restrictions (2) and (4), we see that lim,,_,« [[v;, — yull = 0. Note that
lyn — tall < ALl[vy = yall-
It follows that lim,, e [ly» — x|l = 0. This implies that

Tim Jlo, = |l = 0. (3.4)
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Using Lemma 2.4, we see that
znm = PIP = 1T, %0 = Ty, P
< AT Xn = TP Xu = P)
= %(”Zn,m =PI + 1 = pIP = l1zam = xall?).

It follows that
“Zn,m - P||2 <lxp = PI|2 - ”Zn,m - xnllz-

Since v, = ):2,]:1 OnmZnm, Where Zln\le Onm = 1, we find that
N
o = pIP < Y Sl = pIP
m=1

N
2 2
< e = P|| - E Onmllznm — xall.

m=1
Since || - |[* is convex, we see that
2 2 2
IXue1 = plI” < anllxn = plI* + aplITou, = plI° + o/ llen — pll
2 2
< ayllxn = pli° + apllu, = plI© + o)) lle, = pll
2 2
< ayllx, = plI” + apllo, = pll~ + a;/lle, = pll
N
2 2
< lw = pIP = ), Y Sumllzim — %l + @ llew = pll.
m=1

This implies that
(1= a)Snmllznm = Xl < 1 = plP = %1 = pIP + a;llew = pll.

It follows that
21_1};10 “Zn,m - xn” =0.

Based on the mapping A, define a maximal monotone mapping S by:

Sy = Ax+ Ncx, x€C,
o, x¢C.
For any given (x, y) € G(S), we have y — Ax € Ncx. It follows that
(y—Ax,x-2)>0, VzeC

Using the definition of u,,, we have

(% =0y, =+ Ay,) 2 0.
n
Since A is monotone, we have
(X = 1y, YY) 2 (X — Uy, AX)
Uy, — Up
2 (X = Uy, AX) = (X — Uy, AYp, + ——)
An,
Up, — Up:
= (X = Uy, AX — A} + (X = Uy, Atly, — AY,) — (X — Uy, f)
ni
Uy, — U,
> <x - un,‘/Au‘rll - Ayn,‘> - <x - un,‘/ >

A,

i

1026

(2.5)
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Since ||v,;, — x,|| < 25:1 Onmllznm — xnll, We find from (3.5) that lim,,_, [|v, — x,|| = 0. Note the fact that
[ = xull < |y = vull + |0 — x4l

It follows that
lim |ju,; — x,|| = 0. (3.6)

Since {x,,} converges weakly to %, we find that u,, — *%. It follows that (x — &, y) > 0. Since S is maximal
monotone, we find that 0 € Sx. Using Lemma 2.6, we find that & € VI(C, A).

Next, we show that ¥ € ﬂzzlGMEP(Fm, B, om). In view of (3.5), we see that {z,, ,} converges weakly to
¥ for each m > 1. Using the fact that z,,,, = T}, X, we have

nm

Foi(Znm, 2) + BmZnm, z2 = Zum) + ©(2) — @(Znm) + (Z=Zum, Znm —Xn) 20, VzeC.

rn,m
Using the assumption (A2), we see that

Zn,,m - xn‘

(Z = Zpym, Y2 Gz, zum), YzeC

i m
Using the assumption (A4), we see from (3.5) that G,,(z, %) <0, Vz € C. For t,, with0 < t,, <1,and z € C, set
zt, = (1 —ty)X+tyz, 1<m<N.

Since z;, € C, we find that G,,(z;,, %) < 0. Since
0= Gulzt,,zt,) < tuGm(z,,z) + (1 = t)Gu(zt,, X) < tnGm(zt,,2),

we see that G (z:,,z) 2 0, Vz € C. Letting t,, | 0, one sees that G,(%,z) > 0, Yz € C. This implies that
X € GMEP(Fy,, By, o) for each m > 1. This proves that x € ﬂln\izlGMEP(Fm, B, Om)-

Now, we are in a position to show that % is a fixed point of T. Since lim,_, [[x, — pll exists, we put
limy e |, — pll = d > 0. It follows that

1im (|1 = pll = Hm [l (s = p + a7 (e = Tutt)) + (1 = a0)(Ttt = p + @}/ (e — Tutt) )l = d.

Note that
limsup ||x, — p + a;; (en — Tntty)ll < limsup ||lx, — pll + lim sup ;) lle;, — Tyl

n—oo n—oo n—oo

<d

and
limsup ||T,u, — p + a;, (e, — Tyutn)ll < limsup [|T,u, — pll + lim sup a; |le, — Tty ||

n—oo n—-o0o n—o0o

<limsup [lu, — pll + limsup &, |le, — Tty l

n—oo n—oo

<d.

Using Lemma 2.7, we find
lim ||x,, — Tu,|| = 0. (3.7)

On the other hand, we have
1Ty — xull < Ty — Ttaall + | Tty — x4l
< ey = gl + [ T1y — x4

It follows from (3.6) and (3.7) that
351; Iy, = Txull = 0. (3.8)
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This implies from (3.8) that lim, [lx;, — Txll = 0. Using Lemma 2.1, we find that X € F(T). Let {x;;} be
another subsequence of {x,} converging weakly to &, where £ # *%. Similarly, we find that £ € #. Using
Opial’s condition, we find that

d = liminf||x,, — %|| < liminf|x,, — &]|
1—00 1—00

= liminf ||x; — &J| < liminf [|lx; — X|| = d.
j—)oo j—)oo

This is a contradiction. Hence x = £. This completes the proof.
If T is nonexpansive, we have the following.

Corollary 3.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let A : C — H be a L-Lipschitz
continuous and monotone mapping and let T : C — C be a nonexpansive mapping. Let N > 1 be some positive
integer. Let F,, be a bifunction from C X C to R which satisfies (A1)-(A4). Let ¢, : C — R be a lower semicontinuous
and convex function and let B,,, : C — H be a continuous and monotone mapping for each 1 < m < N. Assume that
F = ﬂz_lGMEP(Fm,Bm,(pm) NF(T) N VI(C,A) # 0. Let {A,}, {rnm} be positive real number sequences. Let {a,},

{a}, )} and {0y} be real number sequences in (0,1). Let {x,} be a sequence generated in the following process:

x1 € H,

Fii(Znm, 2) + BunZnm, Z2 = Zum) + Om(2) = @m(znm) + %,,,(Z — Zpms Znm —Xn) 20, Vze(,
Yn = PrOjC(Zln\qlﬂ 6n,mzn,m - AA 251\1]:1 6n,mzn,m)/

Xpe1l = Xy + a;TProjC(ZfZ:l OnmZnm — AnAYy) + ailey,

where {e,} is a bounded sequence in C. Assume that {a,), {a)), (@)}, {0um), {An), {rum) satisfy the following
restrictions:

M ay+a,+a)=1,0<a<a,<b<1;

(2 Y1 Onm=1,and 0 <d < 6pm < 1;

(3) liminfy, o 7ym > 0, Yoy la/| < 00 and my < Ay, < my, where my, my € (0,1/L).
Then {x,} converges weakly to some point X € F.

If B,, = 0, we find the following result on mixed equilibrium problem.

Corollary 3.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let A : C — H be a L-Lipschitz
continuous and monotone mapping and let T : C — C be a k-strictly psuedocontractive mapping. Let N > 1 be some
positive integer. Let F,, be a bifunction from C X C to R which satisfies (A1)-(A4). Let ¢, : C — R be a lower
semicontinuous and convex function foreach1 < m < N. Assume that F := ﬁ%_lGMEP(Fm, em)NF(T)NVI(C, A) #

0. Let {Ay), {rnm) be positive real number sequences. Let {a,}, {a),}, {avy}, {Bn} and {On,m} be real number sequences in
(0,1). Let {x,} be a sequence generated in the following process:

x1 € H,
Yn = PrO]'C(ZI,:,Izl 6n,mzn,m - AnA Zly\nlzl 6n,mzn,m)/
Xur1 = WX + QBP0 (Lot OnmZnm — AuAYn) + (1= Bu) TPrOj(Xomy OnmZnm — AuAYn)) + aen,

where {e,} is a bounded sequence in C and z,, ,, is such that

1
Fu(Znm, 2) + @n(2) = n(zum) + ; (Z = Znm, Znm — %) 20, VzeC.

Assume that {a,}, {a),}, {a)}, Bu}, (Onm), {An), {rum) satisfy the following restrictions:

M ay+a,+a)=1,0<a<a,<b<1;
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(2) k<pu<c<1
B) Y1 Onm=1,and0<d <6, <1;
(4) liminf, e 7y, > 0, Yoy la/| < 00 and my < Ay, < my, where my, my € (0,1/L).
Then {x,} converges weakly to some point x € F.

If A =0, we find from Theorem 3.1 the following result.

Corollary 3.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let A : C — H be a L-Lipschitz
continuous and monotone mapping and let T : C — C be a x-strictly psuedocontractive mapping. Let N > 1 be
some positive integer. Let F,, be a bifunction from C X C to R which satisfies (A1)-(A4). Let ¢, : C — R bea
lower semicontinuous and convex function and let B,, : C — H be a continuous and monotone mapping for each
1 <m < N. Assume that ¥ := ﬂfx:lGMEP(Fm, B, om) N F(T) N VI(C,A) # 0. Let {A,}, {rum} be positive real

number sequences. Let {a,}, (o), (o)), (Bu} and {6,,m} be real number sequences in (0,1). Let {x,} be a sequence
generated in the following process:

X1 € H,

Fm(zn,mr Z) + (Bmzn,mrz - Zn,m> + (Pm(z) - @m(zn,m) + ﬁ(z - Zn,mz Zn,m - xn> > 0, VZ € C,

Yn = 25:1 6n,mzn,mr

Xp+l = QpXy + a;(ﬁnPrOjc(ZZﬂ OnmZnm — /\nA]/n) +(1- ﬁn)TProjC(Zi\/llzl OnmZnm — /\nA]/n)) +ayen,

where {e,} is a bounded sequence in C. Assume that {a,}, {a)}, {a))), (Bu), {Onm}, {An}, {Fum) satisfy the following
restrictions:

M ay+a,+a)=1,0<a<a,<b<1;
(2) k<pu<cx<1

B) Y1 Onm=1,and0<d <6y <1;
(4) liminf, e 7ym > 0, Yoy la)/| < 0.

Then {x,} converges weakly to some point x € F.
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