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Abstract. Some physical processes, both classical physics and quantum physics reduced to eigenvalue
problems for Sturm-Liouville equations. In the recent years there has been an increasing interest in dis-
continuous eigenvalue problems for various Sturm-Liouville type equations. Such problems are connected
with heat transfer problems, vibrating string problems, diffraction problems and etc. In this study we shall
investigate a class of two order eigenvalue problem with supplementary transmission conditions at one
interior singular point. We give an operator-theoretic interpretation in suitable Hilbert space.

1. Introduction

Boundary value problems arise directly as mathematical models of motion according to Newton’s law,
but more often as a result of using the method of separation of variables to solve the classical partial
differential equations of physics, such as Laplace’s equation, the heat equation, and the wave equation.
Many topics in mathematical physics require investigations of eigenvalues and eigenfunctions of boundary
value problems. These investigations are of utmost importance for theoretical and applied problems in
mechanics, the theory of vibrations and stability, hydrodynamics, elasticity, acoustics, electrodynamics,
quantum mechanics, and many other branches of natural science (cf. [11, 12, 21]). Such problems are
formulated in many different ways. For example, the Schrodinger equation in quantum mechanics is
a famous example of an eigenvalue problem where the energy levels are determined by a self-adjoint
operator. The Hamiltonian H is the operator of the energy in a quantum system. In the case of molecules it
is conveniently divided into three parts

H=Tn+T,+U(gQ).

Tn and T, are the kinetic energies of the nuclei and the electrons , respectively . The total potential energy
U(q,Q) comprises the mutual repulsion of the electrons , the mutual repulsion of the nuclei and the attracting
potential between electrons and nuclei . The coordinates of the electrons and the nuclei are represented by
q and Q, respectively . The eigenvalues E,, and the corresponding eigenfunctions v, are the solutions of
the Schrodinger equation (H — E,;){,, = 0.
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In this study we shall investigate a new class of Sturm-Liouville type problem which consist of a
Sturm-Liouville equation

L(y) = —pE)y” (x) + q()y(x) = py(x) (1)

to hold in disjoint intervals [a,c) and (c,b] where discontinuity in y and y’ at the interface point x=c are
prescribed by two the transmission conditions

Vi(y) := By (c=) + Broy(c—) + By (c+) + Pioy(c+) =0, j=1,2 ()
together with eigenparameter-dependent boundary conditions
Ur(y) = aoy(a) — any' (@) — p*(@yoy(@) — ay,y' (@) =0, 3)

U (y) = cay(b) = cny' () + p* (s y(b) = iy (b)) = 0, (4)
where p(x) = p~ > 0 for x € [a,¢), p(x) = p* > 0 for x € (c, ], the potential g(x) is real-valued continuous
function in each of the intervals [a, ¢) and (c, b], and has a finite limits g(c ¥0), A is a complex eigenparameter,
p*, aij, fj, aj; (i=1,2and j = 0,1) are real numbers. These boundary-transmission conditions are of great
importance for theoretical and applied studies and have a definite mechanical or physical meaning (see, for
example, [1-10, 13-19, 23, 24]). Also the problems with transmission conditions arise in mechanics, such
as thermal conduction problems for a thin laminated plate, which studied in [21]. This class of problems
essentially differs from the classical case, and its investigation requires a specific approaches.

2. Definitions and integral equations of the one-hand eigensolutions

+ + - -

Let B = 04}1 a}o , By = afl “?0 and T:[ p 10 B 1 B 10 p 11 [, Denote the determinant of the
1 % Ay Gy P By Pn Bxn

matrix B; by 0;(i = 1,2) and the determinant of the k-th and j-th columns of the matrix T by A;. Note that

throughout this study we shall assume that 6; > 0, 6, > 0, A > 0 and Az4 > 0. With a view to constructing
the characteristic function we define four one-hand eigensolutions ¢ (x, ) and ¥ (x, 1) by own procedure
as follows. At first we shall define one left solution ¢~ (x, 1) and one right solution 1*(x, ) of the equation
(1) on left interval (a,c) and on right interval (c,b) satisfying the initial conditions

y(a) = ann — PPy, ¥ (@) = arp — pPaj, 5)
and
y(b) = ao1 + Py, ¥ (b) = ano + Py, (6)

respectively. It is known that these solutions are entire functions of parameter y € C for each fixed x (see,
for example, [12]). After defining this solutions we shall define the other solutions ¢*(x, y) and ¢~ (x, u)
in terms of ¢~ (x, u) and *(x, ). Namely employing the same method as in [19] we can prove that the
equation (1) under initial conditions

1 dp~(c—
¥eH) = (B (o) + g 20 =8 )
-1 ¢~ (c—,
Ve = g (e + s L) ®)
and
_ It (c+,
y(c-) = A_314(A141’D+(C+’ w) + A24W)I )

Pt (c+,
y(c-) = ALM(A13¢+(C+/ w + Azs%)- (10)
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has unique solutions ¢*(x, 1) and ¢~ (x, ) which are entire functions of parameters u € C for each fixed x €
(c,b) and x € (a, ¢) respectively. Below, for shorting we shall use also notations; *(x, i) := qoﬁ(x) P (x, 1)

Y () :

Lemma 2.1. The next integral and integro-differential equations are hold for k = 0 and k = 1.

d~ (a0 — p2ayy) gk [[J (x - a)}
L) = el 4
axk Pu V- u dxk N

- - 1 (& ~2)]
+<au—u2a’n>ﬁcos[“ (3;”)]+ 7 f @sin[“ (3;) 9(D)p;(2)dz

d-
ﬂwp (%)

_1 A o ’ dk — "]

A34( 14¢+(c,y)+A24%))dxk Cos[u(xp_c)_

+ _ Yt(c, u k _
Vp34 (A13‘/’+(C, y) + ABL));}& si [u(x C)}

ox \/P—_
~ ok
\/_Hfd_sm[ﬁl(x 2] 9@y (2)dz .
for x € [a,c) and
d 1 . <P( ) u(x —c)
dx i NI A_H(AZS(P (€, ) + Apy————~ )) [ = ]
+ op~ dx ) _
(A13(p (c, ) + A1 %))ﬁsm{y(f/ﬁc)]
k
+\/;;yf%5in[y(\7p—)]q(Z)(p”(z)dz W)
d B o
@%(X)— [ = ]

b
d* b 1 [ - .
+(a + #20&31)@ cos[ (i;_ )] Jra fdxk sin [H (\7172)} 92y (z)dz

forx € (c,b].

Proof. For proving of these formulas it is enough substitute [uz(p;(z) + pxﬁ(pﬁ(z) andyzlpfl(z) +p* dxk gby (2)

instead of q(z)¢}(z) and g(z)yj(z) respectively in the corresponding integral terms and then integrate by
parts twice. O

3. Asymptotic expressions of eigensolutions

Now we are ready to prove the following theorems.
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Theorem 3.1. Let, Imy = t. Then if aj, # 0 the asymptotic estimates

L b (x—a) pag oo

——=p.(x) = 11# cos +0 M e W) (13)
Ak P d ok e

d Npy O3 w(c—a p(x—c e IR

—pikx) = — 3 sin cos + Ol Vi (14)
dxk £ Alz ‘/p* ,/p* dxk 1/p+

are valid as |y) — oo, while if a; = 0 the asymptotic estimates

dk _ , — lu(x — a) |H(x—a)
Tk P (x) = =ajo\p Hkﬂ_dxk sm| = (M e (15)
dk A24 k+2 u (C - Cl) dk [Ll(x — C) k1 1H(EL G0 | (= a))

——<Pux) = ———aju"" cos —cos|——=|+O[[y| e VN (16)
dxk TH A (p_' dxk \/F

are valid as | y) — oo (k =0,1). All asymptotic estimates are holds uniformly with respect to x.

Proof. The asymptotic formulas (13) and (15) for ¢, (x) follows immediately from the Titchmarsh’s Lemma
([22], Lemma 1.7). But the corresponding formulas for (p;(x) need individual consideration. Let a17 # 0.
Put

| (x—c)

1) ="V Y(x, ) (17)

it follows from (12) that

L0 o) e *ﬂ)

Yool < (5= @ty [uf + B[ e e v

—JH( (x—c)  |t(c—a)

_£(A13M1 MZ + A1aMp |#|3)€

Vit e Vi
JT7ASD)
1 IR (R
= q(2)Y(z, we " dz} (18)
c+
for some M; > 0 and M, > 0. (17) and (18) we get
, ()
Pi) = OfluPe v ¥ (19)

as | [.1| — 00. Now, the estimate (14) for the case k = 0 is obtained by substituting (19) in the integral term on
the right-hand side of (12) . The case k = 1 of the (14) follows at once on differentiating (12) and making the
same procedure as in the case k = 0. The proof of (16) is similar. [

Similarly we can prove the following Theorem.

Theorem 3.2. Let Imy = t. Then if aj, # 0

A ko2 4" p(b—x) 1 MO

£ _ = 2
dxk Pu(x) Ay " % €08 = +0 |‘u| e o)
Ty Bas W1 s i |09 | & p(x—rc) ( k | (2 4 o2 ))

T e ol - e N |ul 1)
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as |y| — oo, while if &}, =0

dk (b =
—01y, \/_.’v‘k+1 dxk [# \/—x)] () |k " ) (22)

dc Ay (b-rc) (x - kel MO+
@#’y(x) = —A—iazoyk“cos[y }ﬂcos[y Oflul e Vi (23)

W W

as | y| — oo (k= 0,1). Each of this asymptotic equalities hold uniformly for x.

&
ﬂlpy (x)

4. The characteristic function and eigenvalues

It is well-known from ordinary differential equation theory that the Wronskians W[gj,(x), ¢, (x)] and
Wlgj(x), ¥ (x)] are independent of variable x. Let w*(u) := W} (x), ¥ (0)].

Lemma 4.1. The equality Assw™ (1) = Arpw* (1) holds for each u € C.
Proof. By using (7)-(8) and (9)-(10) we have
dy(c, 1) d@*(c )

w'p) = ¢t lem—p0 )
o Asg, dip=(c, 1) d@ (c,p)  _
= A—lz«p (c, 1) o (c, 1))
_ A34 _
= w (W)

We shall define the characteristic function four our problem as
w(u) := Asgw™ (1) = Aip w* ().
Theorem 4.2. The eigenvalues of the problem (1)-(4) are consist of the zeros of the characteristic function w(u).

Proof. Let w(uo) = 0. Then W, , ¥y, 1x = 0. Thus, the functions ¢, (x) and ¢ (x) are linearly depended,
i.e., there is k # 0 such that

Y () = ke, (x), x € [a, ). (24)

It is easy to see that the function 1, (x) defined on whole [a,c) U (c,b] by 1, (x) = P, (%) for [a,¢) and
Puy(x) = ll);(](x) for (c,b] satisfies the second boundary condition (4) and both transmission conditions
(2). Moreover, in view of (24) ¥, (x) would satisfy also the first boundary condition (3). Consequently
the function ¢,,(x) is an eigenfunction of the problem(1)- (4) corresponding to the eigenvalue uo. Hence
each zero of w(u) is an eigenvalue. Now let yy(x) be any eigenfunction corresponding to eigenvalue .
Suppose, it possible that w(ug) # 0. Then the couples of the functions ¢~, ¥~ and ¢*, 1)* would be linearly
independent on [a, c) and (c, b] respectively. Therefore, the solution yy(x) may be represented in the form

Yo(x) = { k119, (x) + ki, (x) for x € [a, )

k@, (%) + k(%) for x € (c, b] (25)

where at least one of the coefficients ki1, k12, k21 and ky; is not zero. Considering the equations

U1 (yo) = Ua(yo) = Vi(yo) = Va(yo) = 0 (26)

as the homogenous system of linear equations of the variables ki1, k12, k21, k2, and taking into account the
conditions (2) — (4) we obtain homogenous linear simultaneous equation of the variables k;; (i, j = 1,2) the
determinant of which is equal to A121A34 @*(u) and therefore does not vanish by assumption. Consequently this
linear simultaneous equation has only trivial solution k;; = 0 (i, j = 1,2). We thus arrive at a contradiction,

which completes the proof. [
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Now by modifying the classical method we shall prove the next Theorem.
Theorem 4.3. The eigenvalues of the boundary value transmission problem (1) — (4) are real.

Proof. Let ug be eigenvalue and y, be eigenfunction corresponding to this eigenvalue. Denoting

O(y)  (v) ay(b) —any’ (b) aj,y(b) — o}y (b)

we have
— f (toyo(0)yo(x)dx + —= f ((toyo(x))yo(x)dx + 5 (o) E4(yo)
— Az — A —
- o - {P—_ f (g + S22 f (¥0) O Foyo @
+ " (y0)a(yo) — f’(yo)fb(yo)}
= A34 Wlyo,z;c—] - A34 [y(), Yo, al + A Wlyo, vo; b1 = Az Wlyo, Yo; c+]
+ %Pgl {€a(v0)ta(yo) — € (yo)la(yo)} + pAJr—lezz{f;',(]/o)fb(]/o) = (o)t} (yo)} (27)

Since the eigenfunction y(x) is satisfied the boundary and transmission conditions (2) — (4) it is easy to
derive that

La(y0) o (vo) — € (vo)la(yo) = p~ 61 W (Yo, Yo; a) (28)
G (o) bs(yo) — Lu(y0)Cy(yo) = —p* O2W(yo, Yo; b) (29)
W(y, yo;c—) = i—z W(vo, Yo; c+). (30)

By substituting these equations in (27) we have

c— b
(o - m% f (o) + % f (yo())2dx] = 0

Since p~ > 0 p* > 0, Ajp > 0 and Azs > 0 we get o = fo. Consequently all eigenvalues of the problem
(1) — (4) are real. The proof is complete. [

Since the Wronskians of ¢} (x) and ¢;(x) are independent of x, in particular, by putting x = 2 we have

d d ,
o) = Aulpra ™ Ty )

= Asf(an - yzail)%'y) + (a1 — )Y (a, W)} (31)

Let Imu = t. By substituting (20) and (23) in (31) we obtain easily the following asymptotic representations
() If &), # 0 and af; # 0, then

() = Aggalyay, e n[u(c—a)]sin[u(b—c) +O(|y|5 R+ («F))) (32)

e T

(i) If &), # 0 and a/; = 0, then

w(y) = %H&SCOS[P(“”)}S [M(b—C) +O(}#|4 G+ (\F))) -
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(iii) If o, = 0 and a7, # 0, then

A240611a20 54 [y (c— a)] {H - C)] ( 4L ) ))
wp) = ————=— cos +0 N (34)
: VP~ e ,/p— /P+ ‘y|

(iv) If a7, = 0 and a}, = 0, then

b—c)

., ulc—a) pu—c) 5 L+ 2
w(p) = Agse; gyt cos[ ]cos[ ] +0 ()y |e A ) (35)
G VP

5. Asymptotic formulas for eigenvalues and eigenfunctions

Now we are ready to derive the needed asymptotic formulas for eigenvalues and eigenfunctions.

Theorem 5.1. The boundary-value-transmission problem (1)-(4) has an precisely numerable many real eigenvalues,
whose behavior may be expressed by two sequence {1} and {2} with following asymptotic as n — oo
(i) Ifo/21 # 0and a, 70, then

\/_(n 3)n 1 \/—nn
Hd =77 2a) O(Z)’ Hn2 = oy " (_) (36)
(i) If a), # 0 and o, = 0, then
\/_(Zn + 7 1 B \/;F(n -2)7 1
= Sy +0(5) ma = T +0(3) 7
(iii) Ifcré1 =0and aj, 20, then
N (-2 1 Apr@n+Dn 1
Hn1 = (c—a) O(E)' Hn2 = 2(b -c¢) O(Z)' 38)
(iv) If a); = 0 and a; = 0, then
\/_ (2n-3)n 1 _Npren+ 1
Bl == —a O(_)’ B2 =g O(_) 39)

Proof. Let &, # 0 and af; # 0. By applying the well-known Rouche Theorem which asserts that if
f(z) and g(z) are analytic inside and on a closed contour I, and |g(z)| < |f(z)| on T then f(z) andf(z) + g(z)
have the same number zeros inside I' provided that the zeros are counted with multiplicity, it follows that
w(u) has the same number of zeros inside the sufficiently large appropriate contours as the leading term

Apsa; oy w(c—a) u(b—c)

wolp) = == sin [W]Sl[w—

we can found the needed asymptotic formulas (36) . Other cases can be proved similarly. O

] in (32). Now applying the similar technique which used in [20]

Finally, using the fact that the function ¢, ; defined on whole [4, c)U(c, b] and givenby ¢,,; = ¢, (x) for x €
[a,¢) and @, ; = ;j (x) for x € (¢, b] is an eigenfunction according to the eigenvalue i, and putting (36)-(39)
in the (13)-(16) and (20)-(23) we found the following asymptotic formulas for eigenfunctions:

(1)If0c ¢Oar1da # 0, then

- p” (”_S)H]z cos [(" St ”)] +0(n), forxelac)

(c—a) (c—a)
Aoy p” [(n-3)m \/_(n 3)m(x—c)

Pn1(x) = A | ) ’ sin[(n — 3)7] cos [_\/F(Cﬂ) ]
+0(n?), for x € (c, b]
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and

, nn n(x—a)
~a) pt [(b_c) cos[ \/\/__n(bxc)ﬂ } +0O(n), forxela,rc)

— 3

(Pn,2(x) = A \/177"” . \/_"ﬂ(c a) nm(x—c)
Au\/l;_| (b—c) sm \/_(b " OS[ =) ]
+0 (nZ), for x € (c, b]

(i) If a7, # 0 and a}; = 0, then

—a! p~ (Z”H)n] sin (2””)”("_”)] +0(1), forxelac)

10 2(c—a) 2(c-a)
— _ A yp™ [ @n+1)m 12 @n+)n - @n+)m(x—c)
) =4 _ 10
Pn,1(x) A | 2= ] COS[ 2 ] T 2

+0(n), for x € (c, b]

and

\/_(” 2)n \/_(n —2)m(x—a)
P [ o |sin Y +0(1), forxela,c)
an,Z(x) = Aascyop* [ (n-2)m 12 \/_(n 2)rt(c—a) (n=2)m(x—c)

- o | cos Vo cos [W
+0(n), for x € (c,b]

(iii) If o, = 0 and a7, # 0, then

_ 2 _ _
- p” o 2)"] cos[(" Anlx ”)] +0(n), forxelac)

(c—a) (c—a)
—Apudp [ (i-2)m AP (n-2)m(x—c)

Pua) =1 R (62 sin [ (n - 2] Cos[px/r?ﬁ]
+0 (nz), for x € (c, b]

and

o+ [@n)n 2 \/}7_*'(271+1)n(x—u)
anp [ 2(b—) ] Cos 2\/IF(b—c) +0(n), forx€a,c)

Pn2(x) = My | Apr@esn T | Apr@nsne-a) Qna1)r(x—c)
- sin COS | =7~
A \fp~ 2(b=c) 24/p~(b—0) 2(b-0)
+0 (nz), for x € (c, b]

(iv) If a7, = 0 and a}, = 0, then

_T@n=3)nT .. [Cn-3)n(x—

—ayp [(Z'ZC_H);Z sm[( ”Z(C)fg “)] +0() forxel[a,c)
5o(x) =4 _wral [enan [ @n-dn A @n-dne—)
®n1(x) A 2(67[1)] cos[ > ] 2V e

+0 (1), for x € (c,b]

and
Vrrenen | | AT @ntn(x-a)

—aq, P [ -0 | sin -0 +0(1), forxela,c)

PuaX) =3 Aup*ay, [@nr)n ] VP @n+1)n(c-a) [(2n+1)n(x—c)]
A 2(b—c) 2\/_(5 0 2(b—c)

+0(n), forx € (c,b]

All this asymptotic approximations are hold uniformly for x.

5418

Remark 5.2. Although eigenfunction looks as simple as that of standard Sturm-Liouville problems, it is a rather
complicated because of the transmission conditions. To illustration this fact let us give the graphs of characteristic

function w(u) and eigenfunction ¢, (x) for one simple special case of the considered problem.
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6. Example
Consider the following simple case of the BVIP’s (1) — (4)
~y' (@) = pPyx) x€[-m,0 U (O] (40)
y(=m) + 1%y (-m) = 0, (41)
H2y(m) + Y/ (m) =0, (42)
y(0-) = 2y(+0), y'(-0) = y'(+0) (43)
We find easily that

@™ (x, ) = i cos[p(m + )] = 4 sinfu(m + )]
@*(x, 1) = 3(y? cos um — i sin um) cos(px) — (u? sin um + % cos uT) sin(px)
P~ (x, 1) = 2(cos umt — p sin um) cos(px) + (sin urm + p cos umn) sin(ux)
Y (x, 1) = cos[p(mt — x)] — psin[u(r — x)].
Using these formulas we have
w(p) = (u* +2) cos® u — 2u* + 1) sin® p + 3(u® — w) sin y cos .

The graphs of the functions w(u) and ¢, (x) is displayed in following Figures for different values of spectral
parameter.

Y |
7 7 e g\/\/v\] o

—100.000+

—200.000—

Figurel: Graph of the characteristic function w(u)
for real u

Figure2: Graph of the eigensolution ¢, (x) Figure3: Graph of the eigensolution ¢, (x)
foru=1 for u =10
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