
Filomat 31:19 (2017), 6051–6070
https://doi.org/10.2298/FIL1719051B

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. In this paper, we consider the system of generalized variational-like inclusion problems in
semi-inner product spaces. We define a class of (H, ϕ)-η-monotone operators and its associated class of
generalized resolvent operators. Further, using generalized resolvent operator technique, we give the
existence of solution of the generalized variational-like inclusion problems. Furthermore, we suggest an
iterative algorithm and give the convergence analysis of the sequences generated by the iterative algorithm.
The results presented in this paper extend and unify the related known results in the literature.

1. Introduction

Variational inclusions, as the generalization of variational inequalities, have been widely studied by
many authors in recent years. One of the most interesting and important problems in the theory of varia-
tional inclusions is the development of an efficient and implementable iterative algorithm. Various kinds
of iterative algorithms have been suggested to find solutions for variational inclusions. Among these meth-
ods, the resolvent operator techniques for solving variational inclusions have been widely used by many
authors. For further study in this direction, we refer to [3,5,6,8,12-16,18,21,23,25,28,33,34] and the related
references therein.
In 2014, Sahu et al. [23] proved the existence of solutions for a class of nonlinear implicit variational
inclusion problems in semi-inner product spaces, which is more general than the results studied in [24].
Moreover, they constructed an iterative algorithm for approximating the solution for the class of implicit
variational inclusion problems involving A-monotone and H-monotone operators by using the generalized
resolvent operator technique. It is remarked that they discussed the existence and convergence analysis by
relaxing the condition of monotonicity on the set-valued map considered.
Very recently Luo and Huang [19], introduced and studied a class of (H, φ)-η-monotone operators in Ba-
nach spaces which provides a unifying framework for classes of maximal monotone operators, maximal
η-monotone operators, m-η-accretive operators, H-monotone operators and (H, η)-monotone operators. Us-
ing proximal-point operator technique, they studied the convergence analysis of the iterative algorithms for
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some classes of variational inclusions. For further study of these types of operators and their applications
in variational inequalities and variational inclusions, see for example [3,6-9,14-16,18,19,21,25-27,30-34].
Motivated and inspired by the research work mentioned above, in this paper, we define the generalized
resolvent operator associated with (H, ϕ)-η-monotone operator in semi-inner product spaces. Using the
properties of graph convergence of (H, ϕ)-η-monotone operator, we construct a new class of iterative algo-
rithms to solve the system of generalized variational-like inclusions involving (H, ϕ)-η-monotone operator
in semi-inner product spaces. Using the technique in this paper, one may generalize the results for sym-
metric generalized quasi-variational inclusion problems considered in [1,11]. The methods and results
presented in this paper improve and generalize many known results in the literature.

2. Preliminaries and Basic Results

The following definitions and results are needed in the sequel.

Definition 2.1. (Lumer [20], Sahu et al. [23]) Let X be a vector space over the field F of real or complex numbers. A
functional [·, ·] : X × X→ F is called a semi-inner product if it satisfies the following conditions:

(i)
[
x + y, z

]
=

[
x, z

]
+

[
y, z

]
, ∀x, y, z ∈ X,

(ii)
[
λx, y

]
= λ

[
x, y

]
, ∀λ ∈ F, x, y ∈ X,

(iii)
[
x, x

]
> 0, for x , 0,

(iv)
∣∣∣∣[x, y]∣∣∣∣2 ≤ [

x, x
][

y, y
]
.

The pair
(
X, [·, ·]

)
is called a semi-inner product space. We note that ‖x‖ =

[
x, x

] 1
2 is a norm on X, hence every

semi-inner product space is a normed linear space. On the other hand, in a normed linear space, one can generate
semi-inner product in infinitely many different ways. Giles [10] had proved that if the underlying space X is a
uniformly convex smooth Banach space then it is possible to define a semi-inner product, uniquely. Also the unique
semi-inner product has the following properties:

(i)
[
x, y

]
= 0 iff y is orthogonal to x, that is iff ‖y‖ ≤ ‖y + λx‖, for all scalars λ.

(ii) Generalized Riesz representation theorem: If f is a continuous linear functional on X then there is a unique
vector y ∈ X such that f (x) = [x, y], for all x ∈ X.

(iii) The semi-inner product is continuous, that is for each x, y ∈ X, we have Re[y, x + λy]→ Re[y, x] as λ→ 0.

The sequence space lp, p > 1 and the function space Lp, p > 1 are uniformly convex smooth Banach spaces.
So one can define semi-inner product on these spaces, uniquely.

Example 2.2. (Sahu et al. [23]) The real sequence space lp for 1 < p < ∞ is a semi-inner product space with the
semi-inner product defined by [

x, y
]

=
1

‖y‖p−2
p

∑
i

xiyi|yi|
p−2, x, y ∈ lp.

Example 2.3. (Giles [10], Sahu et al. [23]) The real Banach space Lp(X, µ) for 1 < p < ∞ is a semi-inner product
space with the semi-inner product defined by

[
f , 1

]
=

1

‖1‖
p−2
p

∫
X

f (x)|1(x)|p−1 sgn(1(x))dµ, f , 1 ∈ Lp.
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Definition 2.4. (Sahu et al. [23], Xu [29]) Let X be a real Banach space. The modulus of smoothness of X is the
function ρX : [0,+∞) −→ [0,+∞) defined by

ρX(t) = sup
{1
2

(‖x + y‖ + ‖x − y‖) − 1 : ‖x‖ = 1, ‖y‖ = t, t > 0
}
.

A Banach space X is said to be uniformly smooth, if

lim
t→0

ρX(t)
t

= 0.

X is said to be q-uniformly smooth, if there exists a constant c > 0, such that

ρX(t) ≤ c tq, q > 1.

X is said to be 2-uniformly smooth, if there exists a constant c > 0, such that

ρX(t) ≤ c t2.

Lemma 2.5. (Sahu et al. [23], Xu [29]) Let p > 1 be a real number and X be a smooth Banach space. Then the
following statements are equivalent:

(i) X is 2-uniformly smooth.
(ii) there is a constant c > 0, such that for every x, y ∈ X, the following inequality holds

‖x + y‖2 ≤ ‖x‖2 + 2〈y, fx〉 + c‖y‖2, (2.1)

where fx ∈ J(x) and J(x) =
{
x? ∈ X? : 〈x, x?〉 = ‖x‖2, ‖x‖? = ‖x‖

}
is the normalized duality mapping.

Remark 2.6. (Sahu et al. [23]) Every normed linear space is a semi-inner product space (see, [20]). Infact by Hahn
Banach theorem, for each x ∈ X, there exists at least one functional fx ∈ X? such that 〈x, fx〉 = ‖x‖2. Given any such
mapping f from X into X?, we can verify that

[
y, x

]
= 〈y, fx〉 defines a semi-inner product. Hence we can write the

inequality (2.1) as
‖x + y‖2 ≤ ‖x‖2 + 2

[
y, x

]
+ c‖y‖2, ∀x, y ∈ X, (2.2)

where c is the constant of smoothness of X and is chosen with best possible minimum value.

Example 2.7. (Sahu et al. [23]) The functions space Lp is 2-uniformly smooth for p ≥ 2 and it is p-uniformly smooth
for 1 < p < 2. If 2 ≤ p < ∞, then we have for all x, y ∈ Lp,

‖x + y‖2 ≤ ‖x‖2 + 2
[
y, x

]
+ (p − 1)‖y‖2.

Here the constant of smoothness is p − 1.

Definition 2.8. (Luo and Huang [19], Sahu et al. [23]) Let X be a real 2-uniformly smooth Banach space, η :
X × X→ X and T : X→ X be single-valued mappings. Then T is said to be

(i) monotone, if [
T(x) − T(y), x − y

]
≥ 0, ∀x, y ∈ X,

(ii) strictly monotone, if [
T(x) − T(y), x − y

]
≥ 0, ∀x, y ∈ X,

and equality holds if and only if x = y,
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(iii) γ-strongly monotone, if there exists a constant γ > 0 such that[
T(x) − T(y), x − y

]
≥ γ‖x − y‖2, ∀x, y ∈ X,

(iv) δ-Lipschitz continuous, if there exists a constant δ > 0 such that

‖T(x) − T(y)‖ ≤ δ‖x − y‖, ∀x, y ∈ X,

(v) η-monotone, if [
T(x) − T(y), η(x, y)

]
≥ 0, ∀x, y ∈ X,

(vi) strictly-η-monotone, if [
T(x) − T(y), η(x, y)

]
≥ 0, ∀x, y ∈ X,

and equality holds if and only if x = y,
(vii) γ-strongly η-monotone, if there exists a constant γ > 0 such that[

T(x) − T(y), η(x, y)
]
≥ γ‖x − y‖2, ∀x, y ∈ X,

(viii) λ-cocoercive if there exists a constant λ > 0 such that[
T(x) − T(y), x − y

]
≥ λ‖T(x) − T(y)‖2, ∀x, y ∈ X.

Let M : X→ 2X be a set-valued mapping. We denote its graph by graph(M), that is, graph(M) =
{
(x, y) : y ∈

M(x)
}
. The domain of M is defined by

Dom(M) =
{
x ∈ X : ∃y ∈ X : (x, y) ∈M

}
.

The range of M is defined by

Ran1e(M) =
{
y ∈ X : ∃x ∈ X : (x, y) ∈M

}
.

The inverse M−1 of M is
{
(y, x) : (x, y) ∈M

}
.

For any two set-valued mappings N and M, and any real number ρ, we define

N + M =
{
(x, y + z) : (x, y) ∈ N, (x, z) ∈M

}
,

ρM =
{
(x, ρy) : (x, y) ∈M

}
.

For a mapping A : X→ X and a set-valued map M : X→ 2X, we define

A + M =
{
(x, y + z) : Ax = y and (x, z) ∈M

}
.

Definition 2.9. (Luo and Huang [19], Sahu et al. [23]) Let X be a real 2-uniformly smooth Banach space. The
mapping M : X→ 2X is said to be

(i) monotone if [
u − v, x − y

]
≥ 0, ∀ x, y ∈ X, u ∈M(x), v ∈M(y),

(ii) γ-strongly monotone if there exists a constant γ > 0, such that[
u − v, x − y

]
≥ γ‖x − y‖2, ∀ x, y ∈ X, u ∈M(x), v ∈M(y),
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(iii) η-monotone if [
u − v, η(x, y)

]
≥ 0, ∀ x, y ∈ X, u ∈M(x), v ∈M(y),

(iv) γ-strongly η-monotone if there exists a constant γ > 0, such that[
u − v, η(x, y)

]
≥ γ‖x − y‖2, ∀ x, y ∈ X, u ∈M(x), v ∈M(y).

Definition 2.10. (Sahu et al. [23]) Let H : X → X be an r-strongly monotone operator. The mapping M : X → 2X

is said to be H-monotone if

(i) M is monotone;

(ii) (H + ρM)(X) = X, where ρ is a positive real number.

Definition 2.11. (Sahu et al. [23]) The generalized resolvent operator JH
M,ρ : X → X is defined by JH

M,ρ(u) =

(H + ρM)−1(u) for all u ∈ X.

(H, ϕ)-η-Monotone Operator:

Definition 2.12. Let X be a real 2-uniformly smooth Banach space. Let H : X→ X, ϕ : X→ X, η : X × X→ X be
single-valued mappings and M : X→ 2X be a multi-valued mapping. The mapping M is said to be (H, ϕ)-η-monotone
if ϕ ◦M is η-monotone and (H + ϕ ◦M)(X) = X.

Definition 2.13. (Luo and Huang [19]) Let X be a real 2-uniformly smooth Banach space. Let H : X → X,
ϕ : X → X, η : X × X → X be single-valued mappings and M : X → 2X be a multi-valued mapping. The mapping
M is said to be

(i) (H, ϕ)-monotone if (ϕ ◦M) is monotone and (H + ϕ ◦M)(X) = X.

(ii) maximal ϕ-monotone if (ϕ ◦M) is monotone and (J + ϕ ◦M)(X) = X,

(iii) maximal ϕ-η-monotone if (ϕ ◦M) is η-monotone and (J + ϕ ◦M)(X) = X.

where J is the normalized duality mapping.

Now, we define the generalized resolvent operator associated with (H, ϕ)-η- monotone operator.

Definition 2.14. Let X be a real 2-uniformly smooth Banach space. Let ϕ : X→ X, η : X×X→ X be single-valued
mappings, H : X → X be a γ-strongly η-monotone and δ-Lipschitz continuous mapping and M : X × X → 2X be
a (H, ϕ)-η-monotone mapping. Then the generalized resolvent operator JH,η

M(·,x),ϕ : X → X associated with (H, ϕ)-η-

monotone operator is defined by JH,η
M(·,x),ϕ(u) = (H + ρϕ ◦M(·, x))−1(u), ∀x,u ∈ X.

Graph convergence plays a crucial role in variational problems, optimization problems and approximation
theory. For details on graph convergence, see Aubin and Frankowska [2], Rockafellar [22] and Sahu et.al.,
[24].

Definition 2.15. (Sahu et al. [23]) Let H : X→ X be an r-strongly monotone and s-Lipschitz continuous operator.
Let {Mn

},Mn : X → 2X be a sequence of H-monotone set-valued mappings for n = 0, 1, 2, .... Then the sequence

{Mn
} is graph convergent to M, denoted by Mn HG

−→ M, if for every (x, y) ∈ graph (M), there exists a sequence
{(xn, yn)} ⊂ graph (Mn) such that xn → x and yn → y as n→∞.
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Definition 2.16. (Sahu et al. [24]) Let X be a real 2-uniformly smooth Banach space. Let H : X→ X be an s-Lipschitz
continuous and r-strongly monotone. Let {Mn

},Mn : X → 2X be a sequence of H-monotone set-valued mappings.

Then the sequence Mn HG
−→M if and only if JH

Mn,ρ(u)→ JH
M,ρ(u) for all u ∈ X and ρ > 0, where JH

M,ρ = (H + ρM)−1.

Now we prove the following important lemma:

Lemma 2.17. Let X be a real 2-uniformly smooth Banach space. Let ϕ : X → X be a single-valued mapping,
η : X × X → X be a τ-Lipschitz continuous mapping, H : X → X be a γ-strongly η-monotone and δ-Lipschitz
continuous mapping; and {Mn

},Mn : X × X → 2X be a sequence of (H, ϕ)-η-monotone mappings for n = 0, 1, 2, ....

Then the sequence ϕ ◦Mn(·, xn) HG
−→ ϕ ◦M(·, x) if and only if JH,η

Mn(·,xn),ϕ(u) → JH,η
M(·,x),ϕ(u) for all x,u ∈ X and ρ > 0,

where JH,η
M(·,x),ϕ = (H + ρϕ ◦M(·, x))−1.

Proof. For any u ∈ X, let
JH,η
M(·,x),ϕ(u) = v (2.3)

⇒ (H + ρϕ ◦M(·, x))−1(u) = v

⇒ u ∈ H(v) + ρϕ ◦M(v, x)

⇒
1
ρ

(u −H(v)) ∈ ϕ ◦M(v, x)

Hence (v, 1
ρ (u − H(v))) ∈ graph(ϕ ◦ M(·, x)). Since ϕ ◦ Mn(·, xn) HG

−→ ϕ ◦ M(·, x), there exists a sequence
(vn, 1

ρ (u −H(vn))) ∈ graph(ϕ ◦Mn(·, xn)) such that

vn → v,
1
ρ

(u −H(vn))→
1
ρ

(u −H(v)). (2.4)

Again we have 1
ρ (u −H(vn)) ∈ ϕ ◦Mn(vn, xn). This implies that

u ∈ (H + ρϕ ◦Mn(·, xn))(vn)⇒ (H + ρϕ ◦Mn(·, xn))−1(u) = vn. (2.5)

Therefore from (2.3)-(2.5), we have JH,η
Mn(·,xn),ϕ(u)→ JH,η

M(·,x),ϕ(u).

Conversely, let JH,η
Mn(·,xn),ϕ(u)→ JH,η

M(·,x),ϕ(u), ∀u ∈ X,

i.e.,
(
H + ρϕ ◦Mn(·, xn)

)−1
(u)→

(
H + ρϕ ◦M(·, x)

)−1
(u).

Suppose that
(
H + ρϕ ◦Mn(·, xn)

)−1
(u) = vn and

(
H + ρϕ ◦M(·, x)

)−1
(u) = v. This implies that 1

ρ (u −H(vn)) ∈

ϕ ◦Mn(vn, xn) and 1
ρ (u −H(v)) ∈ ϕ ◦M(v, x).

Since H is continuous, we have

vn → v ⇒
1
ρ

(u −H(vn))→
1
ρ

(u −H(v)).

Hence, for each (v, 1
ρ (u−H(v))) ∈ graphϕ◦M(·, x), there exists a sequence (vn, 1

ρ (u−H(vn))) ∈ graphϕ◦Mn(·, xn)
such that vn −→ v and 1

ρ (u −H(vn)) −→ 1
ρ (u −H(v)).

Lemma 2.18. Let X be a real 2-uniformly smooth Banach space. Let ϕ : X → X be a single-valued mapping,
η : X × X → X be a τ-Lipschitz continuous mapping, H : X → X be a γ-strongly η-monotone and δ-Lipschitz
continuous mapping; and M : X × X → 2X be a (H, ϕ)-η-monotone mapping. Then, the resolvent operator
JH,η
M(·,x),ϕ : X −→ X is

τ
γ

-Lipschitz continuous, i.e.,

‖JH,η
M(·,x),ϕ(x?) − JH,η

M(·,x),ϕ(y?)‖ ≤
τ
γ
‖x? − y?‖, ∀x?, y? ∈ X.
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Proof. Let x?, y? ∈ X. It follows that JH,η
M(·,x),ϕ(x?) =

(
H + ρϕ ◦M(·, x)

)−1
(x?),

JH,η
M(·,x),ϕ(y?) =

(
H + ρϕ ◦M(·, x)

)−1
(y?)

and hence 
1
ρ

{
x? −H

(
JH,η
M(·,x),ϕ(x?)

)}
∈

(
ϕ ◦M(·, x)

)(
JH,η
M(·,x),ϕ(x?)

)
,

1
ρ

{
y? −H

(
JH,η
M(·,x),ϕ(y?)

)}
∈

(
ϕ ◦M(·, x)

)(
JH,η
M(·,x),ϕ(y?)

)
.

Since (ϕ ◦M) is η-monotone, we have

1
ρ

[
x? −H

(
JH,η
M(·,x),ϕ(x?)

)
−

(
y? −H

(
JH,η
M(·,x),ϕ(y?)

))
, η

(
JH,η
M(·,x),ϕ(x?), JH,η

M(·,x),ϕ(y?)
)]
≥ 0.

It follows that
τ‖x? − y?‖

∥∥∥∥JH,η
M(·,x),ϕ(x?) − JH,η

M(·,x),ϕ(y?)
∥∥∥∥

≥ ‖x? − y?‖
∥∥∥∥η(JH,η

M(·,x),ϕ(x?), JH,η
M(·,x),ϕ(y?)

)∥∥∥∥
≥

[
x? − y?, η

(
JH,η
M(·,x),ϕ(x?), JH,η

M(·,x),ϕ(y?)
)]

≥

[
H
(
JH,η
M(·,x),ϕ(x?)

)
−H

(
JH,η
M(·,x),ϕ(y?)

)
, η

(
JH,η
M(·,x),ϕ(x?), JH,η

M(·,x),ϕ(y?)
)]

≥ γ
∥∥∥∥JH,η

M(·,x),ϕ(x?) − JH,η
M(·,x),ϕ(y?)

∥∥∥∥2
.

Thus,
∥∥∥∥JH,η

M(·,x),ϕ(x?) − JH,η
M(·,x),ϕ(y?)

∥∥∥∥ ≤ τγ‖x? − y?‖ , ∀x?, y? ∈ X.

Lemma 2.19. (Liu [17]) Let {an}, {bn} and {cn} be sequences of non-negative real numbers that satisfy: there exists a
positive integer n0 such that n ≥ n0,

an+1 ≤ (1 − tn)an + bntn + cn,

where tn ∈ [0, 1],
∞∑

n=0
tn = +∞, lim

n→∞
bn = 0 and

∞∑
n=0

cn < ∞. Then
∞∑

n=0
an = 0.

3. Formulation of the Problem and Existence of Solution

Let X be a real 2-uniformly smooth Banach space. For i ∈ {1, 2}, let Ni : X → X, Fi, ηi : X × X → X,
1i,Hi : X→ X be single-valued mappings, Mi : X×X→ 2X be (Hi, ϕi)-ηi-monotone mappings, respectively.
Then the system of generalized variational-like inclusions (in short, SGVLI) is: Find (x, y) ∈ X×X such that

0 ∈ N1(11(x) − F1(x, y)) + M1(11(x), x), (3.1)

0 ∈ N2(12(y) − F2(x, y)) + M2(12(y), y). (3.2)

Some Special Cases:

Case I: If N1 = N2 ≡ I, the Identity mapping, then SGVLI (3.1)-(3.2) reduces to the following system of
variational inclusions: Find (x, y) ∈ X × X such that{

0 ∈ 11(x) − F1(x, y) + M1(11(x), x), (3.3)
0 ∈ 12(y) − F2(x, y) + M2(12(y), y), (3.4)



M.I. Bhat, B. Zahoor / Filomat 31:19 (2017), 6051–6070 6058

which is an important generalization of the problems considered by Chang et al. [4], Sahu et al. [23] and
Tang and Wang [25].

Case II: If 11 = 12 ≡ I, the Identity mapping, then SGVLI (3.3)-(3.4) reduces to the following system of
variational inclusions: Find (x, y) ∈ X × X such that{

0 ∈ x − F1(x, y) + M1(x, x),
0 ∈ y − F2(x, y) + M2(y, y),

which is an important generalization of the problems considered by Luo and Huang [19].

Case III: If N1 = N2 ≡ I, the Identity mapping, 11 = 12 = 1, F1(x, y) = 1(y), F2(x, y) = 1(x), M1(11(x), x) =
M(1(x)), M2(12(y), y) = M(1(y)), where 1 : X → X and M : X → 2X, then SGVLI (3.1)-(3.2) reduces to the
following system of variational inclusions: Find (x, y) ∈ X × X such that{

0 ∈ 1(x) − 1(y) + M(1(x)),
0 ∈ 1(y) − 1(x) + M(1(y)),

which is an important generalization of the problem considered in [13-16,31].

Case IV: If N2 ≡ 0, N1(11(x) − F1(x, y)) = S(u) − T(u) and M1(11(x), x) = M(1(u)), ∀u ∈ X where M : X→ 2X

is a set-valued mapping, S,T, 1 : X → X are single-valued mappings, then SGVLI (3.1)-(3.2) reduces to the
following problem: Find an element u ∈ X such that

0 ∈ S(u) − T(u) + M(1(u)),

which is the generalization of variational inclusion problem considered by Sahu et al. [24].

Now we prove the following technical lemma.

Lemma 3.1. Let X be a real 2-uniformly smooth Banach space. For i ∈ {1, 2}, suppose Ni : X→ X, Fi, ηi : X×X→ X,
1i : X → X and Hi : X → X be single-valued mappings. Let ϕi : X → X be single-valued mappings satisfying
ϕi(u + v) = ϕi(u) + ϕi(v),∀u, v ∈ X and Ker(ϕi) = {0} (i.e., Ker(ϕi) = {u ∈ X : ϕi(u) = 0}), Mi : X × X → 2X be
(Hi, ϕi)-ηi-monotone mappings, respectively. Then (x, y) ∈ X × X is the solution of SGVLI (3.1)-(3.2) if and only if
it satisfies:

11(x) = JH1,η1

M1(·,x),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}
; ρ1 > 0 (3.5)

and
12(y) = JH2,η2

M2(·,y),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}
; ρ2 > 0, (3.6)

where JH1,η1

M1(·,x),ϕ1
:= (H1 + ρ1ϕ1 ◦ M1(·, x))−1; JH2,η2

M2(·,y),ϕ2
:= (H2 + ρ2ϕ2 ◦ M2(·, y))−1 are the generalized resolvent

operators.

Proof. From the definition of JH1,η1

M1(·,x),ϕ1
, we have

H1(11(x)) − ρ1(ϕ1 ◦N1)
(
11(x) − F1(x, y)

)
∈

{
H1 + ρ1ϕ1 ◦M1(·, x)

}
11(x)

⇐⇒ H1(11(x)) − ρ1(ϕ1 ◦N1)
(
11(x) − F1(x, y)

)
∈ H1(11(x)) + ρ1ϕ1 ◦M1(11(x), x

)
⇐⇒ 0 ∈ ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)
+ ρ1ϕ1 ◦M1(11(x), x)

⇐⇒ 0 ∈ ϕ1 ◦
{
N1

(
11(x) − F1(x, y)

)
+ M1(11(x), x)

}
⇐⇒ 0 ∈ N1

(
11(x) − F1(x, y)

)
+ M1(11(x), x),

since ϕi(u + v) = ϕi(u) + ϕi(v) and Ker(ϕi) = {0}.
Similarly, 0 ∈ N2

(
12(y)− F2(x, y)

)
+ M2(12(y), y), ∀(x, y) ∈ X ×X. Thus (x, y) ∈ X ×X is the solution of SGVLI

(3.1)-(3.2).
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Theorem 3.2. Let X be a real 2-uniformly smooth Banach space. For i ∈ {1, 2}, let Ni : X → X be ri-Lipschitz
continuous, 1i : X → X be βi-Lipschitz continuous and qi-strongly monotone and ηi : X × X → X be τi-Lipschitz
continuous, Hi : X→ X be a δi-Lipschitz continuous and γi-strongly-ηi-monotone mappings, respectively. Suppose
ϕi : X → X be single-valued mappings satisfying ϕi(u + v) = ϕi(u) + ϕi(v) and Ker(ϕi) = {0}, and let ϕi be
θi-Lipschitz continuous, Mi : X × X→ 2X be (Hi, ϕi)-ηi-monotone mappings, respectively such that

‖JH1,η1

M1(·,x1),ϕ1
(x) − JH1,η1

M1(·,x2),ϕ1
(x)‖ ≤ s1‖x1 − x2‖, ∀x1, x2 ∈ X, s1 > 0, (3.7)

‖JH2,η2

M2(·,y1),ϕ2
(x) − JH2,η2

M2(·,y2),ϕ2
(x)‖ ≤ s2‖y1 − y2‖, ∀y1, y2 ∈ X, s2 > 0. (3.8)

Suppose that F1 : X×X→ X be a ζ1-Lipschitz continuous in the first argument and F2 : X×X→ X be a ζ2-Lipschitz
continuous in the second argument. In addition, if

(1 − 2q1 + cβ2
1) > 0, (1 − 2q2 + cβ2

2) > 0, (3.9)

and

0 <
√

1 − 2q1 + cβ2
1 +

τ1

γ1

{
ρ1θ1r1(β1 + ζ1) + δ1β1

}
+ s1 < 1,

0 <
√

1 − 2q2 + cβ2
2 +

τ2

γ2

{
ρ2θ2r2(β2 + ζ2) + δ2β2

}
+ s2 < 1,

 (3.10)

where c is constant of smoothness of Banach space X, then SGVLI (3.1)-(3.2) has a solution.

Proof. Define the mappings S1,S2 : X→ X by

S1(x1) = x1 − 11(x1) + JH1,η1

M1(·,x1),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}
S2(y1) = y1 − 12(y1) + JH2,η2

M2(·,y1),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}
.

Then for the elements x1, x2 ∈ X, we have

‖S1(x1) − S1(x2)‖ ≤
∥∥∥∥x1 − x2 −

(
11(x1) − 11(x2)

)∥∥∥∥
+
∥∥∥∥JH1,η1

M1(·,x1),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}
−JH1,η1

M1(·,x2),ϕ1

{
H1(11(x2)) − ρ1(ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)}∥∥∥∥. (3.11)

Using (3.7) and Lemma 2.18, we have the following estimate∥∥∥∥JH1,η1

M1(·,x1),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}
−JH1,η1

M1(·,x2),ϕ1

{
H1(11(x2)) − ρ1(ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)}∥∥∥∥
≤

∥∥∥∥JH1,η1

M1(·,x1),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}
−JH1,η1

M1(·,x2),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}∥∥∥∥
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+
∥∥∥∥JH1,η1

M1(·,x2),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}
−JH1,η1

M1(·,x2),ϕ1

{
H1(11(x2)) − ρ1(ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)}∥∥∥∥
≤ s1‖x1 − x2‖ +

τ1

γ1

∥∥∥∥H1(11(x1)) − ρ1(ϕ1 ◦N1)
(
11(x1) − F1(x1, y)

)
−

{
H1(11(x2)) − ρ1(ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)}∥∥∥∥
≤ s1‖x1 − x2‖ +

τ1

γ1

∥∥∥∥H1(11(x1)) −H1(11(x2))
∥∥∥∥

+
τ1ρ1

γ1

∥∥∥∥(ϕ1 ◦N1)
(
11(x1) − F1(x1, y)

)
− (ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)∥∥∥∥. (3.12)

Since H1 is a δ1-Lipschitz continuous, 11 is a β1-Lipschitz continuous, ϕ1 is a θ1-Lipschitz continuous, N1 is
an r1-Lipschitz continuous and F1 is a ζ1-Lipschitz continuous in the first argument,we have

‖H1(11(x1)) −H1(11(x2))
∥∥∥∥ ≤ δ1β1‖x1 − x2‖, (3.13)

and ∥∥∥∥(ϕ1 ◦N1)
(
11(x1) − F1(x1, y)

)
− (ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)∥∥∥∥
≤ θ1r1

∥∥∥∥11(x1) − 11(x2) −
(
F1(x1, y) − F1(x2, y)

)∥∥∥∥
≤ θ1r1

∥∥∥∥11(x1) − 11(x2)
∥∥∥∥ + θ1r1

∥∥∥∥F1(x1, y) − F1(x2, y)
∥∥∥∥

≤ θ1r1β1

∥∥∥∥x1 − x2

∥∥∥∥ + θ1r1ζ1

∥∥∥∥x1 − x2

∥∥∥∥. (3.14)

Using (3.13) and (3.14) in (3.12), we have∥∥∥∥JH1,η1

M1(·,x1),ϕ1

{
H1(11(x1)) − ρ1(ϕ1 ◦N1)

(
11(x1) − F1(x1, y)

)}
−JH1,η1

M1(·,x2),ϕ1

{
H1(11(x2)) − ρ1(ϕ1 ◦N1)

(
11(x2) − F1(x2, y)

)}∥∥∥∥
≤ s1

∥∥∥∥x1 − x2

∥∥∥∥ +
τ1δ1β1

γ1

∥∥∥∥x1 − x2

∥∥∥∥ +
τ1ρ1θ1r1β1

γ1

∥∥∥∥x1 − x2

∥∥∥∥ +
τ1ρ1θ1r1ζ1

γ1

∥∥∥∥x1 − x2

∥∥∥∥
=

{
s1 +

τ1

γ1

(
ρ1θ1r1(β1 + ζ1) + δ1β1

)}∥∥∥∥x1 − x2

∥∥∥∥.
Since X is a 2-uniformly smooth Banach space, we have∥∥∥∥x1 − x2 −

(
11(x1) − 11(x2)

)∥∥∥∥2
≤ ‖x1 − x2‖

2
− 2

[
11(x1) − 11(x2), x1 − x2

]
+c‖11(x1) − 11(x2)‖2

≤ ‖x1 − x2‖
2
− 2q1‖x1 − x2‖

2 + cβ2
1‖x1 − x2‖

2.

Thus, ∥∥∥∥x1 − x2 −
(
11(x1) − 11(x2)

)∥∥∥∥ ≤ √
1 − 2q1 + cβ2

1 ‖x1 − x2‖.
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Therefore, ∥∥∥∥S1(x1) − S1(x2)
∥∥∥∥ ≤

{√
1 − 2q1 + cβ2

1 +
τ1

γ1

(
ρ1θ1r1(β1 + ζ1) + δ1β1

)
+ s1

}
‖x1 − x2‖

≤

∥∥∥∥x1 − x2

∥∥∥∥,
since by (3.10), 0 <

√
1 − 2q1 + cβ2

1 +
τ1

γ1

(
ρ1θ1r1(β1 + ζ1) + δ1β1

)
+ s1 < 1.

Thus it follows S1 is a contraction mapping. Hence by Banach contraction principle, S1 admits a fixed point
(say) x ∈ X. Thus, we have

11(x) = JH1,η1

M1(·,x),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}
; ρ1 > 0.

Similarly, for the elements y1, y2 ∈ X, we have∥∥∥∥S2(y1) − S2(y2)
∥∥∥∥ ≤

∥∥∥∥y1 − y2 −
(
12(y1) − 12(y2)

)∥∥∥∥
+
∥∥∥∥JH2,η2

M2(·,y1),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}
−JH2,η2

M2(·,y2),ϕ2

{
H2(12(y2)) − ρ2(ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)}∥∥∥∥. (3.15)

Again using (3.8) and Lemma 2.18, we have the following estimate∥∥∥∥JH2,η2

M2(·,y1),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}
−JH2,η2

M2(·,y2),ϕ2

{
H2(12(y2)) − ρ2(ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)}∥∥∥∥
≤

∥∥∥∥JH2,η2

M2(·,y1),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}
−JH2,η2

M2(·,y2),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}∥∥∥∥
+
∥∥∥∥JH2,η2

M2(·,y2),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}
−JH2,η2

M2(·,y2),ϕ2

{
H2(12(y2)) − ρ2(ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)}∥∥∥∥
≤ s2‖y1 − y2‖ +

τ2

γ2

∥∥∥∥H2(12(y1)) − ρ2(ϕ2 ◦N2)
(
12(y1) − F2(x, y1)

)
−

{
H2(12(y2)) − ρ2(ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)}∥∥∥∥
≤ s2‖y1 − y2‖ +

τ2

γ2

∥∥∥∥H2(12(y1)) −H2(12(y2))
∥∥∥∥

+
τ2ρ2

γ2

∥∥∥∥(ϕ2 ◦N2)
(
12(y1) − F2(x, y1)

)
− (ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)∥∥∥∥. (3.16)
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Since H2 is a δ2-Lipschitz continuous, 12 is a β2-Lipschitz continuous, ϕ2 is a θ2-Lipschitz continuous, N2 is
an r2-Lipschitz continuous and F2 is a ζ2-Lipschitz continuous in the second argument, we have∥∥∥∥H2(12(y1)) −H2(12(y2))

∥∥∥∥ ≤ δ2β2‖y1 − y2‖. (3.17)

and ∥∥∥∥(ϕ2 ◦N2)
(
12(y1) − F2(x, y1)

)
− (ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)∥∥∥∥
≤ θ2r2

∥∥∥∥12(y1) − 12(y2) −
(
F2(x, y1) − F2(x, y2)

)∥∥∥∥
≤ θ2r2

∥∥∥∥12(y1) − 12(y2)
∥∥∥∥ + θ2r2

∥∥∥∥F2(x, y1) − F2(x, y2)
∥∥∥∥

≤ θ2r2β2

∥∥∥∥y1 − y2

∥∥∥∥ + θ2r2ζ2

∥∥∥∥y1 − y2

∥∥∥∥. (3.18)

Using (3.17) and (3.18) in (3.16), we have∥∥∥∥JH2,η2

M2(·,y1),ϕ2

{
H2(12(y1)) − ρ2(ϕ2 ◦N2)

(
12(y1) − F2(x, y1)

)}
−JH2,η2

M2(·,y2),ϕ2

{
H2(12(y2)) − ρ2(ϕ2 ◦N2)

(
12(y2) − F2(x, y2)

)}∥∥∥∥
≤

{
s2 +

τ2

γ2

(
ρ2θ2r2(β2 + ζ2) + δ2β2

)}∥∥∥∥y1 − y2

∥∥∥∥.
Since X is a 2-uniformly smooth Banach space, we have∥∥∥∥y1 − y2 −

(
12(y1) − 12(y2)

)∥∥∥∥2
≤ ‖y1 − y2‖

2
− 2

[
12(y1) − 12(y2), y1 − y2

]
+c‖12(y1) − 12(y2)‖2

≤ ‖y1 − y2‖
2
− 2q2‖y1 − y2‖

2 + cβ2
2‖y1 − y2‖

2.

Thus, ∥∥∥∥y1 − y2 −
(
12(y1) − 12(y2)

)∥∥∥∥ ≤ √
1 − 2q2 + cβ2

2 ‖y1 − y2‖.

Therefore, ∥∥∥∥S2(y1) − S2(y2)
∥∥∥∥ ≤

{√
1 − 2q2 + cβ2

2 +
τ2

γ2

(
ρ2θ2r2(β2 + ζ2) + δ2β2

)
+ s2

}
‖y1 − y2‖

≤

∥∥∥∥y1 − y2

∥∥∥∥,
since by (3.10), 0 <

√
1 − 2q2 + cβ2

2 +
τ2

γ2

(
ρ2θ2r2(β2 + ζ2) + δ2β2

)
+ s2 < 1.

Thus it follows that the mapping S2 : X → X is a contraction mapping. Hence, by Banach contraction
principle, S2 has a fixed point (say) y ∈ X. Thus, we have 12(y) = JH2,η2

M2(·,y),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦ N2)

(
12(y) −

F2(x, y)
)}

; ρ2 > 0 .

When X = Lp(IR), 2 ≤ p < ∞, we have the following corollary:
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Corollary 3.3. For i ∈ {1, 2}, let Ni : Lp
→ Lp be ri-Lipschitz continuous, 1i : Lp

→ Lp be βi-Lipschitz continuous
and qi-strongly monotone and ηi : Lp

×Lp
→ Lp be τi-Lipschitz continuous, Hi : Lp

→ Lp be a δi-Lipschitz continuous
and γi-strongly-ηi-monotone mappings, respectively. Suppose ϕi : Lp

→ Lp be single-valued mappings satisfying
ϕi(u + v) = ϕi(u) + ϕi(v) and Ker(ϕi) = {0}, and let ϕi be θi-Lipschitz continuous, Mi : Lp

× Lp
→ 2Lp be (Hi, ϕi)-

ηi-monotone mappings, respectively, such that (3.7)-(3.8) holds. Furthermore, let F1 : Lp
× Lp

→ Lp be a ζ1-Lipschitz
continuous in the first argument and F2 : Lp

× Lp
→ Lp be a ζ2-Lipschitz continuous in the second argument. In

addition, if
(1 − 2q1 + (p − 1)β2

1) > 0, (1 − 2q2 + (p − 1)β2
2) > 0,

and
0 <

√
1 − 2q1 + (p − 1)β2

1 +
τ1

γ1

{
ρ1θ1r1(β1 + ζ1) + δ1β1

}
+ s1 < 1,

0 <
√

1 − 2q2 + (p − 1)β2
2 +

τ2

γ2

{
ρ2θ2r2(β2 + ζ2) + δ2β2

}
+ s2 < 1,


where (p − 1) is constant of smoothness, then SGVLI (3.1)-(3.2) has a solution.

4. Iterative Algorithm and Convergence Criteria

Lemma 3.1 is important from the numerical point of view. It allows us to suggest the following iterative
algorithm for finding the approximate solution of SGVLI (3.1)-(3.2):

Iterative Algorithm 4.1. For arbitrary point (x0, y0) ∈ X × X, compute the sequences {xn}, {yn} by the iterative
scheme:

xn+1 = (1 − αn)xn + αn

{
xn − 11(xn)

+JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(xn)) − ρ1(ϕ1 ◦N1)

(
11(xn) − F1(xn, yn)

)}}
; ρ1 > 0

and
12(yn) = JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(yn)) − ρ2(ϕ2 ◦N2)

(
12(yn) − F2(xn, yn)

)}
; ρ2 > 0

where Mn
i : X × X→ X are (Hi, ϕi)-ηi-monotone mappings, respectively, for i ∈ {1, 2}, n = 0, 1, 2, ... and

JH1,η1

Mn
1 (·,xn),ϕ1

≡ (H1 + ρ1ϕ1 ◦Mn
1(·, xn))−1; JH2,η2

Mn
2 (·,yn),ϕ2

≡ (H2 + ρ2ϕ2 ◦Mn
2(·, yn))−1;

∀xn, yn ∈ X and αn be the sequence of real numbers with αn ∈ [0, 1] and
∞∑

n=0
αn = +∞.

Now, we prove the following theorem, which ensures the convergence of the sequences generated by the
Iterative Algorithm 4.1 for SGVLI (3.1)-(3.2).

Theorem 4.2. For i ∈ {1, 2}, let X be a real 2-uniformly smooth Banach space, Ni : X → X be ri-Lipschitz con-
tinuous, 1i : X → X be βi-Lipschitz continuous and qi-strongly monotone, ηi : X × X → X be τi-Lipschitz
continuous, Hi : X → X be a δi-Lipschitz continuous and γi-strongly-ηi-monotone mappings, repectively. Suppose
F1 : X×X→ X be a ζ′1-Lipschitz continuous with respect to second argument, F2 : X×X→ X be a ζ′2-Lipschitz contin-
uous with respect to first argument and letϕi : X→ X be single-valued mappings satisfyingϕi(u+v) = ϕi(u)+ϕi(v)
and Ker(ϕi) = {0} such that ϕi be θi-Lipschitz continuous, Mn

i : X × X → 2X be (Hi, ϕi)-ηi-monotone mappings

such that Mn
i

G
−→ Mi as n → ∞, respectively. Also ϕi,Ni,Fi, 1i and Hi are single-valued mappings such that{

H1(11)(·) − ρ1(ϕ1 ◦ N1)
(
11(·) − F1(·, yn)

)}
is λ1-cocoercive and

{
H2(12)(·) − ρ2(ϕ2 ◦ N2)

(
12(·) − F2(xn, ·)

)}
is λ2-

cocoercive. In addition, if
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1 − 2q1 + cβ2
1 > 0; q2γ2λ2 > τ2;

(
1
λ1

+
ρ1ρ2τ2θ1θ2r1r2λ2ζ′1ζ

′

2

q2γ2λ2 − τ2

)
> 0;

0 <
√

1 − 2q1 + cβ2
1 +

τ1

γ1

(
1
λ1

+
ρ1ρ2τ2θ1θ2r1r2λ2ζ′1ζ

′

2

q2γ2λ2 − τ2

)
< 1,

 (4.1)

where c is constant of smoothness of Banach space X. Then the iterative sequences {xn}, {yn} generated by Iterative
Algorithm 4.1 converges strongly to a solution (x, y) ∈ X × X of SGVLI (3.1)-(3.2).

Proof. Let (x, y) ∈ X × X be the solution of SGVLI (3.1)-(3.2). By Lemma 3.1, we have

x = (1 − αn)x + αn

{
x − 11(x) + JH1,η1

M1(·,x),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}}
Now from Iterative Algorithm 4.1 and above condition, we have

||xn+1 − x|| =
∥∥∥∥(1 − αn)xn + αn

{
xn − 11(xn) + JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(xn))

−ρ1(ϕ1 ◦N1)
(
11(xn) − F1(xn, yn)

)}}
− (1 − αn)x − αn

{
x − 11(x)

+JH1,η1

M1(·,x),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}}∥∥∥∥
≤ (1 − αn)

∥∥∥∥xn − x
∥∥∥∥

+αn

∥∥∥∥xn − x −
(
11(xn) − 11(x)

)∥∥∥∥
+αn

∥∥∥∥JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(xn)) − ρ1(ϕ1 ◦N1)

(
11(xn) − F1(xn, yn)

)}
−JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}∥∥∥∥
+αn

∥∥∥∥JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}
−JH1,η1

M1(·,x),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}∥∥∥∥. (4.2)

Using Lemma 2.18, we have the following estimate:

∥∥∥∥JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(xn)) − ρ1(ϕ1 ◦N1)

(
11(xn) − F1(xn, yn)

)}
− JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}∥∥∥∥
≤

τ1

γ1

∥∥∥∥H1(11(xn)) −H1(11(x)) − ρ1(ϕ1 ◦N1)
(
11(xn) − F1(xn, yn)

)
+ρ1(ϕ1 ◦N1)

(
11(x)) − F1(x, y)

)∥∥∥∥
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≤
τ1

γ1

∥∥∥∥H1(11(xn)) − ρ1(ϕ1 ◦N1)
(
11(xn) − F1(xn, yn)

)
−

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)}
−ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)
+ ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)∥∥∥∥
≤

τ1

γ1

∥∥∥∥H1(11(xn)) − ρ1(ϕ1 ◦N1)
(
11(xn) − F1(xn, yn)

)
−

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)}∥∥∥∥
+
τ1ρ1

γ1

∥∥∥∥(ϕ1 ◦N1)
(
11(x) − F1(x, yn)

)
− (ϕ1 ◦N1)

(
11(x) − F1(x, y)

)∥∥∥∥. (4.3)

Since
{
H111(·) − ρ1(ϕ1 ◦N1)

(
11(·) − F1(·, yn)

)}
is λ1-cocoercive, then∥∥∥∥H1(11(xn)) − ρ1(ϕ1 ◦N1)

(
11(xn) − F1(xn, yn)

)
−

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)}∥∥∥∥ ‖xn − x‖

≥

[
H1(11(xn)) − ρ1(ϕ1 ◦N1)

(
11(xn) − F1(xn, yn)

)
−

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)}
, xn − x

]
≥ λ1

∥∥∥∥H1(11(xn)) − ρ1(ϕ1 ◦N1)
(
11(xn) − F1(xn, yn)

)
−

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)}∥∥∥∥2

Thus,∥∥∥∥H1(11(xn)) − ρ1(ϕ1 ◦N1)
(
11(xn) − F1(xn, yn)

)
−

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, yn))

}∥∥∥∥
≤

1
λ1
‖xn − x‖ (4.4)

Since ϕ1 is a θ1-Lipschitz continuous, N1 is an r1-Lipschitz continuous and F1 is a ζ′1-Lipschitz continuous
with respect to second argument, then we have∥∥∥∥(ϕ1 ◦N1)

(
11(x) − F1(x, yn)

)
− (ϕ1 ◦N1)

(
11(x) − F1(x, y)

)∥∥∥∥ ≤ θ1

∥∥∥∥N1

(
11(x) − F1(x, yn)

)
−N1

(
11(x) − F1(x, y)

)∥∥∥∥
≤ θ1r1

∥∥∥∥F1(x, yn) − F1(x, y)
∥∥∥∥

≤ θ1r1ζ′1‖yn − y‖. (4.5)

Since 11 is a q1-strongly monotone and β1-Lipschitz continuous, we have∥∥∥∥xn−x−
(
11(xn)−11(x)

)∥∥∥∥ ≤ √
1 − 2q1 + cβ2

1 ‖xn−x‖. (4.6)
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Using (4.3)-(4.6) in (4.2), we get

‖xn+1 − x‖ ≤ (1 − αn)‖xn − x‖ + αn

√
1 − 2q1 + cβ2

1 ‖xn − x‖

+αn

{
τ1

γ1λ1
‖xn − x‖ +

τ1ρ1θ1r1ζ′1
γ1

‖yn − y‖
}

+ αn fn

=

{
(1 − αn) + αn

(√
1 − 2q1 + cβ2

1 +
τ1

γ1λ1

)}
‖xn − x‖

+
αnτ1ρ1θ1r1ζ′1

γ1
‖yn − y‖ + αn fn

where
fn =

∥∥∥∥JH1,η1

Mn
1 (·,xn),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}
− JH1,η1

M1(·,x),ϕ1

{
H1(11(x)) − ρ1(ϕ1 ◦N1)

(
11(x) − F1(x, y)

)}∥∥∥∥,
and fn → 0 as n→∞. Thus, we have

‖xn+1 − x‖ ≤
{

(1 − αn) + αn

(√
1 − 2q1 + cβ2

1 +
τ1

γ1λ1

)}
‖xn − x‖

+
αnτ1ρ1θ1r1ζ′1

γ1
‖yn − y‖. (4.7)

Since 12 : X→ X is a q2-strongly monotone, then we have

‖12(yn) − 12(y)‖ ‖yn − y‖ ≥
[
12(yn) − 12(y), yn − y

]
≥ q2‖yn − y‖2.

Thus,

‖yn − y‖ ≤
1
q2
‖12(yn) − 12(y)‖

=
1
q2

∥∥∥∥JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(yn)) − ρ2(ϕ2 ◦N2)

(
12(yn) − F2(xn, yn)

)}
−JH2,η2

M2(·,y),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}∥∥∥∥
≤

1
q2

∥∥∥∥JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(yn)) − ρ2(ϕ2 ◦N2)

(
12(yn) − F2(xn, yn)

)}
−JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}∥∥∥∥
+

1
q2

∥∥∥∥JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}
−JH2,η2

M2(·,y),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}∥∥∥∥. (4.8)

Using Lemma 2.18, we have the following estimate:∥∥∥∥JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(yn)) − ρ2(ϕ2 ◦N2)

(
12(yn) − F2(xn, yn)

)}
− JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}∥∥∥∥
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≤
τ2

γ2

∥∥∥∥H2(12(yn)) − ρ2(ϕ2 ◦N2)
(
12(yn) − F2(xn, yn)

)
−

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(x, y)

)}∥∥∥∥
≤

τ2

γ2

∥∥∥∥H2(12(yn)) − ρ2(ϕ2 ◦N2)
(
12(yn) − F2(xn, yn)

)
−

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(xn, y)

)}∥∥∥∥
+
τ2ρ2

γ2

∥∥∥∥(ϕ2 ◦N2)
(
12(y) − F2(xn, y)

)
− (ϕ2 ◦N2)(12(y) − F2(x, y))

∥∥∥∥. (4.9)

Since
{
H2(12(·)) − ρ2(ϕ2 ◦N2)

(
12(·) − F2(xn, ·)

)}
is λ2-cocoercive, then∥∥∥∥H2(12(yn)) − ρ2(ϕ2 ◦N2)

(
12(yn) − F2(xn, yn)

)
−

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(xn, y)

)}∥∥∥∥ ‖yn − y‖

≥

[
H2(12(yn)) − ρ2(ϕ2 ◦N2)

(
12(yn) − F2(xn, yn)

)
−

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(xn, y)

)}
, yn − y

]
≥ λ2

∥∥∥∥H2(12(yn)) − ρ2(ϕ2 ◦N2)
(
12(yn) − F2(xn, yn)

)
−

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(xn, y)

)}∥∥∥∥2
.

Thus,∥∥∥∥H2(12(yn)) − ρ2(ϕ2 ◦N2)
(
12(yn) − F2(xn, yn)

)
−

{
H2(12(y)) − ρ2(ϕ2 ◦N2)

(
12(y) − F2(xn, y)

)}∥∥∥∥
≤

1
λ2

∥∥∥∥yn − y
∥∥∥∥. (4.10)

Sinceϕ2 is aθ2-Lipschitz continuous, N2 is an r2-Lipschitz continuous and F2(·, ·) is a ζ′2-Lipschitz continuous
with respect to first argument, then we have∥∥∥∥(ϕ2 ◦N2)

(
12(y) − F2(xn, y)

)
− (ϕ2 ◦N2)

(
12(y) − F2(x, y)

)∥∥∥∥
≤ θ2

∥∥∥∥N2

(
12(y) − F2(xn, y)

)
−N2

(
12(y) − F2(x, y)

)∥∥∥∥
≤ θ2r2

∥∥∥∥F2(xn, y) − F2(x, y)
∥∥∥∥

≤ θ2r2ζ′2 ‖xn − x‖. (4.11)

Using (4.9)-(4.11) in (4.8), we have

‖yn − y‖ ≤
1
q2

{
τ2

γ2λ2
‖yn − y‖ +

τ2ρ2θ2r2ζ′2
γ2

‖xn − x‖ + hn

}
,

where

hn =
∥∥∥∥JH2,η2

Mn
2 (·,yn),ϕ2

{
H2(12(y))− ρ2(ϕ2 ◦N2)

(
12(y)− F2(x, y)

)}
− JH2,η2

M2(·,y),ϕ2

{
H2(12(y))− ρ2(ϕ2 ◦N2)

(
12(y)− F2(x, y)

)}∥∥∥∥
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and hn → 0 as n→∞.
Thus, we have

‖yn − y‖ ≤
(
τ2ρ2λ2θ2r2ζ′2
q2γ2λ2 − τ2

)
‖xn − x‖ +

(
γ2λ2

q2γ2λ2 − τ2

)
hn.

Thus, from (4.7), we have

‖xn+1 − x‖ ≤
{

(1 − αn) + αn

(√
1 − 2q1 + cβ2

1 +
τ1

γ1λ1

)

+
αnλ2τ1τ2ρ1ρ2θ1θ2r1r2ζ′1ζ

′

2

γ1(q2γ2λ2 − τ2)

}
‖xn − x‖ +

αnγ2λ2τ1ρ1θ1r1ζ′1
γ1(q2γ2λ2 − τ2)

hn

≤

{
1 − αn

(
1 −

√
1 − 2q1 + cβ2

1 −
τ1

γ1

(
1
λ1

+
τ2λ2ρ1ρ2θ1θ2r1r2ζ′1ζ

′

2

(q2γ2λ2 − τ2)

))}

× ‖xn − x‖ + αn

(
ρ1τ1γ2λ2θ1r1ζ′1
γ1(q2γ2λ2 − τ2)

)
hn

≤

{
1 − αn(1 − k1)

}
‖xn − x‖ + αndn,

where

k1 =
√

1 − 2q1 + cβ2
1 +

τ1

γ1

(
1
λ1

+
ρ1ρ2θ1θ2r1r2ζ′1ζ

′

2τ2λ2

(q2γ2λ2 − τ2)

)
and k1 < 1 because of the assumption (4.1).
Hence we can write

‖xn+1 − x‖ ≤
(
1 − αn(1 − k1)

)
‖xn − x‖ + αn(1 − k1)

dn

(1 − k1)
. (4.12)

We suppose that an = ‖xn − x‖, bn =
dn

(1 − k1)
, cn = αn(1 − k1), then we can express (4.12) in the form

an+1 = (1− cn)an + cnbn. Hence by Lemma 2.19, we get an → 0 as n→∞. As a result xn → x as n→∞which
infact implies that yn → y as n → ∞. Hence the sequences {xn}, {yn} converges strongly to the solution
(x, y) ∈ X × X of SGVLI (3.1)-(3.2).

When X = Lp(IR), 2 ≤ p < ∞, we have the following corollary.

Corollary 4.3. For i ∈ {1, 2}, let Ni : Lp
→ Lp be ri-Lipschitz continuous, 1i : Lp

→ Lp be βi-Lipschitz continuous
and qi-strongly monotone, ηi : Lp

× Lp
→ Lp be τi-Lipschitz continuous, Hi : Lp

→ Lp be a δi-Lipschitz continuous
and γi-strongly-ηi-monotone mappings, respectively. Suppose F1 : Lp

× Lp
→ Lp be a ζ′1-Lipschitz continuous with

respect to second argument, F2 : Lp
× Lp

→ Lp be a ζ′2-Lipschitz continuous with respect to first argument and let
ϕi : Lp

→ Lp be single-valued mappings satisfying ϕi(u + v) = ϕi(u) + ϕi(v) and Ker(ϕi) = {0} such that ϕi be

θi-Lipschitz continuous, Mn
i : Lp

× Lp
→ 2Lp be (Hi, ϕi)-ηi-monotone mappings such that Mn

i
G
−→ Mi as n → ∞,

respectively. Alsoϕi,Ni,Fi, 1i and Hi are single-valued mappings such that
{
H1(11)(·)−ρ1(ϕ1◦N1)

(
11(·)−F1(·, yn)

)}
is λ1-cocoercive and

{
H2(12)(·) − ρ2(ϕ2 ◦N2)

(
12(·) − F2(xn, ·)

)}
is λ2-cocoercive. In addition, if

1 − 2q1 + (p − 1)β2
1 > 0; q2γ2λ2 > τ2;

(
1
λ1

+
ρ1ρ2τ2θ1θ2r1r2λ2ζ′1ζ

′

2

q2γ2λ2 − τ2

)
> 0;

0 <
√

1 − 2q1 + (p − 1)β2
1 +

τ1

γ1

(
1
λ1

+
ρ1ρ2τ2θ1θ2r1r2λ2ζ′1ζ

′

2

q2γ2λ2 − τ2

)
< 1,
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where (p − 1) is constant of smoothness. Then the iterative sequences {xn}, {yn} generated by Iterative Algorithm 4.1
converges strongly to a solution (x, y) ∈ Lp

× Lp of SGVLI (3.1)-(3.2).

Remark 4.4. Using the technique in this paper one can extend the results of various authors, see for example
[3,6,7-9,18,19,21,25-27,30-34] and the related references cited therein in this direction.
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