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Soft Union Interior Ideals, Quasi-Ideals
and Generalized Bi-Ideals of Rings

Aslihan Sezgin®

*Department of Elementary Education, Amasya University, 05100 Amasya, Turkey

Abstract. In this paper, soft union interior ideals, quasi-ideals and generalized bi-ideals of rings are defined
and their properties are obtained and the interrelations of them are given. Moreover regular, regular duo,
intra-regular and strongly regular rings are characterized in terms of these soft union ideals. This paper is
a following study of [19].

1. Introduction

Probability theory, fuzzy set theory, rough set theory, vague set theory and the interval mathematics
are useful approaches to describe uncertainty. However, each of these theories has its inherent difficulties.
Molodtsov [13] proposed a completely new approach for modeling vagueness and uncertainty, which
is called soft set theory. Since then, many related concepts about soft set operations, have undergone
tremendous studies. Maji et al. [12] presented some definitions on soft sets and Ali et al. [3] introduced
several operations of soft sets and Sezgin and Atagiin [14] studied on soft set operations, as well. However,
soft set theory have found its wide-ranging applications in the mean of algebraic structures such as groups [2,
15], semirings [8], rings [1], BCK/BCl-algebras [9-11], BL-algebras [22], near-rings [16] and soft substructures
and union soft substructures [4, 17].

In [19], Sezgin Sezer made a new approach to the classical ring theory via soft set theory with the
concept of soft union rings. Soft union rings, soft union left (right, two-sided) ideals, bi-ideals and soft
union semiprime ideals of rings are defined, their basic properties are obtained and regular, regular duo,
intra-regular and strongly regular rings are characterized by the properties of these soft union ideals in [19].

This paper is a following study of [19]. In this paper, soft union interior ideals, quasi-ideals, generalized
bi-ideals of rings are defined, their basic properties with respect to soft set operations and soft int-uni
product defined in [19] are obtained and the interrelations of them are investigated. Furthermore, regular,
regular duo, intra-regular and strongly regular rings are characterized by the properties of these soft union
ideals.

2. Preliminaries

In this section, we recall some basic notions relevant to rings and soft sets. Throughout this paper, R
denotes a ring. A nonempty subgroup A of R is called a right ideal of R if AR C A and is called a left ideal of
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Rif RA C A. By two-sided ideal (or simply ideal), we mean a subset of R, which is both a left and right ideal
of R. An additive subgroup (B, +) of R is called a bi-ideal of R if BRB C B. An additive subgroup (I, +) of
R is called an interior ideal of R if RIR € X. An additive subgroup (Q, +) of R is called a quasi ideal of R if
QRN RQ € Q. A subset P of a ring R is called semiprime if Ya € R, a* € P implies that a € P. A semilattice

“" oy “u o

is a structure S = (S, .), where “.” is an infix binary operation, called the semilattice operation, such that “.
is associative, commutative and idempotent. From now on, U refers to an initial universe, E is a set of
parameters, P(U) is the power set of U and A,B,C C E.

Definition 2.1. ([6, 13]) A soft set fa over U is a set defined by
fa : E— P(U) such thatfa(x) = 0 if x ¢ A.
Here fy is also called an approximate function. A soft set over U can be represented by the set of ordered pairs

fa =1{(x, fa(x)) : x € E, fa(x) € P(U)}.

It is clear to see that a soft set is a parametrized family of subsets of the set U. Note that the set of all soft
sets over U will be denoted by S(U).

Definition 2.2. [6] Let fa, fg € R(U). Then, f4 is called a soft subset of fg and denoted by faCfp, if fa(x) C fp(x)
forall x € E.

Definition 2.3. [6] Let fa, fy € R(U). Then, union of f4 and fs, denoted by faUfs, is defined as faUfy = fi5p
where f,5p(x) = fa(x) U fp(x) for all x € E.

Definition 2.4. [6] Let f4, fz € R(U). Then, intersection of f4 and f, denoted by f4N f3, is defined as faNfz = fy=p,
where f,=p(x) = fa(x) N fp(x) for all x € E.

Definition 2.5. [6] Let f4, fp € R(U). Then, A-product of fa and fg, denoted by fa A fp, is defined as fa A fg = fans,
where fang(x,y) = fa(x) N fg(y) forall (x,y) € E X E.

Definition 2.6. [7] Let fa and fg be soft sets over the common universe U and \V be a function from A to B. Then,
soft anti image of fa under WV, denoted by W*(f), is a soft set over U by

- i p-l
(W*(F)0) ={ g LA O it

forall b € B. And soft pre-image (or soft inverse image) of fg under WV, denoted by W=(f3), is a soft set over U by
(W(fp))@a) = f5(V(a)) foralla € A.

Definition 2.7. [18] Let fa be a soft set over U and a € U. Then, lower a-inclusion of fa, denoted by L(fa; o), is
defined as

L(fa:a)={xeA| falx) 2 a}.

Definition 2.8. [19] Let fr and gr be soft sets over the common universe U. Then, soft intersection-union product
fr © gr is defined by

(frogR)® =[] (fel@) U gr(®)

m

x= Z Llibi

i=1

ifx=

1

a;b; and a;b; # 0 for all 1 < i < m. Otherwise, define

m
=1

(frogr)(x) = U
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Here note that if R is a division ring and the multiplicative identity element of Ris 1z, thenx = x-1g = 1z - x,
and so (fr ¢ gr)(x) # U for all x € R.

For the sake of brevity, soft intersection-union product is abbreviated by soft int-uni product in what
follows.

Theorem 2.9. [19] Let fr, gr, hr € R(U). Then,
i) (fr ©gr) ©hr = fr © (gr © hg).
ii) fr o gr # gr © fr, generally. However, if R is commutative, then fr o gr = gr ¢ fr
iii) fr o (grOAR) = (fr © gr)N(f& © hr) and (frNgr) © hr = (fr © hR)N(GR © hR)-
iv) fr o (grUNR) = (fr © gr)U(f © hr) and (frUgr) © hr = (fr © hr)U(gk © hg).
0) If falyr, then fr o hxCgr o hg and hg o fxChg © gr.
vi) If tg,Ig € S(U) such that trC fr and IxCygg, then tg o [RCfr © gr.

Definition 2.10. [19] Let X be a subset of S. We denote by Sx- the soft characteristic function of the complement X

and define as
e, if xeX
SXC(")‘{ U, if xes\X

Theorem 2.11. [19] Let X and Y be nonempty subsets of a ring R. Then, the following properties hold:
i) IfY € X, then Sx-CSye.
i) SxNSy: = Sxenye, SxcUSye = Sxeuye.
Definition 2.12. [21] A soft set fr over U is called a soft union ring of R, if
i frix+y) C frR(x)U fr(y)
ii. fr(x) € fr(=%)
ii. fr(xy) € fr(x) U fr(y)
forall x,y € R.
Definition 2.13. [21] A soft set fr over U is called a soft union left (vight) ideal of R over U if
i frRlx—y) € fr(¥) U fr(y)
ii. frlxy) € fr(y) (fr(xy) € fr(x))

forall x,y € R. A soft set over U is called a soft union two-sided ideal (soft union ideal) of R if it is both soft union
left and soft union right ideal of R over U.

Definition 2.14. [19] An SU-ring fr over U is called a soft union bi-ideal of R over U if

frlxyz) € fr(x) U fr(2)
forallx,y,z € R.

For the sake of brevity, soft union ring, soft union right (left, two-sided) ideal and soft union bi-ideal are
abbreviated by SU-ring, SU-right (left, two sided) ideal and SU-bi-ideal, respectively.

It is easy to see that if fr(x) = @ for all x € R, then fr is an SU-ring (right ideal, left ideal, ideal, bi-ideal)
of R over U. We denote such a kind of SU-ring (right ideal, left ideal, ideal, bi-ideal) by 6 [19].
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Lemma 2.15. Let fr be any SU-ring over U. Then, we have the followings:
i) 60 626. (If R is regular, then 066=0).
ii) fr o020 and 0 o fz20.
iii) frU0 = fr and fzrN0 = 0.
Theorem 2.16. [19] Let X be a nonempty subset of a ring R. Then, X is a subring (left, right, two-sided ideal,
bi-ideal) of R if and only if Sx. is an SU-ring (left, right, two-sided ideal, bi-ideal) of R.

Proposition 2.17. [19] Let fr be a soft set over U and fr(x — y) C fr(x) U fr(y) for all x,y € R. Then, we have the
followings:

i) fr is an SU-ring over U if and only if fg o fr2fx.
ii) fr is an SU-left (right) ideal of R over U if and only if 6 o fr2fx (fz © 02fz)
iii) fr is an SU-bi-ideal of R over U if and only if fr o fr2fr and fr © 0o fr2fr
Theorem 2.18. [19] For a ring R the following conditions are equivalent:
1) R is regular.
2) frogr = frUgR for every SU-right ideal f of R over U and SU-left ideal g of R over U.

3. Soft union interior ideals of rings

In this section, soft union interior ideals of rings is defined and their basic properties with respect to soft
operations and soft int-uni product are studied.

Definition 3.1. Let fg be an SU-ring over U. Then, fr is called a soft union interior ideal of R, if

fr(xay) C fr(a)
forallx,y,a € R.

Corollary 3.2. Leta = ) x;yz; and fg be an SU-interior ideal over U. Then, fr(a) = fR(Z xiyizi)  fr(yi) for all
=1

i=1

1
1<i<m.

For the sake of brevity, soft union interior ideal is abbreviated by SU-interior ideal in what follows.

Example 3.3. Consider the ring R = Zg and let U = Dy = {< x,y >: x> = y* = e,xy = yx} = {e,x,y, yx} be the
universal set and fr be soft set over U such that

fR(O) = {X}, fR(l) = {6, X, ]/}/ fR(z) = {6, ]/}/ fR(s) = {6, X, yx}r fR(4) = {6, ]/}/ fR(S) = {6, X, ]/}

Then, one can easily show that fr is an SU-interior ideal over U.
Now, let U = S3 be the symmetric group. If we construct a soft set gr over U such that

gr(0) = {(1), (12), (13)}, gr(1) = {(D)}, gr(2) = {(1), (12)}, gr3) = {(1)}

then,
gr(2-2-3) = gr(0) £ gr(2)

hence, gr is not an SU-interior ideal over U.
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It is easy to see that if fr(x) = 0 for all x € R, then f is an SU-interior ideal over U. We denote such a kind
of SU-interior ideal by 0. It is obvious that 0 = Sk, ie. Q(x) 0 for all x € R.

Theorem 3.4. Let fr be a soft over U. Then, fg is an SU-bi-ideal of R over U if and only if fr(x—y) € fr(x) U fr(y),
fR OfRDfR and 9 OfR <o GDfR

Proof. First assume that fr is an SU-interior-ideal of R over U. Since fr is an SU-ring over U, by Theorem

3.4 we have fr(x —y) € fr(x) U fr(y) and fr ¢ fRifR. Let x € R. In the case, when (0 ¢ fr ¢ 0)(a) = u, then it
is obvious that

(0o fr o 0)(a) 2 fr(a), thus 0 o fr o O fx.

Otherwise, we have

(6 o fr) o O)(x)
= { [ @ f@Uow)

@ o fr o O)(x)

3

(C () @)U fE)) oo

N
-
=
E[\A’Ji
A
N~y
a

fr(x)

Thus, 0o fro 5§fR Here, note that if x # Z a;b;, then (50 fr)(x) = U, and so (50 fro 5)(x) =U 2 fr(x).
i=1

Conversely, assume that 0o fro 02 fr. Let x,a, y be any element of R. Then, we have:

N

(50 fro 5)(xay)
() 1B foE) U Ew)

m

xay= Z XilYi

i=1

fr(xay)

(1)
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C (0o fr)(xa) U B(y)
= (0o fR)(xa)Up
= () (6 sk

m

xa= Z i’liki

i=1
c () U fra)
= fr(a)

Hence, fr is an SU-interior ideal over U. This completes the proof. [J
Corollary 3.5. Let fr be a soft set. Then the following conditions are equivalent:

1) fR (o4 50 fRifR.
2) fR(Z xiyizi) € fr(yi) forall1 <i <m.
i=1

Theorem 3.6. A non-empty subset I of a ring R is an interior ideal of R if and only if the soft subset fr defined by

[ if xeR\L
ﬁﬁj—{ﬁ,ifxel

is an SU-interior ideal, where a, p C U such that o 2 p.

Proof. Suppose I is an interior ideal of R and x,y,a,b € R. Ifa,b € I, thena — b € I. Hence, fr(a — b) =
fr(@) = fr() = pand so, fr(a —b) C fs(@) U fs(b). Ifa,b ¢ I, thena—b e lora—>b ¢ I. In any case,
fr(@a—="b) C fr(a) U fr(b) = a. Now, let a € I, then xay € I. Hence, fr(xay) = fr(a) = . If a ¢ I, then xay € [ or
xay ¢ I. In any case, fr(xay) C fr(a) = a. Thus, fr is an SU-interior ideal of S.

Conversely assume that fz is an SU-interior ideal of R. Leta,b € I and x,y € R. Then, fr(a — b) C
fr(a) U fr(b) = B. This implies that fr(a — b) = p. Hence, a — b € I. Now, fr(xay) C fr(a) = p. This implies
that fr(xay) = . Hence, xay € I and so [ is an interior ideal of R. [

Theorem 3.7. Let X be a nonempty subset of a ring R. Then, X is an interior ideal of R if and only if Sx. is an
SU-interior ideal of R.

Proof. Since
_J U if xeR\X
Sxe(x) = { 0, if xeX

and U 2 0, the rest of the proof follows from Theorem 3.6. [

It is obvious that every two-sided ideal of R is an interior ideal of R. Moreover, we have the following:

Proposition 3.8. Let fr be a soft set over U. Then, if fr is an SU-ideal of R over U, fr is an SU-interior ideal of R
over U.

Proof. Let fr be an SU-ideal of R over U and x, y € R. Then,

frxyz) = fr((xy)z) C frlxy) € fr(y)-
Hence, fr is an SU-interior ideal of R over U. [

The following theorem shows that the converse of Proposition 3.8 holds for a regular ring.
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Theorem 3.9. Let fr be a soft set over U, where R is a regular ring. Then, the following conditions are equivalent:
1) fris an SU-ideal of R over L.
2) fris an SU-interior ideal of R over U.

Proof. By Proposition 3.8, it suffices to prove that (2) implies (1). Assume that (2) holds. Let 4,b be any
elements of R. Then, since R is regular, there exist elements x and y in R such that

a =axa and b = byb.

Then, since fr is an interior ideal of R, we have

fr(ab) = fr((axa)b) = fr((ax)a(b)) C fr(a),

and

fr(ab) = fr(a(byb)) = fr((@)b(yb)) < fr(D)-
This means that fz is an SU-ideal of R. Thus, (2) implies (1). O

Proposition 3.10. Let R be a division ring and fr be a soft set over U. Then, fr is an SU-ideal of R if and only if fr
is an SU-interior ideal of R.

Proof. The necessity is clear by Proposition 3.8. Now let us show the sufficiency. For x,y € R, fr(xy) =
fr(xye) C fr(y) and fr(xy) = frexy) € fr(x). Thus, fr is an SU-ideal of R. [T

It is known that a ring R is called left (right) simple if it contains no proper left (right) ideal of R and is called
simple if it contains no proper ideal.

Definition 3.11. [19] A ring R is called soft left (right) union simple if every SU-left (right) ideal of R is a constant
function and is called soft union simple if every SU-ideal of R is a constant function.

Theorem 3.12. [19] For a ring R, the following conditions are equivalent:

1) Ris simple.

2) R is soft union simple.

Theorem 3.13. For a regular ring R, the following conditions are equivalent:
1) Ris simple.

2) R is soft union simple.

3) Every SU-interior ideal of R is constant function.

Proof. The equivalence of (1) and (2) follows from Theorem 3.12. Assume that (2) holds. Let fr be any
SU-interior ideal of R and a and b be any element of R. Then, since R is simple, it follows that there exist
elements x and y in R such that

a = xby.

Then, since fr is an SU-interior ideal of R, we have

fr@) = frxby) C fr(b).

One can similarly show that fr(b) € fr(a). Thus, fr(a) = fr(b). Since a and b be any elements of R, f is
a constant function and so (2) implies (3). Since every SU-interior ideal of R is an SU-ideal of R by the
regularity of R, (3) implies (2). O
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Definition 3.14. [19] A soft set fr over U is called soft union semiprime if for all a € R,

fr(@) € fr(@).

Proposition 3.15. Let fr be a soft union semiprime SU-interior ideal of a ring R. Then, fr(a") C fr(a™*') for all
positive integers .

Proof. Let n be any positive integer. Then,
fr@") € fr@) € fr@™) = fr@2a""a) € fr@").
|
Proposition 3.16. Let fr and fr be SU-interior ideals over U. Then, fr A fr is an SU-interior ideal of R X T over U.

Proof. Let (x1, y1), (X2, ¥2), (x3, y2) € R X T. Then,

vaT(xl — X2, Y1 — Y2)

fr(x1 = x2) U fr(y1 — y2)

(fr(x1) U fr(x2)) U (fr(y1) Y fr(y2))
(fr(x1) U fr(y1)) U (fr(x2) U fr(y2))
frvr(x1, y1) U frvr(x2, y2),

Sfrvr((x1, y1) = (x2, ¥2))

I T e T

vaT(xle/ Yiy2)

fr(x1x2) U fr(y1y2)

(frR(x1) U fr(x2)) U (fr(y1) Y fr(y2))
(fr(x1) U fr(y1)) U (fr(x2) U fr(y2))
frvr(x1, y1) U frvr(x2, ¥2)

Sfrvr((x1, y1)(x2, y2))

Iman

and

fSVT(x1x2x3/ Y1Yy2y3)
fr(x1x0x3) U fr(y1y2y3)
fr(x2) U fr(y2)
fovr(x2,12)

Therefore, fr V fr is an SU-interior ideal of R X T over U. [

favr((x1, y1)(x2, y2)(x3, ¥3))

N i

Proposition 3.17. If fz and hg are SU-interior ideals of R over U, then so is frUhg.

Proof. Let x,y,z € R. Then, we have

(fRURR)(x — ) fRx=y) Uhr(x —y)
(fr(x) U fr(y)) U (hr(x) U hr(y))
(fr(x) U hr(x)) U (fr(y) Y hr(y))

(fRURR)(x) U (frUlR)(y)

N

(frUR)(xy) = fr(xy) Uhr(xy)
S (frR®) U fr(y) U (hr(x) U hr(y))
= (fr(¥) Uhr(x)) U (fr(y) U hr(y))
= (frUhR)(x) U (frRUAR)(Y)
and
(frUhp)(xyz) =  fr(xyz) U hr(xyz)
C  fr(y) Uhr(y)
= (frUhr)(y)

Therefore, fRGhR is an SU-interior ideal of R over U. [J
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Proposition 3.18. Let fr be a soft set over U and « be a subset of U such that o € Im(fr), where Im(fr) = {a C U :
fr(x) = a, forx € R}. If fr is an SU-interior ideal over U, then L(fr; ) is an interior ideal of R.

Proof. Since fr(a) = a for some x € R, then @ # L(fr;a) C R. Leta,b € L(fg;a) and x, y € R, then fr(a) C a
and fr(b) € a. We need to show thata — b € L(fg;a) and xay € L(fr;a) for alla,b € L(fg;a) and x,y € R.
Since fr is an SU-interior ideal of R over U, it follows that fr(a —b) C fr(a) U fr(b)a and fr(xay) C fr(a) C a
implying thata — b € L(fz; a) and xay € L(fz; @). Thus, the proof is completed. [

Definition 3.19. Let fr be an SU-interior ideal over U. Then, the interior ideals L(fr; ) are called lower a-interior
ideals of fr.

Proposition 3.20. Let fr be a soft set over U, L(fr; @) be lower a-interior ideals of fr for each o € U and Im(fr) be
an ordered set by inclusion. Then, fr is an SU-interior ideal of R over U.

Proof. Leta,b € R and fr(a) = a1 and fr(b) = ay. Suppose that a; C a,. It is obvious that a € L(fz;a1)
and b € L(fr;a2). Since a1 C ay, a,b € L(fr; 1) and since L(fz; @) is an interior ideal of R for all @ C U,
it follows that a — b € L(fr; a1) and xay € L(fr;@1). Hence, fr(a —b) C a1 = a1 Uaz = fr(a) U fr(b), and
fr(xay) € aq = fr(a). Thus, fr is an SU-interior ideal of R over U. [

Proposition 3.21. Let fr and fr be soft sets over U and \V be a ring isomorphism from R to T. If fr is an SU-interior
ideal of R over U, then W*(fg) is an SU-interior ideal of T over U.

Proof. Let t1,t,,t3 € T. Since W is surjective, then there exist 1,15, 73 € R such that W(ry) = t;, W(r2) = 1y,
\I/(r3) = t3. Then,

(W*(fr)(t1 — t2)

= m{fR(T) :reR V() =t — t}

N{fr(r) :r €R,r =Wt — 1)}

N{fr(r): 7 €R,r =W (W(r —12)) =11 — 12}

m{fR(rl — 7’2) Y SIS R, \y(ﬁ) = ti,i = 1,2}

M fr(r1) U fr(r2) : i € R, W(r;) = t;,i = 1,2}

(Nifr : (r)r1 € R, W(r1) = t1}) U (N{fr(r2) : 12 € R, WP(r2) = t})
(W*(fr)(t) U (W*(fr))(t2)

One can similarly show that (W*(fz))(t1t2) € (W*(fr))(t1) U (W*(fr))(t2) Also

(W*(fr))(t1tat3)

= (fr(s) : s € R, W(s) = titats}

N{fr(s) : s €R,s = W (t1tpt3)}

N{fr(s) : s € R,5 = W (W(s15253)) = 515253}
m{fR(S1SZS3) 1S, € R,W(s) =t;,i=1,2,3}
(M{fr(s2) : 52 € R, W(s2) = t2})

(P*(fr))(t2)

Hence, W*(fz) is an SU-interior ideal of R over U. [J

Iman 1 n

N 1l

Proposition 3.22. Let fr and fr be soft sets over U and W be a ring homomorphism from R to T. If fr is an
SU-interior ideal of T over U, then W~L(fr) is an SU-interior ideal of R over U.

PTOOf. Letrq, 7,73 € R. Then,

(Y (fr))(r1 — 12)

fr(W(r1 — 1))
fr(W(r)Wra))

fr(¥W(r)) U fr(W(r2))

(W (fr))(r1) U (W (fr))(r2)

N
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One can similarly show that (W=1(f1))(r172) € (W=1(fr))(r1) U (W~1(fr))(r2). Also

(W1 (fr)(r1rars) fr(W(rirars))
fr(W(r)W(r2)W(r3))
fr(W(r2))
(P(fr))(r2)

N

Hence, W~( fr) is an SU-interior ideal over U. [J

4. Soft union quasi-ideals of rings

In this section, soft union quasi-ideals are defined and their properties as regards soft set operations,
soft int-uni product and certain kinds of soft union ideals are studied.

Definition 4.1. A soft set over U is called a soft union quasi-ideal of R over U if fr(x —y) € fr(x) U fr(y) and
(fr 0 O)U(O © fr)2fr.

For the sake of brevity, soft union quasi-ideal is abbreviated by SU-quasi-ideal in what follows.

Proposition 4.2. Every SU-quasi ideal of R is an SU-ring of R.
Proof. Let fr be any SU-quasi-ideal of R. Then, fr(x — y) € fr(x) U fr(y) and since fRSé,

fro fRigo frand fr o fRifR s 0.

Hence, o _ _
fr o fr2(6 © frR)U(fr © 6)2/r
That is, fr is an SU-ring over U by Proposition 2.17. [

Proposition 4.3. Each one-sided SU-ideal of R is an SU-quasi-ideal of R.
Proof. Let fr be an SU-left ideal of R. Then, fr(x — y) C fr(x) U fr(y) and since 6o fr2fr, we have
(6o fR)U(fr © 0)20 o fa2fx.
Thus, fr is an SU-quasi-ideal of R. [
Proposition 4.4. Every SU-quasi-ideal of R is an SU-bi-ideal of R.
Proof. Let fr be an SU-quasi-ideal of R. Then, fr(x —y) C fr(x) U fr(y),
fro fr = (fr o f)U(fr o fr)2Afr © O)I(E © fr)2fr

and
fro00 fr20 0006 fr20 0 frand fr o 0o fr2fr © 0o O2fg o O

and so fg © 0o fRi(go fR)U( fro 5)5 fr, as fr is an SU-quasi-ideal of R. Hence,
fro 00 fr2fr.
Thus, fr is an SU-bi-ideal of R by Proposition 2.17. [

The following theorem shows that the converse of Proposition 4.4 holds for a regular ring. First, we have
the following lemma:



A. Sezgin / Filomat 32:6 (2018), 1991-2018 2001

Lemma 4.5. Let fr and hg be soft SU-rings (left, (right) ideals, bi-ideals, interior ideals, quasi-ideals) of R over U,
where R is a division ring. Then,

(fr @ hr)(x — ¥) € (fr © hr)(xX) U (fr © hr)(y)
forallx,y € R.
Proof. Let fr and hg be soft sets over U and x, y € R. Then,

(fr © hR)@) U (fr © hr)(y) () (@) uhe@) U () (fale) Uhe(@))

m n
x= Z a,-b,- y= Z C,'d,'
i=1 i=1

= N () (@) U fr(e) Ulr(bi) U he(d)
x= i aib; y= i cid
i=1 i=1

(M @) Uiy

k

x+y= Z XilYi

i=1

= (frohr)(x+y)

U

and

(fr © hr)(=x)

(fr(a:) U hr(by))

= ﬂ (fr(@) U (b))
x= (a,)b1

ﬂ (fr(=a) U lr(by)

Zm', (—a)b;

i=1
(fr © hr)(x)
Thus, the proof is completed. [J

Theorem 4.6. Let fr be a soft set over U, where R is a regular ring. Then, the following conditions are equivalent:
1) fr is an SU-quasi-ideal of R over U
2) fris an SU-bi-ideal of R over UL

Proof. By Proposition 4.4, it suffices to prove that (2) implies (1). Assume that (2) holds. Let fz be an
SU-bi-ideal of R. Then, 00 fr (resp. fro 9) is an SU-left (resp. right) ideal of R. In fact, 9 o fR)(x—y) C
(9 o fr)(x) U (8 ¢ fr)(y) by Lemma 4.5 and 0o (9 o fr) 39 ¢ fr. It follows by Theorem 2.18 that

(fro )00 fr) = (fa 0 0) © (00 fr) = fro (00 0) o fr = fr© 00 fxdfx
since fg is an SU-bi-ideal of R. Thus, fr is an SU-quasi-ideal of R and (2) implies (1). O
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Theorem 4.7. A non-empty subset Q of a ring R is a quasi-ideal of R if and only if the soft subset fr defined by

[ @ if xeR\Q,
fR(x)—{ﬁ, ifer

is an SU-quasi-ideal, where o, p C U such that a 2 p.
Proof. It is similar to Theorem 3.6. O

Theorem 4.8. Let X be a nonempty subset of a ring R. Then, X is a quasi-ideal of R if and only if Sx- is an
SU-quasi-ideal of R over U.

Proof. It follows from Theorem 4.7. [0

Theorem 4.9. Let fr and gr be any SU-quasi-ideal of R over U. Then, the soft int-uni product fr ¢ gr is an
SU-bi-ideal of R over L.

Proof. Let fr be an SU-quasi-ideal of R. Then, fr is an SU-bi-ideal by Proposition 4.4. Hence, fr ¢ 0o fr2frk-
Moreover,

(fr © gR)(x = Y)2(fr © gr)(X) U (fr © gR)(Y)
and _ _ _
(fr © gr) © (fr © gr) = (fr © gr © fr) © gR2(fR © O © fR) © GR2SfR © gR

and

(fr 0 gr) © 60 (fr © gr) = (fr © (gr © 6)  fr) © gr2(fr © (60 6) © fx) © gr2(fr © O © fx) © gr2fx © -
Thus, it follows that fr ¢ gr is an SU-bi-ideal of R over U. [

Corollary 4.10. Let R be a regular ring and fr, gr be any SU-quasi-ideals of R over U. Then, fr ¢ gr is an
SU-quasi-ideal of R over U.

Proof. Follows from Theorem 4.6 and Theorem 4.9. [

Proposition 4.11. Let fx be any SU-right ideal of R and g be any SU-left ideal of R. Then, frUgg is an SU-quasi-
ideal of R.

Proof. Let fr be any SU-right ideal of R and gr be any SU-left ideal of R. Then, one can easily show that
(frRYgR)(x — ¥)2fr(x) U gr(y) as in the proof of Proposition 3.17. Moreover,

((fzUgr) © 0)U(6 © (frUgr))2(fr © )00 © gr)2frUgr.
[}

Proposition 4.12. Let R be a regular ring, fr be any SU-right ideal of R and gr be any SU-left ideal of R. Then,
fr © gr is an SU-quasi-ideal of R.

Proof. Let R be a regular ring and fr be an SU-right ideal of R and gr be an SU-left ideal of R. It follows by
Proposition 4.11 that frRUgr is an SU-quasi-ideal of R. Since R is regular,

frogr = fRUGR
by Theorem 2.18. Thus, fz ¢ gr is an SU-quasi-ideal of R. [

Proposition 4.13. Let fr and gg be any SU-quasi-ideals of R. Then, frUgg is an SU-quasi-ideal of R.
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Proof. Let fz and gg be any SU-quasi-ideals of R. Then, one can easily show that (fzUgr)(x — )2 fr(x) U gr(y)
as in the proof of Proposition 3.17. Also,

((feUgr) © 0)0(O o (frUgr)2(fr © O)O(O © fr)2fr
and _ _ o _ ~
((frUgR) © O)U(O © (frRUGR))2(gr © O)U(O © gr)29R.
Thus, _ . o
((frRUgR) © O)U(O © (frRUGR))2fRUGR.
O

Proposition 4.14. Let fr be a soft set over U and « be a subset of U such that a € Im(fr). If fr is an SU-quasi-ideal
of R over U, then L(fr; ) is a quasi-ideal of R.

Proof. Since fr(x) = a for some x € R, then 0 # L(fr; @) € R. Leta € (R L(fr; @) U L(fr; @) - R). Then, there
exist x, y € L(fr; o) and s, r € R such that
a=sx=yr.

Thus, fr(x) C @and fr(y) € a. Hence, fr(x—y) € fr(x)U fr(y) € a, implying that x — y € L(f; a). Moreover,
©@of@ = { [ 16V fa@)

N
=2
\}iv

C
=

=
N

N
Q

and

(feo @@ = { (] Ul 6(t)

m
a= Z kit;
i=1

fr(y) U 6(r)
fr(y)

C «a

N

Since fg is an SU-quasi-ideal of R, we have

fr(@) € (0o f)@) U (fx o O)(@ C a,
thus a € L(fr; @). This shows that L(fz; @) is a quasi-ideal of R. [

Definition 4.15. Let fr be an SU-quasi-ideal of R over U. Then, the quasi-ideals L(fr; o) are called lower a-quasi-
ideals of fr.

Proposition 4.16. Let fr be any SU-quasi-ideal of a commutative ring R and a be any element of A. Then,

fr@") € fr@™h

for every positive integer n.
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Proof. For any positive integer 1, we have

(fro®)@™ = () (falx)UO(y)
a”+1=2xiyi
i=1
C  fr(@") U 6(a)
= fr(@").
Similarly,
(00 f)@™") C fr(@”).

Thus, since fr is an SU-quasi-ideal of R

fr@*h) < ((fa o )00 © fr))@"™")
= (fro 0@ U (@0 fR)@")
C  fr@)u fr@")
= fr(a")

This completes the proof. [

5. Soft union generalized bi-ideals of rings

In this section, soft union generalized bi-ideals are defined and their properties as regards soft set
operations and soft int-uni product are studied.

Definition 5.1. A soft set over U is called a soft union generalized bi-ideal of R over U if fr(x —y) C fr(x) U fr(y)
and fr(xyz) C fr(x) U fr(z) forall x,y,z € R.

For the sake of brevity, soft union generalized bi-ideal is abbreviated by SU-generalized bi-ideal in what
follows.

Itis clear that every SU-bi-ideal of R is an SU-generalized bi-ideal of R, but the converse of this statement
does not hold in general. The following theorem shows that the converse of this holds for a regular ring.

Proposition 5.2. Every SU-generalized bi-ideal of a regular ring is an SU-bi-ideal of R.

Proof. Let fr be an SU-generalized bi-ideal of R and let 2 and b be any element of R. Then, since R is regular,
there exists an element x € R such that b = bxb. Thus, we have

fr(ab) = fr(a(bxb)) = fr(a(bx)b) < fr(a) U fr(b).

This implies that f is an SU-ring of R and so f is an SU-bi-ideal of R. [J

Theorem 5.3. Let fr be a soft set over U. Then, fr is an SU-generalized bi-ideal of R over U if and only if
frlx=y) € fr(¥) U fr(y) and fr © 6 o fr2fr.
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Proof. First assume that fr is an SU-generalized bi-ideal of R over U. Then, fr(x —y) € fr(x) U fr(y). Now,
let x € R. In the case, when (fg ¢ 0 ¢ fr)(x) = U, then it is clear that fr ¢ 0 o fR5 fr. Otherwise, we have

(frofo fR)®) = [(fxo0)o frl(x)
() (e 0)a) U fr(®)]

m

x= Z lll'bi

i=1

= () 1€ () Url@)uow,)u fe)]

m;

m
x= E Ill‘bi a;j= E aikb,-k

i=1 i=1

= ﬂ (fr(a) U fr(ci)

(V)

M fR(i aibic)
e i=1
x= Z LlibiCi
i=1

fr(x)

Hence, fr o 0o fRifR. Here, note that if x # Z a;b;, then (fr © 5)(x) = U, and so, (fr ¢ 0o fR)X) =U 2 frx).
i=1
Fgr the converse, assume that fr(x — y) € fr(x) U fr(y) and fz ¢ 0o fR5 fr- Let x,y,z € R. Then, since
fro B0 fRifR, we have
felxyz) S (fro 0o fr)(xy2)
= (fro (00 fr))(xyz)
= () AU W)

m

xyz= Z XiYi

i=1
C @U@0 fR)y2)
= ROUC () 0V fe@)

yz= Z piqi
i=1

C frl®)U (@)U fr()
= fr@) U0V fr(2))
= RV fr(2)
Thus, fr is an SU- generalized bi-ideal of R over U. This completes the proof. [

IN

Corollary 5.4. Let fr be a soft set. Then the following conditions are equivalent:

1) fR (4 50 fRifR.
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2) fu) " xiyizi) € fo(a) U falz) forall 1 < i< m.

i=1

Theorem 5.5. A non-empty subset G of a ring R is a generalized bi-ideal of R if and only if the soft subset fr defined
by

_ | a, if xeR\G,
fR(")‘{ B, if xeG

is an SU-generalized bi-ideal, where o,  C U such that a 2 B.

Theorem 5.6. Let X be a nonempty subset of a ring R. Then, X is a generalized bi-ideal of R if and only if Sx is an
SU-generalized bi-ideal of R over U.

It is known that every left (right, two sided) ideal of a ring R is a bi-ideal of R. Moreover, we have the
following:

Theorem 5.7. Every SU-left (right, two sided) ideal of a ring R over U is an SU-generalized bi-ideal of R over U.
Proof. Let fr be an SU-left (right, two sided) ideal of R over U and x, y,z € R. Then,

frlxyz) € fr((xy)z) € fr(z) € fr(x) U fr(2)
Thus, fr is an SU-generalized bi-ideal of R. [

Theorem 5.8. Let fr be any soft subset of a ring R and gg be any SU-bi-ideal of R over U. Then, the soft int-uni
products fr o gr and gr ¢ fr are SU-generalized bi-ideals of R over U.

Proof. The proof is given for fr ¢ gr. One can easily show that (fz ¢ gr)(x — y)E( fr o gr)(x) U (fr © gr)(y) for
all x, ¥ € R as shown in the proof of Lemma 4.5. Moreover,
(frogr) 000 (frogr) = fro(gro (0 fr)o gr)
fro(gr o 00 gr)
frogr

It follows that fr ¢ gr is an SU-generalized bi-ideal of R over U. It can be seen in a similar way that gr © fr
is an SU-generalized bi-ideal of R over U. This completes the proof. [J

Ul il

Proposition 5.9. Let fr and fr be SU-generalized bi-ideals over U. Then, fr V fr is an SU-generalized bi-ideal of
R % T over U.

Proposition 5.10. If fz and hg are two SU-generalized bi-ideals of R over U, then so is frUhg of R over U.

Proposition 5.11. Let fr be a soft set over U and « be a subset of U such that o € Im(fr). If fr is an SU-generalized
bi-ideal of R over U, then L(fr; o) is a generalized bi-ideal of R.

Definition 5.12. If fr is an SU-generalized bi-ideal of R over U, then generalized bi-ideals L(fr; ) are called lower
a generalized bi-ideals of fg.

Proposition 5.13. Let fr be a soft set over U, L(fr; a) be lower a generalized bi-ideals of fr for each a C U and
Im(fr) be an ordered set by inclusion. Then, fg is an SU-generalized bi-ideal of R over UL

Proposition 5.14. Let fr and fr be soft sets over U and VY be a ring isomorphism from R to T. If fr is an
SU-generalized bi-ideal of R over U, then so is W(fg) of T over U.

Proposition 5.15. Let fr and fr be soft sets over U and W be a ring homomorphism from R to T. If fr is an
SU-generalized bi-ideal of T over U, then so is W~'(fr) of R over U.
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6. Regular rings

In this section, regular ring is characterized in terms of SU-interior ideals, SU-quasi-ideals and SU-
generalized-bi-ideals.

Proposition 6.1. [5] For a ring R, the following conditions are equivalent:
1) Ris regular.

2) RL = RN L for every right ideal R and left ideal L of R.

3) ARA = A for every quasi-ideal A of R.

Theorem 6.2. For a ring R, the following conditions are equivalent:

1) Ris regular.

2) fr=fro 0o fr for every SU-generalized bi-ideal fr of R over U.
3) fr=fro 0o fr for every SU-bi-ideal fr of R over U.

4) fr=fro 0o fr for every SU-quasi-ideal fg of R over U.

Proof. Firstassume that (1) holds. Let fz be any SU-generalized bi-ideal fz of R over U and R be any element
of R. Then, since R is regular, there exists an element x € R such that s = sxs. Thus, we have;

(fro 0o fR)s) = [(fro0)o frl()
() (e O)a) U fr(®)]

m

5= a,-b,-

=1
(fr © O)(sx) U fr(s)
= () 0w UB) U fr(s)

N

sx= Tlik,'
i=1
C (fr(s) U O(x) U fr(s)
= fR(S)

and so, we have fr ¢ 0 ¢ frC fx. Since fx is an SU-generalized bi-ideal of R, fr ¢ 0 ¢ fr2fx. Thus, fro 0 fr = fz
which means that (1) implies (2).

(2) implies (3) and (3) implies (4) is obvious. Assume that (4) holds. In order to show that R is regular,
we need to illustrate that ARA = A for every quasi-ideal A of R. Let A be any quasi-ideal of R. Then, since

ARA C A(RR)U (RR)A C ARURA C A,

ARA C A. Therefore, it is enough to show that A € ARA. Conversely, leta € A and a ¢ ARA. Then, by
Theorem 5.6, the soft characteristic function Sac of A is an SU-quasi-ideal of S. Thus, (Sac)(a) = 0. Since
a ¢ ASA, this means that there do not exist x,z € A and y € R such that a = xyz. Since 6 is an SU-quasi ideal

of S, we have, _
(SAF o0 SAL‘)(EI) =U

But this is a contradiction. Hence A = ARA. It follows by Proposition 3.13 that R is regular, so (4) implies
1. O
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Theorem 6.3. For a ring R the following conditions are equivalent:

1) R is regqular.

2) frUgr = fr © gr © fx for every SU-quasi-ideal fx of R and SU-ideal gg of R over U.

3) frUgr = fr © gr © fx for every SU-quasi-ideal fx of R and SU-interior ideal gr of R over U.

4) frUgg = fr © gr © fr for every SU-bi-ideal fx of R and SU-ideal gg of R over U.

5) frUgr = fr © gr © fr for every SU-bi-ideal fx of R and SU-interior ideal gg of R over U.

6) frRUgr = fr © gr © fr for every SU-generalized bi-ideal fr of R and SU-ideal gg of R over U.

7) frRUgr = fr © gr © f for every SU-generalized bi-ideal fr of R and SU-interior ideal gg of R over U.

Proof. First assume that (1) holds. Let fg be any SU-generalized bi-ideal and gr be any SU-interior ideal of
Rover U. Then, o

fRogro fR2fr© 00 fr2fr
and —_— —

fR Lo gR < fRQG < !ZR < 6291{

SO fr ¢ gr © fR5 fRGgR. To show that fRGgR§ fr © gr © fr holds, let s be any element of R. Since R is regular,
there exists an element x in R such that
s = sxs (s = sx(sxs))

Since gr is an SU-interior ideal of R, we have
(fr ¢ gr © fR)(S) [fr © (gr © fR)](S)
() e U(gr o fo)(t)]

m

5= Z n;t;

P
fr(s) U (gr © fr)(xsxs)
= ROUE () I U e

m
Xsx5= E Yizi
i=1

fr(5) U (gr(xsx) U fr(5))

fr(s) U gr(s) U fr(s)

fr(8) U gr(s)

(fRUgR)()

so we have frUgrCfr © gr © fr- Thus we obtain that fxUgr = fz ¢ gr © fx, hence (1) implies (7).

It is clear that (7) implies (5), (5) implies (3), and that (3) implies (2). Also, (7) implies (6), (6) implies (4)
and (4) implies (2) is obvious.

N

NN

Assume that (2) holds. In order to show that R is regular, it is enough to show that fr = fz ¢ 50 fr for
all SU-quasi-ideal fr of R over U by Theorem 6.2. Since 0 is an SU-ideal of R, we have

fr = frU6 = fr o 06 fr.
Thus, R is regular and (2) implies (1). This completes the proof. [

Theorem 6.4. For a ring R the following conditions are equivalent:
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1) Ris regular.
2) frUgr 2 fr © gr for every SU-quasi-ideal fr of R and SU-left ideal gr of R over U.
3) frUgr 2 fr © grfor every SU-bi-ideal fr of R and SU-left ideal gr of R over U.
4) frUgr 2 fr © gr for every SU-generalized bi-ideal fr of R and SU-left ideal gr of R over U.

Proof. First assume that (1) holds. Let fr be any SU-generalized bi-ideal and gr be any SU-left ideal of R
over U. Let s be any element of R. Then, since R is regular, there exists an element x in R such that s = sxs.
Thus, we have

(frog® = (] (@) Uge®)

m

5= Z Lll'b,‘

i=1
fr(8) U gr(xs)
(fr(s) U gr(s))
(fRUgR)(5)
Thus, fr ¢ gRE fRGgR. Hence, we obtain that (1) implies (4). L
It is clear that (4) implies (3), (3) implies (2). Assume that (2) holds. Since frUgr2fr ¢ gr always holds

for every SU-right ideal of R is an SU-quasi-ideal of R, we have fRUgR = fr © gr for every SU-right ideal fr
and SU-left ideal gr of R. Thus, it follows by Theorem 2.18 that R is regular and (2) implies (1). O

N N

Theorem 6.5. For a ring R the following conditions are equivalent:

1) Ris regular.

2) hrUfrUgr2hg © fr © gr for every SU-right ideal hg, every SU-quasi-ideal fx and every SU-left ideal gg of R.
3) hrUfrUgr2hg o fr © gr for every SU-right ideal hg, every SU-bi-ideal fx and every SU-left ideal gg of R.

4) hrUfrUgr2Mg © fr © gr for every SU-right ideal hg, every SU-generalized bi-ideal fr and every SU left-ideal gg
of R.

Proof. Assume that (1) holds. Let hg, fr and gr be any SU-right ideal, SU-generalized bi-ideal and SU-left
ideal of R, respectively. Let a be any element of R. Since R is regular, there exists an element x in R such
that a = axa. Hence, we have:

(hr o frogR)@ = [hr o (fr o gr)l(a)
() Urry) U (fr o gr)(z)]

m
i=1

hg(ax) U (fr © gr)(a)
= @)Ul () [f) U gr@)])

a= Zm: pidi
i=1

hr(a) U (fr(a) U gr(xa))
hr(a) U (fr(a) U gr(a))
(hrU frUgr)(a)

N

N N
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so we have hg ¢ fg © gREhRG fRGgR. Thus, (1) implies (2).
It is clear that (4) implies (3), (3) implies (2). Assume that (2) holds. Let iz and gg be any SU-right ideal
and SU-left ideal of R, respectively. It is obvious that

hR < gRihRGgR.
Since 0 itself is an SU-quasi-ideal of R, by assumption we have:
hRDgR = hRagogRihR <& 50 gRihR O gR.

It follows that hxUgr2hg © gr for every SU-right ideal hg and SU-left ideal gg of R. It follows by Theorem
2.18 that R is regular. Hence, (2) implies (1). This completes the proof. [

Proposition 6.6. [19] A ring R is regqular if and only if every SU-left (right, two-sided) ideal of R is idempotent.
Proposition 6.7. Let R be a reqular ring and fr be an SU-quasi-ideal of R. Then,
(O ¢ fR)0(fr © 0) = fr.

Proof. Let fr be any SU-quasi-ideal of R. Then, (5 o fR)G( fr© 5)5 fr. Thus, it suffices to show that
fRi(go fR)U(fr © 6). One can easily show that fRG(go fr) is an SU-left ideal of R. In fact,
00 (frU(0 o fr) = (00 f)U(O © (0 < fr)) = (6 © fR)U(O 0 6) © fr) = (6 0 fr)O(O o fr) = O fr € frU(O © fi)-
And ( fRG(go fR)(x —y) €( fRG(go frR)x) U ( fRG(go frR))(y). Since R is regular, every SU-left (right) ideal
of R is idempotent by Proposition 6.6. Thus, we have

fi2fr000 fr) = [fr0(0 f)l o [f2U(O ¢ fr)]
([(frU(O © f)] & fRIVI(frU(O © fr)] o (6 © f)}
{((fr o fROU((O o fr) © frR)IUH((fz © (0 © fR)U((O © fr) o (0 © fr)}
{((fr © fR)OO © (fr o NIk © (0 0 fRDV(O o fr)?)
(00 f)I(O o f))O((O o (60 fr)U(O o fr))sincefr © frfr)
(00 f)U(O o )OO o f)U(O o fr)(since( o (6o f))20 o fr)
0o fr

that is to say fR§5<> fr. Similarly, one can show that fR§ fr © 0. Thus, fR5(5<> fR)G( fr© 5) and so,

6o fR)U(fr © 0) = fx.

Ul iyl

Theorem 6.8. Let fr be a soft set and R be a reqular ving. Then, the following conditions are equivalent:
1) fr is an SU-quasi-ideal of R.
2) fr may be presented in the form fr = gr © hr, where gr is an SU-right ideal and hg is an SU-left ideal of R.

Proof. Assume that (1) holds. Since R is regular, it follows by Theorem 6.2 that fr = fr © 0o fr, where fr is
an SU-quasi-ideal of R. Thus,

fR=fR°5°fR=fR<>(5<>5)<>fR=(fR<>5)<>(5<>fR)

Since fg © Oisan S U-right ideal of R and 0o fr is an SU-right ideal of R, (1) implies (2).
Conversely, assume that fr = gr ¢ g, where gr is an SU-right ideal and /i is an SU-left ideal of R. Then,
by Proposition 4.11, gg ¢ hg is an SU-quasi-ideal of R. O
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Proposition 6.9. Let R be a reqular ring and fr be an SU-quasi-ideal of R. Then, (fz)* = (fr)°.

Proof. Let R be a regular ring and fr be an SU-quasi-ideal of R. Then, by Corollary 4.10, (fz)? is an

SU-quasi-ideal of R and by Theorem 6.2,

(fR)* = (fR)* 000 (fr)* = fro fro 0o fro fra=fro(fro 00 fr)o fa = fro fr o fr = (fx)?

7. Regular duo rings

In this section, a left (right) duo ring is characterized in terms of SU-ideals. A ring R is called left (right)
duo if every left (right) ideal of R is a two-sided ideal of R. A ring R is duo if it is both left and right duo.

Definition 7.1. A ring R is called soft left (right) duo if every SU-left (right) ideal of R is an SU-ideal of R and is

called soft duo, if it is both soft left and soft right duo.
Theorem 7.2. [19] For a reqular ring R, the following conditions are equivalent:
1) R s duo.
2) R s soft duo.
Theorem 7.3. [20] For a ring R, the following conditions are equivalent:
1) Ris a regqular duo ring.
2) AN B = AB for every left ideal A and every right ideal B of R.
3) Q? = Q for every quasi-ideal of R. (That is, every quasi-ideal is idempotent.)
4) EQE = E N Q for every ideal E and every quasi-ideal Q of R.
Theorem 7.4. For a ring R, the following conditions are equivalent:
1) Ris a reqular duo ring.
2) R s a regular soft duo ring.
3) fr o gr = frUgg for all SU-bi-ideals fr and g of R.
4) fr o gr = frUgg for all SU-bi-ideal fr and for all SU-quasi-ideal gg of R.
5) fr o gr = frUgr for all SU-bi-ideal fr and and for all SU-right ideal gg of R
6) fr ¢ gr = frRUgR for all SU-quasi-ideal f and for all SU-bi-ideal gg of R.
7) frogr = fRGgR for all SU-quasi-ideals fr and gr of R.
8) fr o gr = frUgg for all SU-quasi-ideal fr and for all SU-right ideal gg of R.
9) fr o gr = frUgg for all SU-left ideal fr and for all SU-bi-ideal g of R.
10) fr o gr = frUgr for all SU-left ideal fx and for all SU-right ideal gg of R.

11) frogr = fRGgR and hg o kg = hSUksfor all SU-right ideals fr and gr of R and for all SU-left ideal hs and ks of R.

12) Every SU-quasi-ideal of R is idempotent.
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Proof. The equivalence of (1) and (2) follows from Theorem 7.3. Assume that (2) holds. Let fr and gr be
any SU-bi-ideals of R. Then, fz is an SU-right ideal of R and gr is an SU-left ideal of R. Since R is regular,

frogr = fRU!]R
Thus, (2) implies (3). Itis clear that (3) implies (4), (4) implies (5), (5) implies (8), (8) implies (11), (11) implies
(3), (3) implies (6), (6) implies (7), (7) implies (8) and (6) implies (9), (9) implies (10), (10) implies (11).
Assume that (11) holds. Let A and B be any left ideal and right ideal of R, respectively. Let a be any

element of ANBand a ¢ AB. Then,a € A and a € B and there do not exist x € A and y € B such thata = xy.
Since Sac and Spe is an SU-left ideal and SU-right ideal of S, respectively, we have

Sac(a) = Spe(a) = 0.
and
(Sac o Spe)a) =U

But this is a contradiction, so a € AB. Thus, A N B € AB. For the converse inclusion, let a be any element of
AB and a ¢ AN B. Then, there exist y € A and z € B such that a = yz. Thus,

(SacUSk)(a@) = U

and

(SacoSp)a) = ¢ (Sac(mi) U Spe(ni)) € (Sac(y) U Spe(2)) = 0.
a= Z m;in;
i=1
Hence, (Sa- © Spe)(a) = 0. But this is a contradiction. This implies thata € AN B and that AB € AN B. Thus,
we have AB = AN B. It follows by Theorem 7.3 that R is a regular duo ring. Thus (11) implies (1). It is clear
that (7) implies (12) by taking gr = f.

Conversely, assume that (12) holds. Let Q be any quasi-ideal of S and a be any element of Q and a ¢ QQ.
Then, Sq- is an SU-quasi-ideal of S. Thus, we have Sg:(2) = 0 and since there do not exist v,z € Q such that
a=yz

(Sge 0 Sg)@) =U
But this is a contradiction. Hence, we have a € Q* and Q C Q?. Since the converse inclusion always holds,
Q = Q2. It follows by Theorem 7.3 that R is a regular duo ring and that (12) implies (1). This completes the
proof. [

Theorem 7.5. For a ring R, the following conditions are equivalent:

1) R s a reqular duo ring.

2) frRogro fr= fRUgR for every SU-ideal fr and every SU-bi-ideal gr of R.

3) frogr o fr = frRUgR for every SU-ideal fr and every SU-quasi-ideal gg of R.

Proof. First assume that (1) holds. Let fz and gr be any SU-bi-ideal and any SU-ideal of R, respectively.
Then, we have

frogro fr2(fro0) 0 0= fro(0o0)2fr o O2fr
On the other hand, since R is regular and duo, f is an SU-ideal of R. Hence, we have
frRogro fR5(5<> gr) © 55% o 55%

and so o
fr ¢ gr © fR2fRUGR
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In order to show the converse inclusion, let a be any element of R. Then, since R is regular, there exists an
element x in R such that
a = axa = (axa)xa

Thus, we have

(fr © gr © fr)(@)

[fr ¢ (gr © fr)](a)
= ﬂ [fr(x:) U (gr © fr)(vi)]

n

a= Z XilYi

i=1
fr(@x) U (gr © fr)(axa)
= @)Ul () Ior@m) o f@)l

axa= Z piqi
i=1

fr(ax) U (gr(@) U fr(xa))
fr@) U (gr(@) U fr(a))
fr(@) U gr(a)

(frUgr)(@)

and so fx ¢ gr © frRCfrUgr Thus, we obtain that

N

N N

frogr o fr = frRUgk.

Hence, (1) implies (2). It is clear that (2) implies (3).

Assume that (3) holds. Let E and Q any two-sided ideal and quasi-ideal of S, respectively and a be any
element of ENQ and a ¢ EQE. Then, a € E and a € Q and there do not exist x,z € E and y € Q such that
a = xyz. Since Sgc and S¢r is an SU-ideal and SU-quasi-ideal of S, respectively, we have

SEC([Z) = SQC(!I) =0.
and
(Sec 0 Sge ¢ Spe)@) = U

But, this is a contradiction and so a € EQE. Thus, EN Q C EQE. For the converse inclusion, let a be any
element of EQE and a ¢ EN Q. Then, there exist x,z € E and y € Q such that a = xyz. Thus,

(SeUSo) @) = U
and
(SEc © S 0 See)(a) = 0

But this is a contradiction and soa € EN Q. Thus, EQE C EN Q and so EQE = EN Q. It follows from
Theorem 7.3 that R is regular duo. Hence, (3) implies (1). This completes the proof. [

8. Intra-regular rings

In this section, an intra-regular ring is characterized in terms of SU-interior ideals, SU-quasi-ideals and
SU-generalized-bi-ideals. A ring R is called intra-regqular [20] if for every element a of R there exist elements
x; and y; in R such that

n n

a= Z xXia*y; = Z(xia)(ayi)

i=1 i=1
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Proposition 8.1. 4.4 For a soft set fr of an intra-regular ring R, the following conditions are equivalent:
1) fris an SU-ideal of R.
2) fris an SU-interior ideal of R.

Proof. (1) implies (2) is clear. Assume that (2) holds. Let a and b be any elements of R. Then, since R

n
is intra-regular, there exist elements x;, y;, #4; and v; in R such that a = Z xiazyi and b = Z u;b*v; for all
i=1 i=1
1 <i < n. Since f is an SU-interior ideal of R, we have

fr(ab) = fo((Y xiayb) = fo()_ xa*yib) € () frCeiatyib) = () fa(aay(b) € () fa@) = fa(a)
i=1 i=1

1<i<n 1<i<n 1<i<n

and

falab) = fa(@()_ ub®o)) = fo()  aub?o) € [\ falawb®o) = () fal@ub)b@)) € () fa®) = fa®)
i=1 i=1

1<i<n 1<i<n 1<i<n
Hence, fr is an SU-ideal of R and (2) implies (1). [
Theorem 8.2. For a ring R, the following conditions are equivalent:
1) R is intra-regular.

2) fr(a) = fr(a?) for all SU-interior ideal of R and for all a € R.

Proof. First assume that (1) holds. Let fz be any SU-interior ideal of R and a4 any element of R. Since R is

n
intra-regular, there exist elements x; and y; in R such thata = Z x;a° yi- Thus, forall1 <i<n,
i=1

fa@) = fo() xaty) € [ falay) € () feGsad) € () fu@ = () fr@a) € () fa@) = fa(a)
i=1

1<i<n 1<i<n 1<i<n 1<i<n 1<i<n

so, we have fr(a) = fr(a?). Hence, (1) implies (3). Now assume that (3) holds. It is known that I[4?] is an
interior-ideal of R. Thus, the soft characteristic function S, is an SU-interior ideal of R. Since a? € I[a?],
we have;

S(I[uz])f(a) = S(I[gz])( (ﬂ2) = (D

Thus, a € I[a?] = m{a®} + n{a*} + Sa®S. Here, R is intra-regular. Thus, (3) implies (1). This completes the
proof. [

Theorem 8.3. Let R be an intra-regular ring. Then, for every SU-interior ideal fz of R,
fr(ab) = fr(ba)
foralla,b e R.
Proof. Let fr be an SU-ideal of an intra-regular ring R. Then, by Theorem 8.2, we have;
fr(@b) = fr((@b)*) = frla(ba)b) C fr(ba) = fr((ba)’) = fr(b(ab)a) C fr(ab)
so, we have fr(ab) = fr(ba). This completes the proof. [J

Theorem 8.4. [20] A ring R is regular and intra-regular if and only if every quasi-ideal of R is idempotent.
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Theorem 8.5. For a ring R, the following conditions are equivalent:

1) R is both reqular and intra-regular.

2) fro fr = fr for every SU-quasi-ideal fr of R. (That is, every SU-quasi-ideal of R is idempotent).

3) fr ¢ fr = fr for every SU-bi-ideal fr of R. (That is, every SU-bi-ideal of R is idempotent).

4) frUgr2(fr © gr)U(gr © fr) for every SU-quasi-ideals fr and g of R.

5) frUgr2(fx © gr)U(gr © fr) for every SU-quasi-ideal fr and SU-bi-ideal gg of R.

6) frRUGR2(fr © gr)U(gr © fr) for every SU-quasi-ideal fr and for every SU-generalized bi-ideal gg of R.

7) fRUgr2(fr © gr)U(gR © fr) for every SU-bi-ideal fx and for every SU-quasi-ideal gr of R.

8) frUGR2(fr © gr)U(gr © fr) for every SU-bi-ideals fr and g of R.

9) frUgr2(fz © gr)U(gR © fr) for every SU-bi-ideal fx and for every SU-generalized bi-ideal gr of R.
10) frUgr2(fr © gr)U(gr © fr) for every SU-generalized-bi-ideal fr and for every SU-quasi-ideal gg of R.
11) frUgr2(fr © gr)U(gr © fr) for every SU-generalized-bi-ideal fr and for every SU-bi-ideal g of R.
12) frUgr2(fr © gr)U(gr © fr) for every SU-generalized bi-ideals fr and gg of R.

Proof. First assume that (1) holds. In order to show that (12) holds, let fz and gz be SU—genneralized bi-ideals

of Rand a € R. Since R is intra-regular, there exist elements y; and z; in R such thata = Z yiaZZi for every
i=1
element a of R. Thus,

n n
a = axa = axaxa = ax(Z Yiaaz;)xa = Z(axyia)(azixa)
i=1 i=1
Then, for all 1 <i < n, we have

(f © gR)(@) () ) U grie)
a= Z b,‘C,‘
i=1

fr(a(xy;)a) U gr(a(zix)a)
fr(@) U gr(a)
(fRUgr)(a)

and so we have frUgr2 f © gr. This shows that (1) implies (12).

It is obvious that (12) implies (11), (11) implies (10), (10) implies (4), (4) implies (2) and (12) implies (9),
(9) implies (8), (8) implies (7), (7) implies (4), (12) implies (6), (6) implies (5), (5) implies (4) and (8) implies
(3) and (3) implies (2).

Assume that (2) holds. Let Q be quasi-ideal of S and a be any element of Q. Then, QQ € Q always
holds. We show that Q € QQ. Conversely, let x € Q and x ¢ QQ. Then, there do not exist y,z € Q such that
x = yz. Since Q is a quasi-ideal of S, the soft characteristic function Sp- is an SU-quasi-ideal of S. So we
have, Soe)(x) = 0 and

N N

(So 0 SN = [ (So(y) USa(2) = U

X=Yyz

But, this contradicts with our hypothesis. So, 2 € QQ. Thus, Q € QQ and so Q = QQ = Q2. It follows that
Q is both regular and intra-regular, so (2) implies (1) by Theorem 8.4. [
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Theorem 8.6. [19] For a ring R the following conditions are equivalent:
1) Ris intra-regular.
2) grUfR2gR © fr for every SU-right ideal fx of R and SU-left ideal gg of R over U.
Theorem 8.7. For a ring R the following conditions are equivalent:
1) R is both regular and intra-regular.
2) frUgr2(fr © gr)U(gr © fr) for every SU-right ideal fr and for every SU-left ideal g of R.
3) frRUgr2(fz © gr)U(gr © fx) for every SU-right ideal f and for every SU-quasi-ideal g of R.
4) frUgr2(fr © gr)U(gr © fr) for every SU-right ideal fr and for every SU-bi-ideal gg of R.
5) frUgr2(fx © gr)U(gr © fr) for every SU-right ideal fr and for every SU-generalized bi-ideal gg of R.
6) frRUGR2(fr © gr)U(gr © fr) for every SU-left ideal fx and for every SU-quasi-ideal gg of R.
7) frRUgR2(fr © gr)U(gR © fr) for every SU-left ideal fx and for every SU-bi-ideal gg of R.
8) frUGR2(fr © gr)U(gr © fr) for every SU-left ideal fr and for every SU-generalized bi-ideal gg of R.
9) frUGR2(fr © gr)U(gr © fr) for every SU-quasi-ideals fr and gg of R.
10) frUgr2(fz © gr)U(gr © fx) for every SU-quasi-ideal fr and for every SU-bi-ideal gr of R.
11) frUgr2(fr © gr)U(gr © fx) for every SU-quasi-ideal fx and for every SU-generalized bi-ideal gr of R.
12) frUgr2(fr © gr)U(gr © fr) for every SU-bi-ideals fr and gg of R.
13) frUgr2(fr © gr)U(gr © fr) for every SU-bi-ideal fr and for every SU-generalized bi-ideal g of R.
14) frUgr2(fr © gr)U(gr © fr) for every SU-generalized bi-ideals fr and gg of R.

Proof. Assume that (1) holds. Let fz and gr be any SU-generalized bi-ideals of R. Then, it follows by
Theorem 8.6 that frRUgr2fr ¢ gr. Moreover, we have

fRUgR = grUfR29R © fr-
Thus, we have fRUgr2(fr © gr)U(gr ¢ fr) and so (1) implies (14). It is obvious that (14) implies (13), (13)
implies (12), (12) implies (9), (9) implies (6) and (6) implies (2) and (14) implies (11), (11) implies (10), (10)
implies (9) and (14) implies (8), (8) implies (7), (7) implies (6) and (14) implies (5), (5) implies (4), (4) implies
(3) and (3) implies (2).
Assume that (2) holds. Let fr and gr be any SU-right ideal and SU-left ideal of R, respectively. Then,

frUgr2(fr © gr)U(gr © fr)2gk © fr
It follows by Theorem 8.6 that R is intra-regular. On the other hand,
frUgR2(fr © gR)U(GR © fr)2fR © gR-

Since fr ¢ gR5 fRGgR always holds, we have fr o gr = fRGgR. Thus, it follows by Theorem 2.18 that R is
regular. Thus, (2) implies (1). O
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9. Strongly regular rings

In this section, a strongly regular ring is characterized in terms of SU-ideals. An element a of R is called
a strongly regqular if there exists an element x € R such that

a= xaz = azx.

for all 4 € R. Such a ring is regular and duo.
Theorem 9.1. For a ring R the following conditions are equivalent:
1) Ris strongly reqular.
2) Every quasi-ideal of R is semiprime.
3) Every bi-ideal of R is semiprime.
4) Every generalized bi-ideal of R is semiprime.
5) Every SU-quasi-ideal of R is soft union semiprime.
6) Every SU-bi-ideal of R is soft union semiprime.
7) Every SU-generalized bi-ideal of R is soft union semiprime.
8) fr(a) = fr(a?) for every SU-quasi-ideal fr of R and for all a € R.
9) fr(a) = fr(a?) for every SU-bi-ideal fr of R and for all a € R.
10) fr(a) = fr(a?) for every SU-generalized bi-ideal fr of R and for all a € R.

Proof. First assume that (1) holds. Let fr be any SU-generalized bi-ideal of R. Since R is strongly regular,
there exists an element x € R such that a = a%xa?. Thus, we have

fx(@) = fa(@xa®) C fr(@®) U fr(@®) = fr(@*) = fr(aa) = fr(a(a*xa®) =

fr(a(@*xa)a) € fr(a) U fr(@) = fr(a)

and so, fr(a) = fr(a*). Thus (1) implies (10).

It is clear that (10) implies (9), (9) implies (8), (8) implies (5) and (10) implies (7), (7) implies (6), (6)
implies (5) and that (10) implies (4), (4) implies (3) and (3) implies (2).

Assume that (5) holds. Let Q be any quasi-ideal of S and 4> € Q and a ¢ Q. Since the soft characteristic
function S¢- is an SU-quasi-ideal of S, it is soft union semiprime by hypothesis. Thus,

So(a) =U C Spa®) =0

But, this is a contradiction. Hence, a2 € Q and so Q is semiprime. Thus (5) implies (2).
Finally assume that (2) holds. Let a be any element of R. Then, since the principal ideal Qla?] generated
by a? is quasi-ideal and so by assumption semiprime and since a* € Q[a?],

Sy (@) = S(gpape(@*) = 0

implying that
a € Q[a?] = m{a®} + n{a*} + (4*S N Sa?).

Hence, R is strongly regular. Thus (2) implies (1). O
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10. Conclusion

In this paper, the concepts of soft union interior ideals, soft union quasi-ideals and soft union generalized
bi-ideals of rings have been introduced and studied. Moreover, regular, regular duo, intra-regular and
strongly regular rings have been characterized by the properties of these soft union ideals. Based on these
results, some further work can be done on the properties of soft union rings, which may be useful to
characterize the classical rings, especially in the mean of regularity.
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