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Some Invariants of Conformal Mappings
of a Generalized Riemannian Space

Nenad O. Vesié?

?Faculty of Science and Mathematics Ni$, Serbia

Abstract. Invariants of conformal mappings between non-symmetric affine connection spaces are ob-
tained in this paper. Correlations between these invariants and the Weyl conformal curvature tensor are
established. Before these invariants, it is obtained a necessary and sufficient condition for a mapping to be
conformal. Some appurtenant invariants of conformal mappings are obtained.

1. Introduction and motivation

A lot of research papers, books and monographs are dedicated to development of the theory of Rieman-
nian spaces and applications (see [1-23]).

Definition 1.1. [19, 22, 23] An N-dimensional manifold My endowed with a metric tensor Gijj,
Gij # Gji, is the generalized Riemannian space GRy.

Because of the non-symmetry G;; # Gj;, the symmetric and anti-symmetric part of the tensor G;; are:

gij = %(Gi]' + Gj,‘) and F,‘j = %(G,‘j - G]‘i). (1)

It evidently holds the equalities G;; = gi; +Fij, gij = gji, Fij = —Fji. An N-dimensional manifold My endowed
with the above defined symmetric metric tensor g;; is the associated (Riemannian) space Ry of the space
GRy.
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1.1. Affine connection of Riemannian spaces
Christoffel symbols of the first and second kind of the space GRy are

1 ) .
Tij = E(Gji,k —Gjki+Gij) and I’y =g"Taj, 2)

for partial derivation denoted by comma and the symmetric contravariant metric tensor
(gij) = (gi].)_l_ The Christoffel symbols l"j.k are affine connection coefficients of the space GRy.
Because of Fj,k # F;(],, the symmetric and antisymmetric part of I ;k are respectively defined as:
1

= 5{Thry) and 7= 3(r-Ty) §

The antisymmetric part Tj.k is called the torsion tensor of the space GRy. It is easy to obtain that is

0, 1 . : 1 .
I = 591“(91‘“ ~ o+ Jakj) and Th = 591“(1? jak = Fiea + Fakj)- 4)

0.
A space Ry endowed with affine connection F;.k is the associated space of the space GRy.

0. 0,
Because of the symmetry F;k = F}(],, it exists only one kind of covariant derivation with regard to the

affine connection of the associated space Ry defined as

0 0
N i oo _ Ta i
=+ l"aka]. l"jkaa (5)

a};k
for a tensor a of the type (1,1). From this covariant derivative, it is derived one Ricci-type identity. The
curvature tensor of associated space Ry obtained from this identity is

0. 0. 0.
RE =T

i
jmn jm;n jm

0; 0; 0, 0 0y 9
= rjm,n - r]'n,m + ijrom - r]'nram' (6)
Because of non-symmetry F;k * F;;j, it was found four kinds of covariant differentiation (see [14, 15])

with regard to affine connection of the space GIRy. For this reason, it exists twelve Ricci-type identities with
regard to affine connection of this space. From these identities, it was obtained twelve curvature tensors of
GIRNZ

. 0. . , . . ,
R. =R. +uT. +u'T, +0oT¢ T, +oT¢T, +wT T (7)

jmn jmn jmn jnm jm*an jn=am mn* aj’

0.
for the curvature tensor R;.mn of the associated space and the corresponding real constants u, u’, v, v’, w. Five
of these tensors are linearly independent:

1123 = Ioi;n + T;imm - T;.n;m + T;“mT;,, - T;?‘HTLW (8)
Ry = Ry = T + T + T8, T, ~ TS T, ©)
Rl = 102’,% + T+ T = T T + T3, T = 2T5 T, (10)
Rl = 1021"1 + T+ T = Ty T + T3, Toew + 2T50 T, (11)
Rl = Ry + T8, Tl + T3 T, (12)
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1.2. Conformal mappings and conformal curvature tensors

A conformal mapping of Riemannian space Ry [13] is a transformation that preserves local angles.
Conformal mappings are very important in complex analysis. Moreover, these mappings are significant in
different areas of physics and engineering.

Formally, conformal mapping f : Ry — Ry is determined with the equation
9; = g, (13)

0
0. —.
for a scalar function . The affine connection coefficients l";.k and F;.k satisfy the equation

S o , , ,
F’].k = F’].k + ll)]6;< + l/)kél] - ll)agmg]'k, (14)
for i; = ¢ ;. An invariant of the conformal mapping f is the Weyl conformal curvature tensor [2, 13]:

0
0

i _ R 1 s iy 8 i R i i 15
ijn = ijn + m(émRm - 6nR]m + ng]n - Rng]m) + m(émgm - 6)19]"1)/ ( )

0 o 0. .0 0 0
for R,']' = R?}a’le = ngaj/R = RJ.

A diffeomorphism f : GRy — GRy is the conformal mapping if the basic tensors G; jand Eij satisfy the
equation [19, 22, 23]

G,']' = esz,-]-, (16)
for a scalar function 1. The basic equation of mapping f is
fﬁk = Tﬁk + 6;% + 0,0 = Yag g + éj‘k’ (17)

for the tensor 1p; as above and the tensor Eé.k anti-symmetric by indices j and k.
The Weyl conformal curvature tensor C. is generalized for conformal mappings which preserve the
jmn

torsion tensor T, (also called the equitorsion conformal mappings) in [22, 23]. Invariants of random

conformal mappings of equidistant Riemannian spaces are obtained in [19]. The main aim of this paper
is to generalize the Weyl conformal curvature tensor C’].mn for a random conformal mapping defined on

a random generalized Riemannian space GIRy. Furthermore, we will obtain some other invariants of
conformal mappings and a necessary and sufficient condition for a mapping f to be conformal in here.

2. Generalizations of the Weyl conformal curvature tensor
Let f : GRy — GRy be a conformal mapping determined by the equation (17). The affine connection
0

0. =
coefficients I, and I". satisfy the equation
ik ik

0 o . . .
T’],k = l"’jk + 10, + I{Jké’j - Ipagl“gjk. (18)

After contracting of this equation, we obtain that is

0
i = Z\l[(f;; - %;.*a). (19)



N. O. Vesi¢ / Filomat 32:4 (2018), 14651474

This result, involved in the equation (18), proves that it holds
9 o 10 0 0 1,0 . 0 . 0, .
— p —ia— p
T = D (T8 + T8 = T8 7) = 5 (T5u0% + T = T )

From this equation, we obtain that it is satisfied
r ljk =T ljk’

for

’fi _lqi 1 i—)wéi 1(—)va6i ilﬁ iov
k= ]'k__( ja% ¥ 1 ka0 T Lapd 9ﬂ<)f

N ka™'j
R Y P
k= jk‘ﬁ( jaOk T ka0 = L apd 9jk)'

It holds the following proposition.

1468

(20)

(21)

(22)

Proposition 2.1. Let f : GRy — GRy be a conformal mapping of an affine connection space GRy. The geometrical

object Fj,k is an invariant of the mapping f. [

Remark 2.2. The invariant f;k is analogy of generalized Thomas projective parameter [17] of associated space Ry.

The following equations are satisfied:
_ 1—- = 1 1 (1)
7 = 5(Gij + Gj) = 524Gy +€Gj) = 5¢¥(Gij + Gji) = g,
= 1= = 1 20 20 1 20 M) 2y
Fij = 5(Gij = Gji) = 5 (€ Gij — e Gi) = 5e(Gij - Gji) = eFyj,
5; — ?iayja — _l?meznga — giagja N yia — e—21pgia’
—ij= (325 o0 i .

ljgmn ( = ) (6 2#).’71])(621#9111") = g”gmn,

7 7 (e2g7)( 2 Fm) = 97 F

Based on the equations (25, 26, 27), we conclude that it is satisfied the following proposition:

Proposition 2.3. Let f : GRy — GRy be a conformal mapping. The geometrical objects

giijn/ gijgmnr gijpmn/ giijn,p + gf;;Gmn/ gijgmn,p + 9f;]9gmm gijpmn,p + g;];an
are invariants of the mapping f. O

Let us now analyze the change of torsion tensor T;',k under the conformal mapping f.
Proposition 2.4. The torsion tensors T;.k and T}k of the spaces GRy and GRy are
o1y 5 .
T = 5((6"Fie), (7 Fa) , — (67 Fi),.)
—i 1//_i— = o
T = 5((7Fiy (7" Fee) = (7Fr))

for covariant differentiations with regard to affine connections of Ry and Ry denoted by ; and .

(23)
(24)
(25)
(26)
(27)

(28)

(29)

(30)
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Proof. Let us prove the equation (29). The equation (30) may be proved in the same way.
It is satisfied the equalities

0 0 0 0 0 0
Fiix = Fii + Fisj = Fjix = Fjxi + Fir,j =T Fai = TjFja + TiFax + TgFja = TjFax = T Fia

=0
= Fjij — Fjii + Fixj.

From ZT;k = Fj,k - 1“;{]. = g(Ta.jx — Takj), we obtain that it is satisfied
T — 1 ia(r.  _F. F. )= 1 iap. o iap
jk = 29 ( jak jka + ak,]) - 2(9 jok g jka + g ak;])-

Moreover, because g7/ = 0 it holds g"/Fy,;, = (gime,,)_p, ie.

1y , .
Ty = 5((¢°Fju), — (i), + (9°F i) )
which proves this proposition. O

From this proposition and the invariance (27), we obtain that is

0 0. o o
(?”an) - - ({]z]an) . = fop?a]an + Ffw?man - rgwyljl:an - FcnyprFma

0. . 0. . 0 . 0 .
- rjxpgajpmn - rfxpgml:mn + Fﬁ,pg’]Fan + rﬁpg”l‘"mm

0 0 0 0
i A P S = L L S = 2 L
Ty =T = E((g’“}-"ja)’k +T0 7" Fjﬁ_r?kglﬁpaﬁ - (gmpka),/ - r;jgaﬁpkﬁJrr?jgl/ Fop - (9laij);a)
1, . 0. 0. . 0. 0o . .
- 5((970‘1:]'&),;{ + F;kgaﬁFjﬁ_F?kglﬁFaﬁ - (glaFka),j - r;jgaﬁl:kﬁ"'r/fjglﬁl:aﬁ - (glaka);a)
0

0 0 0 0 0
e li—ap=i = =i = =i = = —ia\T . —if(Ta T T
= (7 (TuFip = ToyFis) = (Togd™ + Togd ™ Fie + 7" (TjsF o — TisFo))
1 0. 0. 0. 0 0 0
~ 5 (7 (CuFip = ToyFip) = (Tup™ + Togg)Fie + 9%(TFa = TiFa))-
From these equalities, we get

—i . . s
Ti=Tj+ Ty - T

for
T = —%(9‘“’3 (ilf;ijﬁ - IQ;ijﬂ) - (?Zﬁg“ﬁ + %iﬁgi“)ka +g* (%?ﬁFak - %?;;Faf))/
0

» 1, .2 _ 0 _ 2,_;2[5_._ 9
Ty = _E(g“ﬁ(r;kpjﬁ - r;jpkﬁ) - (r;ﬁg"f + raﬁg’”)F]-k + glﬁ(r;“ﬁpak - rgﬁpaj)).
From the equation (31), we obtain

oo i i
T]»k + Ty = T].k + Tk

1469

(31)

(32)

(33)

(34)

From the invariants (21, 22), the equation (31) and the basic equation (17), we conclude that the following

lemma holds:
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Lemma 2.5. Let f : GRy — GRy be a mapping between generalized Riemannian spaces GRy and GRy.

a) If f is a conformal mapping, the geometrical object
f;k =Ty + 74

is an invariant of this mapping.
b) The mapping f is a conformal mapping if and only if the geometrical object
[ =71 1 1—0~a 5 lqa 5 lqﬁ ia
k= jk_ﬁ( ja% T ka0 — Lapd .‘7ﬂ<)

1 0. 0. 0. 0 0 0
- E(gaﬁ(rlakaﬁ - r;ij,g) - (r’aﬁg“ﬁ + raﬁg’“)ij + glﬁ(r;‘ﬁFak -Tyy aj))

is an invariant of this mapping. [

The invariance T¢ T%, = [ [ proves that it is satisfied
jm an jm an
TOT T T 4q@ Tl g 7o pqaqgi o g T e
jm*an = *jm*an T]'m an T Tan jm ijTan ij an ~ Tan jm ijTom'
From the invariance T:. =17  we get
jmn jmn
2. 0 4 0 . 0 . 0 0 0
i foi _TiTe _TaTi _TaTi _71i fa a i a i
r]'mjn - r]‘m;n - ran jm rjnram rmnr]‘a ranr]‘m + r]'nram + rmnr]‘al
ie.
oo —i i
ijfﬂ - ij;n * Ojmn — O jinn
for
i Oi fra Oa fi Oa fi i
T = l"anl"jm - l"jnl"am - l"mnl"ja = Timnr
0 4 0 4 0 .
= _Ti Ta Ta T Ta T —i
ojmn - Fanr]‘m - rjnram - rmnrja - ijfn'
Let

. 0. , . . . ,
1 — 1 1 s (23 1 / T 1 (24 1
R. =R. +uT. + ”oTjn;m + UoijTm + vOTjnTam + wOTmnTa].

jmn jmn jm;n

1470

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

be a curvature tensor of generalized Riemannian space GIRy expressed as linear function of the curvature

0.
tensor R;mn of the associated space Ry. From the equation (42), after the contraction i = n and the

corresponding compositions with g/, we obtain that is

0

i _ pi _ i T _ a i o el a i
ijn—ijn ”0ij;n uOTjn;m UoijTan vOTjnTam onm,,Taj,
0
Rij = Rii — ugT%, — (v} + wo)TAT"

ij = Bij 0% ija 0 0)Lig " ajr

0. . . , ,
Ri = Ri - uogw‘Tﬁﬁﬁ — (U + wo)g'“TﬁyT;].,

0_ A a B _yo
R=R (vo+w0)TyﬁTabg .

(43)
(44)
(45)

(46)
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Because Weyl conformal curvature tensor C. is an invariant of the mappin ,
y jmn pping
ie. Eljmn = C;mn, and from the equations (43, 44, 45, 46), we obtain that it is satisfied
R;'mn = lemn - uOT}m;n - u(/)T;'n;m - UOT?mT;n - v(,)T;‘InTsz - wOT?nnT(lx]'
—i ,—i —a —i = —i —a —i
+ MOij’;n + MOT]'”;m + voijTM + UOTjnTam + onmnTaj
1 ; ; ; ; p— C— =i —i_
+ m(élmRJ‘n—%RJ‘m‘*Kﬁn%n‘Rhgjm—521Rjn+5Zij—ngjn"’Rngjm)
U : ; ;= P =
-5 (5;,1T;;,;a = 00Ty = O T + 5;ijfa)
Up

iaB iaB —iam - —ia P =
“N-2 2(9 TomgTin = 9" Ty 9im = 9 Tﬁmsﬁgm +g Tin;ﬂgjm) )

vl + Wy, . ) D — —a—B
= 2 (80, Tl = LT T — 8, Ty ey + 04T o)
WO jarp oy iaf Ty Slah T o e S
~ 5 (0 T T = 9T Ty i = 7 Ty Tpun + 7Ty TG )
1

* m(R(émgf" = 0uGjm) = R(émgjn - 6”91'"))
v, + Wo (

(N-1)(N-2) T80, 9 (6590 = 0,9m) = TosToo (60T 10 — 95T ))-

From the equations (37, 38), we get:

' i

Tinin = Thpn + T = O (48)
Tt = Ths + T = O (49)
TouTon = T T + T T + Ty T + T Ty = T Ty = To Ty = T o (50)
T?anxm = T?nTétm + Tl;nTrixm + Tf)zmT;'ln + T;?(n’[fxm - %?nT;m - %lamT?n - %?n%ivmr (51)
TZmfoj = Tng;j + T%HT;]- + foijnn + T%nT:'xj - ?szivj - T;]‘T:m - ?;ﬁnfij' (52)

0. Ly
By the equation (47), it is presented the transformation of curvature tensor R, to R, as function of the

curvature tensors R’]'.mn and Eémn (in the form (42)) of the spaces GRy and GRy. For this reason, from the
corresponding linear combination of the equations (47 — 52):

(47) + ug - (48) + uy - (49) + vg - (50) + vy - (51) + wy - (52)

we obtain that it holds the equality

=i _ A
Clopp = Ch

jmn
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for
¢, =R L (U 6"R4m+R"g-n—Rigvm)+—R (65gjn = 8,9m)
jmn ]mn N-=2 n-Yy mJ ] nJj (N—l)(N—Z) mJ] nJdj

- N _ (6;1T;Xn o 6171T7m et + ngim;ﬁgjn - ngfm;ﬁgjm)
+

- N 5 (5;’1]1]&;;'1"5” _ 5;T;%Tﬁ gI“TgyTz;mf?]n gzaTiy 5,1!]]111) (53)
'0’ + Wo T Tﬁ Y0 (Si 61'

m 26 Lo OmGin = 61 jm)
- uoa]mn = UQT + UO(ij T n T + T]mTan)
+ UO(T]n m TamT;xn + T]-n’[am) + wo(TmnT;] + Ta].T“ + T, T ])

and the corresponding C: . Inthis way, it is proved that the following theorem holds:

jmn’

Theorem 2.6. Let f : GRy — GRy be a conformal mapping of a generalized Riemannian space GRy. The
geometrical objects (53), for the corresponding constants ug, ug, vo, v, wo are invariants of the mapping f. [

Corollaq 2.7. The invariant Cj.mn of conformal mapping f : GRy — GRy and the Weyl conformal curvature
tensor C’].mn of the associated space Ry satisfy the equation

+ Z)o(’l’]m o + ’c[mT;‘m + ij’[an) 54)
+ Z)O(T]n o + TamT;"n + T]-n”[;m) + wo(TmnT;] +1 Ton + TonT ])

C —C’Z —uoa

jmn jmn uO ]nm

for the above defined a]mn and Tj.k. O

Corollary 2.8. The invariants (;Z;mn of conformal mapping f : GRy — GRy derived from the linearly independent

curvature tensors RE._ k=1,...,5, given in the equations (8-12) are:
K Jmn

; 1 . . . 1 ) )
Clnn = Ry + N 2(51 = OuRjm + Ryygjn = Iflngjm) + mlf(&nﬂjn — 8,jm)
1 ST ST iaB
- I\f——( mT]na - HT]ma g T ﬁg]” g Tomﬁg]m)
1 ic ic
v 2(51 TY, T - 6;T;"5T§m + g h, T} lin — g”TgyT;n ],,,) (55)
PR S LT .
(N 1)(N 2) yﬁ aég mg]” ng]m
- ijn + a]nm + T»mTl + TMT?m + T]mT - T;?‘HT; - TamT;"n - T]nTam,
¢ =R L (51 ~8iRiw + R, gin — R ,)+; R(6%gju = 6L gjm)
Z]mn 2]mn N 2 n 2]"1 ng]ﬂ zng]m (N _ 1)( 2) mg]n ng]m

(61 T 61 T gzaTﬁ ﬁg]n _ gzaTﬁ ﬁg]m)

+N_2 m= jna n= jm;e
1 ) ’
+ N 2(6jﬂT7ﬁTﬁ - 5;T}”ﬁTﬁ + glaTgyTZ;mgjn _ gzaTg ngjm) (56)
1

a Th i i
m%%bgm@mgm )

i a i a
* a]mn - ]nm + T]mTom + TomT]m + T]mT - T]nTam - TamT]n - T Tamr
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, 1 , . . 1 A .
g;mn =R t 2 2(51 = OuRjm + Riygjn = §ngm) + m@(&m%’n — 8,m)
1 B P
- N — (51"1’11;);1 a 6;1T;1m a + glaTLvm;ﬁgj” - glaszn;ﬁgfm)
1 $ B, jarh TV T
g (W T Ton = LT To + 0T, T g0 = 9 T2, T, ) (57)
1 a By i
MEER ©ugjn = :8jm)
- o]mn - o]nm -7 T — TanT7m -3 T, + T?nT; + ’cmTj‘n +7; -
- Z(Tmn aj + T Tr(;(m mn a])’
N . 1 . . . . 1 . .
1 _ 1 - 1 R N ] . 1 A 1 . 1 N .
G = R+ 5= (i = 30R i+ R = Rosin) + ey =y RO = Ohgm)
1 )
= 5 (O e = 0T + 6T 00 = 6T, )
3 .
= N =3 O T T = T T + 9 T T 910 = 9T T ) (58)
3 T¢ B o i
TIN-DIN-2) T35 0" Ougjn = Sm)
- a;mn - a]nm -7 T — TanT7m -3 T, + T?anx + ’cmTj‘n +7; T
+ Z(Tm‘rl a] + Ta]Tfr(l‘rl mn a])/
¢ =R L (51 = &, Rjn + Ry gju ~ R gjm) + ;R(éi Tjn = Shjm)
5 jmn 5]11111 N-=-2 n_ 5M ] 57 ] (N—l)(N—2)5 mJ] nJj
p p p v B
TN- z(%T?ﬁT = 8, T4 Ton + 9Ty Ty g = 9T, T, Gjn) (59)

1 . 1,
mTwT@gm(émgm ~8,gm)

i (24 i (24
+ T]mTM + Tmij + ’(]m"[ + ’l’]nTam + TamT]n + T]nTam,

for R =R Ri = g’“Ra], R =Ry, k=1,...,5,and the above defined objects T;k and a’} . O

UL mn
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