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Abstract. In 1996, M. Stojakovi¢ and Z. Stojakovi¢ examined the convergence of a sequence of fuzzy
numbers via Zadeh’s Extension Principle, which is quite difficult for practical use. In this paper, we utilize
the notion A-level sets to deal with convergence and summable related notions and adopted a relatively
new approach to characterize matrix classes involving some sets of single sequences of fuzzy numbers. The
approach is expected to be useful in dealing with characterization of several other matrix classes involving
different kinds of sets of sequences of fuzzy numbers, single or multiple.

1. Introduction and Definitions

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [23] as an extension
of the classical notion of set and subsequently several authors have discussed various aspects of the theory
and applications of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy orderings,
fuzzy possibility theory, fuzzy measures of fuzzy events, fuzzy mathematical programming, etc. Working
as a powerful mathematical tool for approximate reasoning, they play a significant role in decision making
in complex phenomena which are difficult to describe by traditional mathematics. Matloka [9] introduced
bounded and convergent sequences of fuzzy numbers and studied their properties. Later on sequences
of fuzzy numbers have been discussed by various authors. For further relevant studies related to various
operations and notions involving fuzzy sets, and different sets of sequences of fuzzy numbers, we refer to
[1-6, 8,10-12, 14-17,19-22].

Definition 1.1. (Goetschel and Voxman [7]) A fuzzy number is a fuzzy set on the real axis, i.e., a mapping
u : R — [0, 1] which satisfies the following four conditions:

(i) u is normal, i.e., there exists an xp € R such that u(xy) = 1.

(if) u is fuzzy convex, i.e., u[Ax + (1 — A)y] = min{u(x), v(y)} for all x, y € R and for all A € [0, 1].

(ifi) u is upper semi-continuous.

(iv) The set [u]p = {x € R(x) > 0} is compact, where {x € R(x) > 0} denotes the closure of the set
{x € R(x) > 0} in the usual topology of R.
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We denote the set of all fuzzy numbers on R by E! and called it as the space of fuzzy numbers. A—level
set [u]y of u € E! is defined by

[ulh={teR:u@®)> A}, 0<A<1),
={teR:ul®) > A}, (A=0).

The set [u], is a closed, bounded and non-empty interval for each A € [0, 1] which is defined by
[uly = [u=(A), u*(A)]. R can be embedded in E!, since each r € R can be regarded as a fuzzy number

Definition 1.2. (Talo and Basar [18]) Let W be the set of all closed bounded intervals A of real numbers
such that A = [A4, A>]. Define the relation d on W as follows:

d(A, B) = max {|A; — By|, 14> — Bl}.

Then (W, d) is a complete metric space (see Diamond and Kloeden [4], Nanda [10]). Then Talo and Basar
[18] defined the metric D on E! by means of Hausdorff metric d as

D(u,v) = sup d([uly, [v]x) = sup max{[u™(A) — v~ Al [u*(A) = v (D)}
A€l0,1] A€[0,1]

The partial ordering relation on E! is defined as follows:
u<velul) <)o u () <v(A) and ut(A) <v*(A) forall A € [0,1].

Definition 1.3. (Talo and Basar [18])Let u,v,w € E! and k € R. Then the operations addition, scalar
multiplication and product defined on E' by
u+v=we [wl) =uly+[v))forallA € [0,1] ® w (L) = u= (A1) — v~ (A) and w*(A) = u*(A) + v*(A) for
allA €[0,1],
[ku]y = k[u], for all A € 0,1]
and
uv =w < [w]y = [u][v]) forall A € [0,1],
where it is immediate that

w™(A) = minfu~ (A)o~ (1), u~(A)o*(A), u™ (A)v~(A), ut (A)o* (1)}

and
w*(A) = max{u” (M)~ (), u” (A)o* (A), u" (A)o~(A), u™ (A)v* (L)},

forall A €[0,1].

Definition 1.4. (Talo and Basar [18]) u € E! is a non-negative fuzzy number if and only if u(xo) = 0 for all
xp < 0. It is immediate that u > 0 if x is a non-negative fuzzy number.
One can see that

D(u,0) = s1[1p]max{lu‘()\)l, ™ (M1} = max{u™(0)], [u* (0)]}. 1)
A€[0,1
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Lemma 1.5. (Talo and Basar [18]) Let x,,z,u € E! and k € R. Then:
(i) (EY, D) is a complete metric space.
(if) D(kx, ky) = |k| D(x, y).
(ii)) D(x + y,z + y) = D(x, 2).
(iv) D(x + v,z + u) < D(x,z) + D(y, u).
(v) ID(x,0) — D(y, 0)] < D(x,y) < D(x,0) + D(y, 0).
Lemma 1.6. (Talo and Basar [18]) The following statements hold:
(i) D(xy, 0) < D(x,0)D(y,0) for all x,y € E.
(ii) If xy —> x, as k — oo then D(x, 0) — D(x,0) as k —> co.
By w! we denote the set of all single sequences of fuzzy numbers on R. Matloka [9] introduced bounded

and convergent sequences of fuzzy numbers and studied their properties. We now quote the following
definitions given by Talo and Basar [18] which we will use in later part of this paper.

Definition 1.7. A sequence of fuzzy numbers (x;) is said to be bounded if the set of fuzzy numbers consist-
ing of the terms of the sequence (x;) is a bounded set. That is to say that a sequence (x) € w is bounded
if and only if there exist two fuzzy numbers m and M such that m < x; < M for all k € IN. This means that
m~(A) < x, (A) < M~(A) and m*(A) < x;(A) < M*(A) forall A € [0, 1].

The fact that the boundedness of the sequence (xx) € w’ is equivalent to the uniform boundedness of
the functions x (1) and x;(A) on [0, 1]. Therefore, one can say by using relation (1) that the boundedness of
the sequence (x) € wf is equivalent to the fact that

sup D(xi, 0) = sup sup max (|x; (A)], [x] (A)]) < oo.
keIN kelN A€[0,1]

Definition 1.8. A sequence of fuzzy numbers (x) € w’ is called convergent with limit x € E, if and only if
for every € > 0 there exists 1y = ny(€) € IN such that D(xy, x) < € for all k > ny.

If the sequence (xx) € w' converges to a fuzzy number x then by the definition of D the sequence of
functions {x;(/\)} and {x;(/\)} are uniformly convergent to x~(1) and x*(A) in [0, 1], respectively.

Definition 1.9. Let (x;) € w’. Then the expression Y xx is called a series corresponding to the sequence (x;)
k

of fuzzy numbers. We denote
n
S, = ), x; foralln € IN.
k=1
If the sequence (s,) converges to a fuzzy number x, then we say that the series }’ x; converges to x and
k

write )| x; = x, which implies as n — oo that
k

n

Z X (A) — x~(A) and Z X (1) — x*(N),

k=1 k=1
uniformly in A € [0,1]. Conversely, if the fuzzy numbers x; = {(x (1), x; (1)) : A € [0,1]}, X x (1) = x7(A)
k
and ) x{(A) = x*(A) converge uniformly in A € [0,1], then x = {(x"(A),x* (1)) : A € [0, 1]} defines a fuzzy
k
number such that x = ), x;. The proof is due to Talo and Basar [18] in the form of the following lemma.
k

Otherwise, we say the series of fuzzy numbers diverges. Additionally, if the sequence (s,) is bounded
then we say that the series ) x; of fuzzy numbers is bounded.
k
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Lemma 1.10. If the fuzzy numbers x = {(x. (1), x[(A)) : A € [0,1]}, X x, (1) = x™(A) and ¥ x[(A) = x*(A) con-
k k

verge uniformly in A € [0, 1], then x = {(x"(A), x*(A)) : A € [0, 1]} defines a fuzzy number such that x = ), xy.
k=0

Throughout the paper, the summations without limit run from 1 to co, for example, ), x; means that }_ x.
k k=1

We also suppose that 1 <p < cowithp ' +47 ' =1and N ={1,2,3,...}.

Definition 1.11. We have the sets ¢/ ,6’5, L, cf, cb consisting of the absolutely summable, p—absolutely

summable, bounded, convergent and convergent to 0 sequences of fuzzy numbers (Talo and Basar [18]) as
follows:

& = {(n) € wt - Xk:D(xkfﬁ) < oo},

£ =) € w": TG, O < oo,

o, ={(x) e wh SI;P D(x, 0) < oo},

cf = {(xx) € w" : there exists | € E' such that khirlo D(xt, 1) = 0},

b ={(x) € wF : kli_rgo D(x, 0) = 0}.

We denote by csf and bsf, the set of all convergent and bounded series of fuzzy numbers respectively.

Now we define a—, f— and y—duals of a set uf C w" which are respectively denoted by {uf}*, {uf}f and
{uf} as follows:

(U} = () € W : (ugy) € €5, forall (vp) € ),
{uFF = {(u) € W'« (uvy) € s, forall (vy) € uf},

{(UFY = {(w) € W : (ugvy) € bs*, forall (vy) € pf}.

2. Matrix Transformations Between Some Sets of Sequences of Fuzzy Numbers

An infinite matrix is one of the most general linear operators between two sequence spaces. The study
of theory of matrix transformations has always been of great interest to mathematicians in the study of
sequence spaces, which is motivated by special results in summability theory. Talo and Basar [18] gave
some matrix transformations between some sets of sequences of fuzzy numbers. We try to give some
results characterizing matrix transformations involving some classes of sequences of fuzzy numbers whose
classical counterparts can be found in Nanda [10].

Definition 2.1. Let uf, uf c w" and A = (a,x) be any two dimensional matrix of fuzzy numbers. Then we
say that A defines a mapping from p! into yf, denote it by writing A : uf' — b if for every sequence
x = () € pf, the A — trans form of x, Ax = {(Ax),} given by

(Ax)y = ) aue 2)

k

exists for each n € N and is in p}.
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A € (uf : pf) if and only if the series on the right hand side of (2) converges for each n € N and every
x=(x) € [u‘lt and we have Ax = {(Ax),}neN € yg . A sequence x is said to be A —summable to a if Ax converges
to a which is called the A — limit of x. Also by A € (uf : ub; P) we mean that A preserves the limit that is
A — limit of x is equal to limit of x for all x = (x;) € pf.

Talo and Bagar [18] characterized the following classes (u" : €5), (cg : cf), (cf = ¢f), (cF : ¢5;P), (£ = cF),
(£, = ch) and (L% : ¢f) of infinite matrices of fuzzy numbers, where uf = {£5,, c*, cf, ;).

Theorem 2.2. (Talo and Basar [18]) Let A = (au) be any two dimensional infinite matrix of fuzzy numbers. Then
(i) A = (aw) € (L5 : € if and only if

M = sup Z D(@,,0) < co. 3)
Tk

(i) A = (an) € (cF : €L,) if and only if (3) holds.
(iii) A = (au) € (c§ : €5,) if and only if (3) holds.
(iv) A = (aw) € (£ : £L,) if and only if

C = sup L[D(a, 0 < co.
n k

Theorem 2.3. (Theorem 4.6, Talo and Basar [18]) Let A = (a,x) be a two dimensional infinite matrix of fuzzy
numbers with a,, > 0 for all n,k € N. Then A € (c* : ¢f; P) if and only if (3) holds and

nli—r>rc1>o ank = 0/ (4)
Jim ) an =1, )
forall k € N.

The proof of the following theorem follows using similar arguments applied in the proof of above
Theorem 2.3. However, we give the detailed proof for the benefit of new readers in the field of our paper.

Theorem 2.4. Let A = (a,) be a two dimensional matrix of fuzzy numbers with a,. > 0 forall n,k € IN. Then
A € (cF : cF) if and only if (3) holds and

there exists ay € E' such that lim a, = dy, (6)
n—oo
there exists a € E! such that lim e = @, (7)
n—00
forallk € N.

Proof. Let us suppose that A = (a,) € (cf : ¢f) and x = (x;) € ¢f. Since the inclusion ¢/ c ¢£, holds, the
inclusion (¢! : ¢f) c (cf : €%,) also hold. Thus, the necessity of (3) holds.
We define the sequence x = (x¢) € ¢f by
Xk , n= k/
, n#k,

([l
ol

for all n € IN. Then
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(Ax)y = (@, € cF.

Thus, as n — o0, (Ax), tends to a limit say, a; € E'. So, (6) holds.
Similarly, taking u = (1) := (1) € ¢/, we get that (7) holds.
For the converse part, let us consider that the conditions (3), (6) and (7) hold. Let (x) € ¢f. Then since
Ax exists, the series ), a,x; converges for each fixed n € N. Hence, A, € {cF)P for all m € N.
k

It is obvious that (3) holds if and only if

sup ). sup |a_ (A)] < oo,

n k Aef0,]
and
sup ). sup a7}, (A)] < 0.
n ok Aef0,1]
(6) holds if and only if
lim sup |a_ (A) —a (M) =0,
n—>ooA [ 1]
and

lim sup |a}, (A1) — o (M) = 0.

% Xel0,1]

Similarly, (7) holds if and only if
lim sup IZa M) —a(M)I=0,

% Ael0,1]

and

lim sup [} af(A)—a*(A)=0.
=% Jel0,1] k

Now, suppose that xy — x as k — co. This implies that, x, (1) — x7(1) ask — oo and x; (1) — x*(A)
as k — oo, uniformly in A’s.
Since,

| % 4, (A)x (A) —a~ (A ()]

= | Zklﬂ;k(/\)x,:(/\) -x (1) Xkl 1, (A) +x7(A) Xkl a,(A) —a (M)x~ ()

<| Z 4, (A)x (A) —x7(A) 2 a Ml +1x(A) Z a,(A) —a (M)x~ ()]

< Z |2, (Dllx () = 2= ()] + [x= (A)] Zﬂ (A —am (A

< Y. sup la, (M) sup lx (A) —x (D) + sup x~(A)] sup |Y.a, (1) —a (M),
k Ae[0,1] A€[0,1] A€l0,] Aef01] k

We have

sup | Y a (A)x (A) —a” (A)x~ ()] — Oasn — oco.

Ae01] k
Since, 4, > 0 for all n,k € N and x (1) < xf(A) for all A € [0,1],we have
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a (Mx (A) <a (Dx (L) and a (M)x, (A) < a7 (A)x (D),
which implies,

(@nwexic)™(A) = minfa, (M)x (A), 4, (A)xf (L), ay (A)x (), ay (M) ()}
=min{a_ ()x (1), a’ (D)x (D)}

Similarly,

(@)™ (A) = max{a (A)x (A), a (M) (A), ay (A)x (L), a7 (A)x] (M)}
= max {a_ (M)x](A),a’ (A)x] (M)}

Consequently,
Jim T (1) = lim ¥ minfa ()2 (1), a5 (05 (D) = &~ (Dx- (1),

and
Jim ¥ @) (1) = Tim ¥ max{a, ()5 (D), g5 A5 (D) = a (Dx (),

uniformly in A’s.

Hence % ApkXy —> X asn — oo,
So, A € (cf : cF).

This step completes the proof. [

Theorem 2.5. Let A = (a,) be a two dimensional matrix of fuzzy numbers with a,, > 0 for all n,k € N. Then
A€ty :€,) ifand only if for all k € N,

M = D(a,, 0)) < o0, (1< o), 8
Sl;p;( (@, 0) < o0, (1<p <o) ®

suI?(D(ank, 0)) <o, (p=o0). )

Proof. Since the proofs are similar, we give the proof only for (8). Suppose that the condition (8) holds and
let x = (x) € £1.

Now,

(; D((Ax), Op)!/7 = ();(D@ @i, 0)F)1 /P

We have,

(D(Z auix, O’ < (Z Dlanexy, 0))

Then

;(D(Zkl IR0 ;(% D(axi, 0))

= (%(D% e, 0))1 P < (;(% D(@yxi, 0)7)V7.

Using Minkowski’s inequality, we have,
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(%(% D(axi, 0)))F < (; D(anx1,0))'7 + (% D(@ox2, 0F)7 + ...
= %(% D (@i, O )17
< %(; D(@,, 0)D(xx, 0)7)1/7
= %(D(xk/ 0" ”(§ D(an, 0)°)!/7
<M Zk:(D(xk, 0)")!/7 < oo.
Thus, Ax € é’,f, ie,Ae(lf: {’5).
We observe that since a;; > 0 for all i,k € N and x,:(/\) < x;(/\) for all A € [0,1], we have,

az (M) (A) < ap(M)x)(A) and a3 (A)x (A) < af (A)x](A),
which implies,

(@ixi)™(A) = minfa; (A)x; (), az (A)x] (A), az (Mx (L), ay (A)x (A)} = minfag (A)x (A), ay (A)x ()}
Similarly,

(@iexi)* (A) = max{ay (A)x (A), ay (A)x; (A), az (A)x (A), a (A)xg (M)} = max{ag (A)x] (A), ay (M) (A)}
For the converse part, let us consider that A € (¢} : £}), so that

Y(D(Ai(x),0))" < oo,

i
on ¢ where A;(x) = Y ax.
k

To show sup Y (D(ai, 0))’ < oo (1 < p < o0), it is sufficient to show that
Ko

supz sup |a, (AP < oo (10)
ko7 Aelod]

and

supz sup |a; (L) < oo, (11)
K = aelo)
for all k € IN.

Since Y azx; converges for each i whenever x = (x;) € ¢, we have, Y (axx)"(A) and Y (axx;)* (1) con-
k k k

verges uniformly in A € [0, 1] for each i whenever x, (A) € ¢] and x]' (1) € {] for all k € N, where
= { (M) rx=[x]h = [(x)]r = [x (1), )" (A)] € ff forall A € [0,1]},

and



H. Dutta, ]. Gogoi / Filomat 31:19 (2017), 6101-6112 6109

£ ={xt(A) s x = [xh = [ =[x (A), 1) (A)] € £ forall A € [0, 1]}, corresponding to each x = (x;) € £}.
It is easy to see that £ C €1 and ¢} C {7.

Using Banach-Steinhaus theorem, we get,

sup |a; ()] < oo,
k

and

sup |a} (A)] < oo,
k

for all A € [0,1] and for all each i.

Each member of £; can be regarded as a member of ¢ and our desired condition (11) is based on crisp
terms (A-level sets), let us define a function g, on ¢; as follows:

If x*(A) € £F,

In(x*(A)) = (é | % max{az (A)xf (1), aj(A)xg (D)IP)P
= (L I Z@ws0 ()N
= (L KAG) D,

forall A € [0,1] and for all k € IN.

If x € {1 \ €] then x*(A) = x~(A) = x for all A € [0,1], we have g,,(x) = (é | % agxilP)P.

Thus, each g, is a seminorm on ¢;. Also, each (A;(x))*(A) is a bounded linear functional on £;. It is easy

to see that g, is bounded on ¢;, and in particular on €. So we get a sequence (g,) of continuous seminorms
on ¢; such that,

gn(x* (1)) = (él(Ai(X)V(/\)I”)”” < (il(Ai(X)V(/\)I”)W < o,

for each x*(A) € ¢;. It follows from the Banach-Steinhaus theorem that there exists a constant G < oo
such that for all A € [0, 1],

@”1 A D < Gl (Al
on{; forall A € [0,1].

Now letting x = (x;) defined by
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for all i € IN and considering (axxx)"(4) = max{a, ()x] (1), a; (M)x (M)} = a;(A)x (1), we get for all
A €[0,1],

(Ai(x)*(A) = Zkl(ﬂikxk)+(/\) = %ﬂi}(/\)x;(/\) = a;(A),
for each fixed k € IN.

Thus,

(gl @z (DP)VP < Gllx+ (Al < oo,
for each fixed k € IN and for all A € [0,1]. Which implies that,
sup Z sup |a; (1)l < oo.
K i=17e[0,1]
Similarly, considering (axxx)*(A4) = max{a; (A)x;(A),a;(A)x ()} = az(A)x(A), we have the following
condition (10),

sup Z sup |az (A < co.
kK i=1€[0,1]

Consequently, we get that,
sup X (D(ai, 0)) < 0o, (1<p < oo).
Ko
This step completes the proof. [

Theorem 2.6. Let A = (a,) be a two dimensional matrix of non-negative fuzzy numbers with a,; > 0 for all
n,k € N. Then A € (¢£ : £5; P) if and only if the conditions

su D(au, 0) < oo, (12)

Y aw=1, (13)

n

forall k € IN.

Proof. Let us suppose the conditions (12)-(13) hold and let x = (xx) € ff . Since (12) holds, putting p = 1

in Theorem 2.5, we get A € (¢F : KF ). Also, since the condition (13) holds, considering (axxx)* (1) =
maxia (A)x (), a), (D)xi (M)} =a k()\)x*(/l) we get forall A € [0,1],

%(An(x)f(?\) = %%(ﬂnkxk)w\)
= Z Z a, (A)x;(A)
%x (1) Z a,,(A)
Xkl ¢ ().
Similarly, taking (A,(x))~(A) = Y.(auxx)~(A) for all n € N and for all A € [0, 1], we get, Y.(A,(x))"(A) =
% X (A). ‘ '

From the above we can see that A € (£} : ££; P).
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For the converse part, suppose that A € (¢£ : £, P). Then obviously (12) holds.
Taking (a,xxx)*(A) = max{a_ (M)x] (A),a’ (M)x[ (M)} = a (A)x (), we get,

an(An(x))+()\) = % %(anmf(/\) = an Zklﬂ;k(/\)x,j(/\) = Zklx;(A).
forall A € [0,1].

Again considering
(@) (1) = maxla, (D (1), @', (Dt (D) = a7, (D (1), we get,

%(An(x)f()\) = % %(%m)*(/\) = ; %ﬂ;k(/\)x,j(/\) = % X ().
forall A €[0,1].

Now letting x = (xx) defined by

x:(xk)::T, k=r,

=0, k%,
for all k € N, we get,

|Za;r(/\) - ]-I = 0/
and
|Za;1—r(/\) - ]-I =0,
for all A € [0,1]. Which implies that the condition (13) holds as r is arbitrary.

This step completes the proof. [
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